92.231 Calculus IIT Exam # 2 Solutions Spring 2004

Problem #1 (10 points)

a. Find the cylindrical coordinates of the point P whose rectangular coordinates are
(:L'v Y, Z) = (_27 27 3)

r=r2+y?2=/(-2)T+22 = /8=2y2. Sincer <0, 0 =tan~'(y/z)+7 = tan=(2/(—2)) +
m = —7n /447 = 37 /4. Therefore, the cylindrical coordinates of P are|(r, 6, z) = (2\/5, 3m/4, 3) .

b. Find the rectangular coordinates of the point whose spherical coordinates are (p, 0, ¢) = (4,7/2,7/4).

x = psin(¢) cos(h) = 4sin(m/4) cos(7/2) = 2(v/2/2)(0) = 0.y = psin(¢) sin(f) = 4 sin(r/4) sin(n/2) =
4(v/2/2)(1) = 2/2. z = pcos(¢) = 4cos(r/4) = 4(v/2/2) = 2¢/2. Therefore, the rectangular

coordinates of @ are | (z,y, z) = (0,2v2, 2v/2).

Problem #2 (25 points)

Let f(z,y,2) = y*z — 2z, let P denote the point (1, 1,2), and let Q denote the point (3,4, 8).

a. Find the directional derivative of f at P in the direction of vector F?Q
PQ= (3-1,4—1,8—2) = (2,3,6). ’F?Q’ = 22+ 32 4 62 = 7. Therefore, a unit vector in

T
@y, 2) = y?z — 22 = Vf(x,y,2) = (fo(x,y, 2), fy(z,y, 2), [z, 9, 2)) = (-2, 292, 9*) =
V£(1,1,2) = (~2,4, 1). Therefore, Dyf(P) = VF(1,1,1)-u = (—2,4,1) - <§ % g>
= —2(2/7) +4(3/7) + 1(6/7) =

b. Find a vector in the direction in which f increases most rapidly at P.
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the direction of PQ is u = - (2,3,6) = < >

f increases most rapidly in the direction of Vf(P) = |(-2,4,1).

c. Find the maximum rate of increase of f at P.

The maximum rate of increase of f at P is [Vf(P)| = |(=2,4,1)] = /(—2)? + 42 + 12 =|/21.




Problem #3 (20 points)

Let f(z,y,2) = 2® + y* + 26.
a. Find a vector perpendicular to the level surface f(x,y,z) = 3 at the point (1, —1,1).

Vf(1,—1,1)is perpendicular to the level surface f(x,y, z) = 3 at the point (1, —1,1). f(x,y,2) =
2?4y +25 = Vf(x,y,2) = (ful@, 9, 2), [y (2,9, 2), fo(2,y,2)) = (22,49%,62°) = Vf(1,-1,1) =
‘ (2, —4,6) is perpendicular to the given surface at the given point. ‘

b. Find the equation of the plane tangent to the surface f(z,y,z) = 3 at the point (1,—1,1).

(2,—4,6) is perpendicular to the surface f(x,y,z) = 3, so this vector is also perpendicular to
the tangent plane. The equation of the plane with normal vector (2, —4,6) that contains the
point (1,—1,1)is 2(z — 1) = 4(y — (=1)) + 6(z — 1) = 0, or [z — 2y + 32 = 6. |

Problem #4 (25 points)

Let f(x,y) = 3zy — 223 — 2°.
a. Show that (0,0) and (1/2,1/2) are the only critical points of f.

The critical points of f are the points (z,y) that satisfy the equations f,(x,y) = 0 and
fo(z,y) =0. f(z,y) = 3zy — 22° — 2¢° = fo(x,y) =3y — 62%, fy(z,y) =3z — 6y°.

fo(z,y) =0= 3y — 622 =0=y = 222

fy(z,y) =0=3z—6y>=0 :>3:L'—6(2:E2)2 =0 (sincey =22%) =32 (1-823) =0= 2 =
Oora®=1/8=x=1/2.

r=0=y=20)2%=0and z = 1/2 = y = 2(1/2)? = 1/2. Therefore, the only critical points
are (0,0) and (1/2,1/2).

b. Determine whether f has a local max, a local min, or a saddle point at (0,0).

We need to use the Second Partial Derivative test. f,(z,y) = 3y — 62% =
fmr(:nvy) = —12z and fmy(:nvy) =3. fy(:Evy) =3z — 6y2 = fyy($ay) = _12y

Therefore, D(:Ev y) = fmm($7 y)fyy($a y) - [fr (:Ev y)]2 = (_12$)(_12y) — (3)2 = 144:L'y -9.
D(0,0) = 144(0)(0) — 9 = —9. Since D < 0, | f has a saddle point at (0,0)]|.

c. Determine whether f has a local max, a local min, or a saddle point at (1,1/2).

As shown above, D(z,y) = 144zy — 9. Therefore, D(1/2,1/2) = 144(1/2)(1/2) — 9 = 27. Since
D >0 and fo,(1/2,1/2) = —12(1/2) < 0,

f has a local maximum at (1,1/2) ‘

Problem #5 (20 points)
. 4x
Evaluate the double integral / / <?> dA,
R

where R is the rectangle R = {(z,y)| 1 <2 <2, 1 <y <4}

// (%E) dA = /12 /14 (%) dy dz = /12 [4:13 ln(y)|zzﬂ dr = /12 [dxIn(4) — 4z 1In(1)] dx
R

2 2
-~ /1 4xin(4) dr = 2n(4)2% = 81n(4) — 21n(4) = [61n(4).]



