
Engineering Differential Equations
Example using Laplace Transform to Solve a DE with Impulse Forcing Term

Problem: Solve the IVP x′′ + x = δ(t − 5), x(0) = 0, x′(0) = 0.

Step 1. Take the transform of both sides of the d.e:

L{x′′ + x} = L{δ(t − 5)}

Step 2. Solve for L{x}:

L{x′′} + L{x} = e−5s ⇒
s2L{x} − sx(0)− x′(0) + L{x} = e−5s ⇒
s2L{x} − s · 0 − 0 + L{x} = e−5s ⇒(
s2 + 1

)
L{x} = e−5s ⇒

L{x} = e−5s 1
(s2 + 1)

Step 3. Solve for x:

x = L−1

{
e−5s 1

(s2 + 1)

}
⇒

x = u(t − 5)f(t − 5),

where f(t) = L−1

{
1

(s2 + 1)

}
= sin(t) ⇒

x = u(t − 5) sin (t − 5).
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