MATH.2360 Engineering Differential Equations
Solutions to Sample Problems for Exam # 3

Problem 1. Solve the following differential equations.
a. ¥y +2y +2y =0.

Characteristic equation: r* +2r +2 =0 =

—24 /22 -4(1)(2) —24+/—4 2472 ,
= = = —14+1i

2(1) B 2 2

Therefore, y = cie™* cos(1z) + coe ™ *sin(1z), or ||y = c1e™* cos(x) + coe™* sin(x)

r =

b. v — 10y + 25y =0

Characteristic equation: 7% — 10r +25 =0 = (r —5)2 = 0 = 7 = 5 (double root)

b5x

Therefore, ||y = ¢, + coxe

C. y(g) —10y" + 25¢" = 0.

Characteristic equation: r* —10r* +25r = 0= 7 (1> —=10r +25) =0=r(r —5?*=0=

r =0 or r =5 (double root). Therefore, y = c1e" + c2€>* + c3we®, or
Yy = c1 + c2€°® 4 czxed”
d y"+9y —2y=0
Characteristic equation: * +r -2 =0= (r+2)r—1) =0=r = —2orr = 1.

Therefore, ||y = cie™2* + cpe®

e. vy — 6y +25y =0.

Characteristic equation: r* — 6r +25 = 0 =
OV 41)(25) 6+ V=61 _ 648
B 2(1) B 2 2

Therefore, ||y = c1€3® cos(4z) + c2e3% sin(4x)

=3+4

f.y@ 4+ 4y® 4 49/ = 0.

Characteristic equation: r* + 473 +4r> =0 = r?(r* +4r +4) =0=r*(r +2)>=0=
r =0 or r = —2 (both double roots). Therefore, y = c;e" + cowe® + c3e™2* + cyxe %, or

Y = c1 + cox + c3e7 2 + cqre™




Problem 2. Solve the following initial value problem:
y'+2y +y =4z +8e", y(0) =2, y'(0) = —2.

Step 1. Find y,. by solving the homogeneous d.e. y” + 2y +y = 0.
Characteristic equation: 7 +2r +1=0= (r + 1)> = 0 = r = —1 double root.
Therefore, y. = c1e™ + cowe™™.

Step 2. Find y,.

Method 1: Undetermined Coefficients. Since the nonhomogeneous term 4z + 8e” in the
given d.e. is the sum of a polynomial of degree one and an exponential function, we should
guess that y, is the sum of a polynomial of degree one and an exponential function: y, =
Ax 4+ B + Ce”. No term in this guess duplicates a term in y,., so there is no need to modify
this guess. y = Ax + B+ Ce® = ¢y = A+ Ce* = ¢y = Ce®. Therefore, the left side of the
de. isy"+2y +y=Ce"+2[A+ Ce*]|+ Ax+ B+ Ce® = Az + (B +2A) +4Ce*. We want
this to equal the nonhomogeneous term 4z + 8¢”: Ax + (B +2A) 4+ 4Ce” = 4o +8e* = A =
4, B+2A=0,4C=8=A=4, B=-8, C =2. Thus, y, = 4x — 8 + 2¢".

Method 2: Variation of Parameters. From y. we obtain two independent solutions of the

homogeneous d.e: y; = e and y, = ze~*. The Wronskian is given by

—Zx x

Y Y2 € re -z -z —z\ _ (_ =z -z _ 2z
W(z) = Yl —| e (e xe ) ( e ):Be e .
— —T 4 8 T
Uy = 71?;5?) dx = —/ e (e_a;j— ¢’) dx = —/ [4:526”” +81’62m} dr =

—4 [:Bzem — 2/1’6m dzv] — 2/(21’)6’% d(2x) = —4 [:Bzem —2(x — 1)em] —2(2z —1)e** =
( —42°® + 8 — 8) * 4+ (—4x + 2) e** using formulas 46 and 47 from the table of integrals.

Ug = / i /6(;—;6) dr = / [4:176m + 862”5] dr = 4[(x — 1)e”] + 4e** using
formula 46 from the table of integrals.
Therefore, y, = u1y1 + ugys = [(—4:172 + 8x — 8) e’ + (—4x +2) ezm} e "+ [4 ((r —1)e*) + 462m] xe ¥ =
—42® + 82 — 8+ (—4x 4+ 2) e + 4(x — 1)z + 4xe” = 4w — 8 + 2¢”
Step 3. Yy =Y + Yp, SOy = c1e” " + core + 4r — 8 4 2€”.

Step 4. Use the initial conditions to determine the values of the arbitrary constants in the
general solution.

y=cre " +cxe " +4r —8+2e" =y = —cre "+ e —xe T + 4+ 2€”.

y(0) =2=2=rc1e’ +c3(0)e® +4(0) —8+2e" =¢c; —6=10¢; =8
Y(0)=-2=-2=—e"+c2[e® = (0)e’] +4+2° = —c1 +c2+6=>ca=0c; —8=0

Therefore, ||y = 8¢~ + 4z — 8 + 2¢”




Problem 3. Solve the following initial value problem:

y" — 2y = 15sin(x), y(0) =0, ¥'(0) = -3.

Step 1. Find y. by solving the homogeneous d.e. y” — 2y’ = 0.
Characteristic equation: 1> —2r =0=7(r —2) =0=r=0o0r r = 2.
Therefore, 1, = ¢1e%% + c2e?* = ¢ + cpe?®.

Step 2. Find y,.

Method 1: Undetermined Coefficients. Since the nonhomogeneous term 15sin(z) in the
given d.e. is a sine function, we should guess that y, is a combination of a cosine function
and a sine function with the same coefficient of = as in the nonhomogeneous term: y, =
Acos(z) + Bsin(x). No term in this guess duplicates a term in y., so there is no need

to modify the guess. y = Acos(x) + Bsin(z) = y' = —Asin(z) + Bceos(x) = ¢y’ =
—Acos(x) — Bsin(z). Therefore, the left side of the d.e. is y”" — 2y’ = —A cos(z) — Bsin(z) —
2[—Asin(x) + Bceos(z)] = [-A — 2B]cos(z) + [24 — B]sin(z). We want this to equal the

nonhomogeneous term 15sin(z) so 24 — B =15, —A—-2B =0= A =6, B = —3. Thus,
yp = 6cos(z) — 3sin(x).

Method 2: Variation of Parameters. From y. we obtain two independent solutions of the
homogeneous d.e: y; = 1 and y, = €2*. The Wronskian is given by

Wia)=| % b= | L | — (1) (2¢) = (0) 7 = 2™,
—yaf (x) e?® (15sin(z)) 15 1 . 15
up = W) dx = —/T dx = —?/sm(z) dx = ?cos(:c)
f(z 1) (15 cos(x 15 o 15 e , ,
Uy = / ?1/‘/((55)) de — / ()(26# dr = 5 [e s1n(:5)} dx = 5 {W [—2sin(x) — s1n(:c)]}
15

= — e 2 [2sin(z) + cos(x)] using formula 49 from the Table of Integrals.

15

5 cos(x)| (1) + {—ge_zz [2sin(x) + cos(:c)]} X =

Therefore, y, = w1y1 + u2y2 =

15

5 cos(z) — 3sin(z) — 5 cos(z) = 6cos(z) — 3sin(x).

Step 3. ¥ = ye + Yp, S0 y = €1 + 2€** + 6 cos(x) — 3sin(x).

Step 4. Use the initial conditions to determine the value of ¢; and cs.

Y = c1 + c2e** + 6cos(z) — 3sin(z) = v = 2c2e** — 6sin(x) — 3cos(z).

y(0) =0=0=c; + c2e’ 4+ 6cos(0) —3sin(0) = ¢; + 2 + 6 = ¢ + ¢y = —6.

y'(0) = =3 = —3 = 2¢2e” — 65in(0) —3cos(0) =2c; —3 =2 =0. i+ = —6=¢;, = —6—cy = —6.

Therefore, ||y = —6 4 6 cos(z) — 3sin(z)

Problem 4. Consider an RLC circuit with inductance L = 1 henry, resistance R = 2€), capaci-
tance C' = 1/16 farad, and applied voltage E(t) = 32 cos(4t) volts. Find the steady periodic
current g, (%).

The d.e. describing an RLC circuit is LQ" + RQ’ + % = E(t).

In this problem, the d.e. becomes Q" + 2Q" + 16Q = 32 cos(4t).

The steady periodic solution is the particular solution. Since the nonhomogeneous term
32 cos(4t) is a cosine, we should guess that @), is a combination of a cosine and a sine with



the same frequency: @, = Acos(4t) + Bsin(4t). (No part of this guess will duplicate part

of Q. because Q. is a transient term containing decaying exponential functions.)

Q = Acos(4t) + Bsin(4t) = Q' = —4Asin(4t) 4+ 4B cos(4t) =

Q" = —16Acos(4t) — 16 B sin(4t). Therefore, the left side of the d.e. is

Q" +2Q" +16Q = —16Acos(4t) — 16B sin(4t) + 2 [—4Asin(4t) + 4B cos(4t)] + 16 [A cos(4t) + B sin(4t)]
= 8B cos(4t) — 8Asin(4t).

We want this to equal the nonhomogeneous term 32 cos(4t):

8B cos(4t) — 8Asin(4t) = 32cos(4t) = 8B =32, —8A =0 = A =0 and B = 4. Therefore,

Qsp = 4sin(4t). Current is the derivative of @, so || Iy, = 16 cos(4t)

Problem 5. Consider a free (unforced), damped mass-spring system with mass m = 1 kg, damp-
ing constant ¢ = 6 N-s/m, and spring constant & = 10 N/m. Assume that z(0) = —1 and
x'(0) = 0.
a. Find the position function x(t).

The d.e. describing a mass-spring system is mz” + cx’ + kz = F,(t).
In this problem, the d.e. becomes 2" + 62 + 10z = 0.

The characteristic equation is % + 6r + 10 = 0 =
—6+/6* —4(1)(10)  —6+£/—4 —6+2
r = = =
2(1) 2 2

Therefore, z = cie™* cos(t) + cze ! sin(t) so 2’ = ¢; [—3e_t cos(t) — e sin(t)} + o [—3e_t sin(t) + e

= -3+t

2(0) = =1 = —1 = c1€°cos(0) + c2e°sin(0) = ¢; = ¢; = —1.
70)=0=0=c¢ [—360 cos(0) — e’ sin(O)_ + co [—360 sin(0) + 0 COS(O)} = —3¢; +cy= ¢y = 3] = —3

Therefore |2 = —e™* cos(t) — 3¢ * sin(t)

b. Express your solution from part a in the form z = Ce " cos (wit — a)

C = \/c%%—c% = \/(—1)2+(—3)2 =10

Because ¢; < 0 we have a = 7 4 tan™" (¢3/c;) = 7 + tan™'(3)

Therefore, ||z = v10e ™ cos (t — (7‘(‘ + tan_l(?’)))

c. Is this system overdamped, underdamped, or critically damped?

The characteristic equation has complex roots, so ‘the system is underdamped.




