
MATH.2360 Example Illustrating the Method of Variation of Parameters

Solve the d.e. y′′
− 3y′ + 2y = 10 sin(2x).

Step 1. Find the complementary solution, yc, by solving the homogeneous d.e.
y′′

− 3y′ + 2y = 0. The characteristic equation is r2
− 3r + 2 = 0 ⇒ (r − 1)(r − 2) = 0 ⇒

r = 1 or r = 2 ⇒ yc = c1 ex

︸︷︷︸

y1

+c2 e2x

︸︷︷︸

y2

.

Step 2. Find the particular solution, yp. According to the Method of Variation of Parame-
ters, yp = u1y1 + u2y2. Here u′

1 = −y2f(x)/W and u′

2 = y1f(x)/W , where

f(x) = 10 sin(2x) is the right side of the given d.e. and
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= ex (2e2x) − ex (e2x) = e3x.

u′

1 = −
y2f(x)

W
= −

e2x (10 sin(2x))

e3x
= −10e−x sin(2x) ⇒

u1 = −10
∫

e−x sin(2x) dx = −10
e−x

(−1)2 + 22
[− sin(2x) − 2 cos(2x)]

︸ ︷︷ ︸

from integral table

= 2e−x [sin(2x) + 2 cos(2x)].

u′

2 =
y1f(x)

W
= −

ex (10 sin(2x))

e3x
= 10e−2x sin(2x) ⇒

u2 = 10
∫

e−2x sin(2x) dx = 10
e−2x

(−2)2 + 22
[−2 sin(2x) − 2 cos(2x)]

︸ ︷︷ ︸

from integral table

= −
5

2
e−2x [sin(2x) + cos(2x)].

yp = u1y1 + u2y2 =
{

2e−x [sin(2x) + 2 cos(2x)]
}

ex +
{

−
5

2
e−2x [sin(2x) + cos(2x)]

}

e2x =

2 sin(2x) + 4 cos(2x) −
5

2
sin(2x) −

5

2
cos(2x) = −

1

2
sin(2x) +

3

2
cos(2x).

Step 3. y = yc + yp = c1e
x + c2e

2x
−

1

2
sin(2x) +

3

2
cos(2x).


