92.445/545 Partial Differential Equations Spring 2013
Homework Assignment # 1 Solutions

1. Pinchover and Rubinstein problem 1.1 Show that each of the following equations has a
solution of the form u(z,y) = f(ax + by) for a proper choice of constants a,b. Find the constants
for each example.

u(z,y) = flax +by) = % = f'(az +by) - a% lax + by] = af'(az + by) and

)-a—y[ax—l—by] = bf'(ax + by)

(a) ugp + 3uy =0

Left side of pde: uy + 3uy, = af’(azx + by) + 3bf'(ax + by) = (a+ 3b) f'(ax + by). This will equal 0
as long as a + 3b = 0. Thus, f(ax + by) is a solution of the pde u, + 3u, = 0 for any choice of
constants a and b satisfying the condition a + 3b = 0.

(b) 3ug — Tuy, =0

Left side of pde: 3u, — Tu, = 3af'(az + by) — 7bf'(az + by) = (3a — 7b) f'(ax + by). This will equal
0 as long as 3a — 7b = 0. Thus, f(ax + by) is a solution of the pde 3u, — Tu, = 0 for any choice of
constants a and b satisfying the condition 3a — 76 = 0.

(c) 2ug + muy =0

Left side of pde: 2u, + muy, = 2af'(azx + by) + 7bf’(az + by) = (2a + 7b) f'(az + by). This will equal
0 as long as 2a+ 7b = 0. Thus, f(ax + by) is a solution of the pde 2u, + mu, = 0 for any choice of
constants a and b satisfying the condition 2a + wb = 0.

2. Pinchover and Rubinstein problem 1.2 Show that each of the following equations has a
solution of the form u(z,y) = e***P¥. Find the constants «, 3 for each example.

ou B
u(z,y) = ™Y = — = 2. — [az + By] = ae® Y,
aZE aZE

u az+Py 9 az+Py a2u az+Py 9 2 _az+0y
ay oy = i e = , etc.
Iy € dy lax + By| = Be ) ae 97 lax + By] = a”e etc

(a) up +3uy +u=0

Left side of pde: wu, + 3uy +u = ae®™ ™Y 4 33670 1 20V — (o 4 38 4 1)e®**PY. This will
equal 0 as long as a + 33+ 1 = 0. Thus, u(z, y) = e** ¥ is a solution of the pde u, + uy +u=0
for any choice of constants a and ( satisfying the condition a4+ 38 + 1 = 0.

(b) Uz + Uy = 5eT2%Y

Left side of pde: gy + Uy = 2™ HY 4 2eH8Y — (o2 4 32) e *+PY_ This will equal 562 as
vy

long as (a? + 32) e2**PY = 5¢~2Y. Thus, o must equal 1 and 3 must equal —2. u(z,y) = e*~ is
a solution of the pde g, + uyy = 5eT 2y,

(€) Uwaz + Uyyyy + 2Usayy = 0
Left side of pde: tippmy + Uy + 2ummyy _ a4eam+5y + ﬁ4eam+5y + 2a2ﬁ2eam+5y — (Oé4 + 64 + 2a2ﬁ2) ear-l-ﬁy.

2
This will equal 0 as long as a* + 8% + 2023% = 0 = (oz2 + 62) = 0. The only real values of o and

(3 that satisfy this condition are a = 8 = 0. Thus, u(z,y) = "% = 1 is a solution of the pde
Ugzza T Uyyyy + 2Uzayy = 0.



3. Pinchover and Rubinstein problem 2.1 Solve the equation u, + u, = 1 with the initial
condition u(z,0) = f(z).

The initial curve T is given by z = s,y = 0. On I" we have u(s) = f(s). The characteristic curves

d
satisfy the conditions d—j =1 and d—i = 1 because the coefficients of u, and u, in the given pde
are both equal to 1. d—j =1=2=t+g(s). Because x = s on I' (where t = 0), g(s) must equal
d
s,s0x =1t+s. d—i =1=y=t+h(s). Because y = 0 on I' (where t = 0), h(s) must equal 0,
.. du Oudx Oudy .
so y = t. On characteristics, U e di + a_yﬂ = Uy -1+ uy -1 =1u; +u, =1 from the given
d
pde. d_:: =1=u=t+ ¢(s). Because u = f(s) on I (where t = 0), ¢(s) must equal f(s), so
u=t+ f(s).
Since y = t and * = t + s on characteristics, we have t = y and s = =z — y. Therefore,

lu(@,y) =y + flz—y)]

4. Pinchover and Rubinstein problem 2.2 Solve the equation zu, + ( + y)u, = 1 with the
initial condition u(1,y) = y. Is the solution defined everywhere?

The initial curve " is given by x = 1,y = s. On I" we have u(s) = s. The characteristic curves satisfy

d d d
the conditions d—j =z and d—i =z+y. d—j =12 = x = g(s)e'. Because z = 1 on I' (where t = 0),
d
g(s) must equal 1, so z = €. d—i —z+y=ce +y=y=c¢e (t+h(s)). (The ode for y is a linear

first order ode. See phis handout on first order linear ode’y.) Because y = s on I' (where t = 0), h(s)

must equal s, so y = e’ (t + s). On characteristics du_ Oude + Ou dy
duat s, 5oy = ' YAt Gz dt | dydt

d
from the given pde. d_:: =1=u=t+ ¢(s). Because u = s on I' (where t = 0), ¢(s) must equal s,

=Uy-THuy - (r+y) =1

sou=t-+s.

Since z = ¢! and y = e’ (t + s) on characteristics, we have y/x =t + s. Therefore, |u(z,y) = y/z |
The domain of this solution cannot contain any points at which z = 0. Since the initial curve I is
in the right half plane, this solution is only valid for z > 0.

5. Pinchover and Rubinstein problem 2.7
Solve the Cauchy problem equation u, + u, = u?, u(z,0) = 1.

The initial curve I' is given by = s,y = 0. On I we have u(s) = 1. The characteristic curves

dx

satisfy the conditions =1 and Yy because the coefficients of u, and wu, in the given pde

dt dt
are both equal to 1. d—j =1=2=t+g(s). Because x = s on I' (where t = 0), g(s) must equal
d
s, 80 x =1t+s. d—i =1=y=t+h(s). Because y = 0 on I' (where ¢t = 0), h(s) must equal 0,

du aud_:n aud_y_

so y = t. On characteristics, o di + a_y i Up - LUy - 1 = uy +uy = u? from the given
du 1
de. — =u?=u=——"——. Because u = 1 on I' (where t = 0), ¢(s) must equal —1, so
pde. — P ( ), &(s) q
1 1
U=—7= =,

t—1 1-t

1

Since y = t on characteristics, we have |u(z,y) = =



http://faculty.uml.edu/spennell/Teaching/Documents/linde_ex.pdf
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6. Pinchover and Rubinstein problem 1.3

a) Show that there exists a unique solution for the system u, = 327y +y, u, = z° + x together
Show that th ist i lution for the syst 327 y = 2 + x togeth

with the initial condition u(0,0) = 0.

Uy =322y +y=u= / (3:13211 + y) dr = 23y + zy + f(y) (Remember that y is treated as a con-

stant when calculating u,.)

uw=2y+zy+ fy) = Uy = 23 + x + f/(y). This means that the second equation in the given sys-
tem will be satisfied if f'(y) = 0, or f(y) = ¢ where c is a constant. Therefore, u(z,y) = 23y + zy + c.
u(0,0) = 0 = 0%(0) + 0(0) + ¢ = 0 = ¢ = 0. Therefore,

u(z,y) = 2>y + zy is the only solution to the given system that satisfies the given condition u(0,0) = 0.

(b) Prove that the system u, = 2.999999z2y + v, Uy = z3 + z has no solution at all.

Suppose there were a smooth function that satisfied both equations in the system.
Uy = 2.9999992%Y + y = ugy = 2.9999992% + 1 and u, = 2° + 2 = uy, = 327 + 1. But uy, must
equal u,,. Therefore, there is no solution to the given system.

7. Pinchover and Rubinstein problem 2.4 Consider the equation yu, —zu, =0 (y > 0).
Check for each of the following initial conditions whether the problem is solvable. If it is solvable,
find a solution. If it is not, explain why.

In each case the initial curve I' is given by z = s,y = 0. The characteristic curves satisfy the

diti dx d dy dx N d’x  dy dy d’x
conditions — =y and — = —z. — = — =—.Bu = —, 80 —

at Y dt Y e dr dt %0 g
= x = ¢1 cos(t) + cgsin(t). (See fhis handout on constant coefficient linear ode’s.)

=—a=2"42=0

x :
prik = y = —cy 8in(t) + ¢ cos(t). Because z = s and y = 0 on I' (where ¢t = 0), ¢; must equal s
and co must equal 0. Therefore, the characteristic curves are given by = = scos(t), y = —ssin(t).

d oud oud d
d_:: = O_Zd_:z O—Zd—zz = yu, — Uy = 0 from the given pde. d_:: =0 = u = ¢ (constant) on a char-

acteristic curve.
(a) u(z,0) = 22

Because = s on I', this condition tells us that © = s? on I'. Since u is constant on a characteristic

curve, we have u(t,s) = s2. x =scos(t), y = —ssin(t) = 22 +y* = s% cos?(t) + s?sin*(t) = 5%

Therefore, |u = 22 + y?

(b) u(z,0) ==

u(z,0) =z = u=sonI. As shown in part (a), 2% +3? = 5%, s0 s = \/22 + ¢ for = (or s) greater

/22 L2
than 0 and s = —y/2? + y? for < 0. Therefore, u = { _‘IE%’E—;_‘Z{ 7 ii z 8

(c) u(z,0) =z, x >0

As shown in part (b), |u =1/22+y? if 2 >0



http://faculty.uml.edu/spennell/Teaching/Documents/const_coeff.pdf

