
92.445/545 Partial Differential Equations Spring 2013

Homework Assignment # 1 Solutions

1. Pinchover and Rubinstein problem 1.1 Show that each of the following equations has a
solution of the form u(x, y) = f(ax + by) for a proper choice of constants a, b. Find the constants

for each example.

u(x, y) = f(ax + by) ⇒
∂u

∂x
= f ′(ax + by) ·

∂

∂x
[ax + by] = af ′(ax + by) and

∂u

∂y
= f ′(ax + by) ·

∂

∂y
[ax + by] = bf ′(ax + by)

(a) ux + 3uy = 0

Left side of pde: ux + 3uy = af ′(ax + by) + 3bf ′(ax + by) = (a + 3b)f ′(ax + by). This will equal 0
as long as a + 3b = 0. Thus, f(ax + by) is a solution of the pde ux + 3uy = 0 for any choice of
constants a and b satisfying the condition a + 3b = 0.

(b) 3ux − 7uy = 0

Left side of pde: 3ux − 7uy = 3af ′(ax + by)− 7bf ′(ax + by) = (3a− 7b)f ′(ax + by). This will equal

0 as long as 3a− 7b = 0. Thus, f(ax + by) is a solution of the pde 3ux − 7uy = 0 for any choice of
constants a and b satisfying the condition 3a − 7b = 0.

(c) 2ux + πuy = 0

Left side of pde: 2ux + πuy = 2af ′(ax + by) + πbf ′(ax + by) = (2a + πb)f ′(ax + by). This will equal

0 as long as 2a + πb = 0. Thus, f(ax + by) is a solution of the pde 2ux + πuy = 0 for any choice of
constants a and b satisfying the condition 2a + πb = 0.

2. Pinchover and Rubinstein problem 1.2 Show that each of the following equations has a
solution of the form u(x, y) = eαx+βy. Find the constants α, β for each example.

u(x, y) = eαx+βy
⇒

∂u

∂x
= eαx+βy

·
∂

∂x
[αx + βy] = αeαx+βy,

∂u

∂y
= eαx+βy

·
∂

∂y
[αx + βy] = βeαx+βy,

∂2u

∂x2
= αeαx+βy

·
∂

∂x
[αx + βy] = α2eαx+βy, etc.

(a) ux + 3uy + u = 0

Left side of pde: ux + 3uy + u = αeαx+βy + 3βeαx+βy + eαx+βy = (α + 3β + 1)eαx+βy. This will
equal 0 as long as α + 3β + 1 = 0. Thus, u(x, y) = eαx+βy is a solution of the pde ux + 3uy + u = 0
for any choice of constants α and β satisfying the condition α + 3β + 1 = 0.

(b) uxx + uyy = 5ex−2y

Left side of pde: uxx + uyy = α2eαx+βy + β2eαx+βy =
(

α2 + β2
)

eαx+βy. This will equal 5ex−2y as

long as
(

α2 + β2
)

eαx+βy = 5ex−2y. Thus, α must equal 1 and β must equal −2. u(x, y) = ex−2y is
a solution of the pde uxx + uyy = 5ex−2y.

(c) uxxxx + uyyyy + 2uxxyy = 0

Left side of pde: uxxxx + uyyyy + 2uxxyy = α4eαx+βy + β4eαx+βy + 2α2β2eαx+βy =
(

α4 + β4 + 2α2β2
)

eαx+βy.

This will equal 0 as long as α4 + β4 + 2α2β2 = 0 ⇒

(

α2 + β2
)2

= 0. The only real values of α and

β that satisfy this condition are α = β = 0. Thus, u(x, y) = e0x+0y = 1 is a solution of the pde
uxxxx + uyyyy + 2uxxyy = 0.



3. Pinchover and Rubinstein problem 2.1 Solve the equation ux + uy = 1 with the initial

condition u(x, 0) = f(x).

The initial curve Γ is given by x = s, y = 0. On Γ we have u(s) = f(s). The characteristic curves

satisfy the conditions
dx

dt
= 1 and

dy

dt
= 1 because the coefficients of ux and uy in the given pde

are both equal to 1.
dx

dt
= 1 ⇒ x = t + g(s). Because x = s on Γ (where t = 0), g(s) must equal

s, so x = t + s.
dy

dt
= 1 ⇒ y = t + h(s). Because y = 0 on Γ (where t = 0), h(s) must equal 0,

so y = t. On characteristics,
du

dt
=

∂u

∂x

dx

dt
+

∂u

∂y

dy

dt
= ux · 1 + uy · 1 = ux + uy = 1 from the given

pde.
du

dt
= 1 ⇒ u = t + φ(s). Because u = f(s) on Γ (where t = 0), φ(s) must equal f(s), so

u = t + f(s).
Since y = t and x = t + s on characteristics, we have t = y and s = x − y. Therefore,

u(x, y) = y + f(x − y)

4. Pinchover and Rubinstein problem 2.2 Solve the equation xux + (x + y)uy = 1 with the

initial condition u(1, y) = y. Is the solution defined everywhere?

The initial curve Γ is given by x = 1, y = s. On Γ we have u(s) = s. The characteristic curves satisfy

the conditions
dx

dt
= x and

dy

dt
= x + y.

dx

dt
= x ⇒ x = g(s)et. Because x = 1 on Γ (where t = 0),

g(s) must equal 1, so x = et.
dy

dt
= x + y = et + y ⇒ y = et (t + h(s)). (The ode for y is a linear

first order ode. See this handout on first order linear ode’s.) Because y = s on Γ (where t = 0), h(s)

must equal s, so y = et (t + s). On characteristics,
du

dt
=

∂u

∂x

dx

dt
+

∂u

∂y

dy

dt
= ux · x + uy · (x + y) = 1

from the given pde.
du

dt
= 1 ⇒ u = t + φ(s). Because u = s on Γ (where t = 0), φ(s) must equal s,

so u = t + s.
Since x = et and y = et (t + s) on characteristics, we have y/x = t + s. Therefore, u(x, y) = y/x .

The domain of this solution cannot contain any points at which x = 0. Since the initial curve Γ is

in the right half plane, this solution is only valid for x > 0.

5. Pinchover and Rubinstein problem 2.7

Solve the Cauchy problem equation ux + uy = u2, u(x, 0) = 1.

The initial curve Γ is given by x = s, y = 0. On Γ we have u(s) = 1. The characteristic curves

satisfy the conditions
dx

dt
= 1 and

dy

dt
= 1 because the coefficients of ux and uy in the given pde

are both equal to 1.
dx

dt
= 1 ⇒ x = t + g(s). Because x = s on Γ (where t = 0), g(s) must equal

s, so x = t + s.
dy

dt
= 1 ⇒ y = t + h(s). Because y = 0 on Γ (where t = 0), h(s) must equal 0,

so y = t. On characteristics,
du

dt
=

∂u

∂x

dx

dt
+

∂u

∂y

dy

dt
= ux · 1 + uy · 1 = ux + uy = u2 from the given

pde.
du

dt
= u2

⇒ u = −
1

t + φ(s)
. Because u = 1 on Γ (where t = 0), φ(s) must equal −1, so

u = −
1

t−1
= 1

1−t
.

Since y = t on characteristics, we have u(x, y) = 1

1−y

http://faculty.uml.edu/spennell/Teaching/Documents/linde_ex.pdf
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6. Pinchover and Rubinstein problem 1.3
(a) Show that there exists a unique solution for the system ux = 3x2y + y, uy = x3 + x together
with the initial condition u(0, 0) = 0.

ux = 3x2y + y ⇒ u =

∫

(

3x2y + y
)

dx = x3y + xy + f(y) (Remember that y is treated as a con-

stant when calculating ux.)

u = x3y + xy + f(y) ⇒ uy = x3 + x + f ′(y). This means that the second equation in the given sys-
tem will be satisfied if f ′(y) = 0, or f(y) = c where c is a constant. Therefore, u(x, y) = x3y + xy + c.

u(0, 0) = 0 ⇒ 03(0) + 0(0) + c = 0 ⇒ c = 0. Therefore,

u(x, y) = x3y + xy is the only solution to the given system that satisfies the given condition u(0, 0) = 0.

(b) Prove that the system ux = 2.999999x2y + y, uy = x3 + x has no solution at all.

Suppose there were a smooth function that satisfied both equations in the system.
ux = 2.999999x2y + y ⇒ uxy = 2.999999x2 + 1 and uy = x3 + x ⇒ uyx = 3x2 + 1. But uxy must

equal uyx. Therefore, there is no solution to the given system.

7. Pinchover and Rubinstein problem 2.4 Consider the equation yux − xuy = 0 (y > 0).

Check for each of the following initial conditions whether the problem is solvable. If it is solvable,
find a solution. If it is not, explain why.

In each case the initial curve Γ is given by x = s, y = 0. The characteristic curves satisfy the

conditions
dx

dt
= y and

dy

dt
= −x.

dx

dt
= y ⇒

d2x

dt2
=

dy

dt
. But

dy

dt
= −x, so

d2x

dt2
= −x ⇒ x′′ + x = 0

⇒ x = c1 cos(t) + c2 sin(t). (See this handout on constant coefficient linear ode’s.)
dx

dt
= y ⇒ y = −c1 sin(t) + c2 cos(t). Because x = s and y = 0 on Γ (where t = 0), c1 must equal s

and c2 must equal 0. Therefore, the characteristic curves are given by x = s cos(t), y = −s sin(t).

du

dt
=

∂u

∂x

dx

dt
+

∂u

∂y

dy

dt
= yux − xuy = 0 from the given pde.

du

dt
= 0 ⇒ u = c (constant) on a char-

acteristic curve.

(a) u(x, 0) = x2

Because x = s on Γ, this condition tells us that u = s2 on Γ. Since u is constant on a characteristic

curve, we have u(t, s) = s2. x = s cos(t), y = −s sin(t) ⇒ x2 + y2 = s2 cos2(t) + s2 sin2(t) = s2.

Therefore, u = x2 + y2

(b) u(x, 0) = x

u(x, 0) = x ⇒ u = s on Γ. As shown in part (a), x2 + y2 = s2, so s =
√

x2 + y2 for x (or s) greater

than 0 and s = −

√

x2 + y2 for x < 0. Therefore, u =

{

√

x2 + y2 if x > 0

−

√

x2 + y2 if x < 0

(c) u(x, 0) = x, x > 0

As shown in part (b), u =
√

x2 + y2 if x > 0

http://faculty.uml.edu/spennell/Teaching/Documents/const_coeff.pdf

