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Chapter 3 Methods of Analysis: Nodal analysis and Mesh analysis

Basic concepts for nodal analysis: )
Node voltage and ground Symbols for the ground:

Definition: The ground for a circuit is defined as the L l
point (or node), where the voltage = 0. = 77\T

Node voltage at any other point is defined as
the voltage drop from this point to the ground.

v, With node voltage defined this way,
+ e the voltage drop between any two points is
Ve simply the difference of two node voltages.
- lv;o v, By KVL, V,+V,-V,=0
L e + VvV, — e '
= + +

Vg £ Vgg

- o - Vab— Va7V
J; Vg:() / R

Voltage at +

Voltage at —

KVL automatically satisfied:

Va + VvV — Vi + Ve —

+ + + Vap = Vg~ Vb
IVa Vbl IVCd Vpe = Vp — Ve

Vea= Ve —Vy

— Vd + -
Va
Vim0 =
Along right loop: Vet Veg+ V=V =vp—v.+v,—vg+v4—v, =0

All items cancelled. KVL automatically satisfied.
This is due to the assignment of node voltage and

that the voltage between any two points is the difference of
two node voltages.



Main Idea of nodal analysis:

Pick node voltages as key variables.
Express everything else in terms of node voltages,

such as branch voltage, currents.
Then apply KCL at the nodes to form equations for node voltages.

Express resistor currents in terms of node voltages

A typical node:

An equation for node voltages

One key step in nodal analysis:
Express the current through a resistor in terms of node voltages.

Assign vg so that passive sign convention

o+ Vg -
v Lo AAAN A is satisfied. Then
R i = Vg _ V,—
R R
Observation:

The current i enters at v, and exits at v,
In the future, vy will not be assigned.

General rule: i = Vat entrance —
R
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Example: A circuit with only current sources. We need
to find the current through each resistor.

Solution: Additional variables need to be assigned.

How many nodes? only three nodes.

Vi
Step 1: pick the ground.

Assign node voltages, vy, v,.

Step 2: Assign resistor current @D L %

with reference direction, iy, i, i3

Express the currents in terms of node voltages:

- v,—0 v, e I Y *) Plug (*) into (1), (2), respectively,
1= = 5 2 > 13
Rl Rl R2 R3 _L_VI—VZ :|2_|1;
R R
Step 3: Apply KCL at each node v, _]V2 \2,2
Atv;: —ij—iy+1,—1,=0 = r "k
=>-h—hL=L~-1 (1) ? ’
Atvy i, — i3+ 1,=10

= =i = 1 2) _ﬁ E
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The reference direction of currents can be
arbitrarily assigned. \7

Reversing the direction does not change the

Then the signs of i, and i, are reversed:

equations for node voltages. @D
Let us reverse i; and i, 1y R,
Iy
-

ilzo_vlz_i. i _tVe oV Vl_Vz; i3:£ (*)
R, R,
When apply KCL at each node, the sign for i, i, also reversed

R, R R

1 2

Atvy: +i+iL,+L -1, = i +i,=1,—-1; (1
Atvy =i, =i+, =0 = —i,—i;= —I, 2)
. . _ﬁ_VI_VZ_I —1.-
Plug (*) into (1), (2), respectively, R R 2 P
we obtain the same equations ! :
Vl V2 V2
2 =,
R, R,

Summary of steps in nodal analysis.
Suppose that the circuit has n+1 nodes and has only current sources.

Step 1: pick the ground. Assign node voltages for the
remaining nnodes: vy, v,, ..., V,

Step 2: Assign resistor currents with reference direction, ij,i,,...,
Express them in terms of node voltages.

Step 3: Apply KCL at each of the node to obtain n equations for
all branch currents. Then plug in the expressions from
step 2, to obtain n equations for the n node voltages.

Step 4: clean up the equations, solve for the voltages v,, v,, ..., v,

and compute whatever is asked. Since all variables can be

expressed in terms of these node voltages.

For circuit with only current sources, every branch current

is either given, or, can be expressed in terms of node
voltages.
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Example: Find i;, i,, i; using nodal analysis

The ground and node voltages already assigned.

. Vi
Express resistor currents:

P T v—V . v
h=%% =" h=2 () 20 10A
Iy
Apply KCL at the nodes: I
AtV —i — i, +5=0 (1) —2v; — v+ v, +20=0
Ath: lz_l3+10_5:0 (2) 3171—3172_2172"'60:0
Plug (*) into (1), (2) ‘317 v!—,ZO (1a)‘
1= V2 =
vy V—V
—71— 14 245=0 x4 30, —5v, = —60  (2a) |
V1 =V _ 171=4—V;v2=20V
e t5=0 x12 3

iy = 6.6674; i = —1.6674; i3 = 6.667A

Example: A circuit with dependent current source. Form 3 equations for vy, v,, 5.

i, has been assigned. Assign other —>
resistor currents, iy, i, iz

Express all resistor currents:

. V1 — 7, i = V1 — U3
lx——; 1 —4
2
N ) i :172_173.
L2——; 3 )
4 8

KCLatvy: iy +i, =3
KCLatvy: j,—i,—iz=0

KCLatvs: j; +i3—2i, =0
Plug in current expression:

UV =V3 V1 —=Vy

=3 Bv —2v,—vs=12 (1) ]
Vv Vs va—vs_ B [w,-7ntv-0 @
2 4 8
Ul_v3 UZ_U3_ Ul_vz:o ’_6v1+9v2_3v3=0 (3)‘
4 8 2
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Practice problem 1:
Find v; and v, by using nodal analysis method

U2

W

8Q

CD6A §4Q §4Q N

Practice problem 2: 31
Find i; by using nodal analysis —Q—

method. i

How many node voltages? 10
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Practice problem 3: Form 3 equations for vy, v,, V3

AW

10 5A
N\

4Q 4Q

CDZOA §ZQ §29 (Proa

Nodal analysis

« Basic concepts: node voltage and ground
— Voltage between any two points is the difference of two
node voltages

et V. — V=V, - Vs
v Vi V,: voltage at +

¢ vy, voltage at -

« Basic step: Express resistor current in terms of node voltages:

1
i= Vat the entrance
v, = N——o v 1=
a R

R

— Vat the exit

Va = Vp
R

« Basic idea: use KCL to form equations for node voltages
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What if we have a voltage source?

sy Q: How to express i in terms of
‘f‘_,_@%. \ v, and v, ?
iS
VaVp

A: i can not be expressed
in terms of only v, and v,

i i, can be anything.

§ 3.3 Nodal Analysis with voltage sources

Case 1: The voltage source is connected to the ground ;

Three non-reference nodes: v, v,, v5
izvl_vz.i:ﬁ.-_vz_v3.i:V1_V3 Vig
1 4 572 2 273 4 >4 6 ;

. . . +
Atv,, 1-1,-1,=0 <> 1ov . l
- 2

Vi—V, Vv, V-V

—-—=— =0 1
4 2 4 )
Atvy, iyH,=-2 o ‘
Do we really need a third KCL equation at v,?
Vo i—Vs ) 2
? 6 - 2 How many unknown node voltages?
AtV,, i-i-i;=0 vi=? V=10V
But i can’t be expressed in terms of v, So we only have two unknowns, v, and v
Get stuck here (1) and (2) are sufficient to solve for v, and v,



Case 2: One voltage source is not connected to the ground

-- A floating voltage source

Now we know v,=10V

Only two equations are needed for v, and v,

KCLatv,: i;-1,-1=0
KCL at vy i,-13+1=0
Same trouble with i,
can’t be expressed in terms of v,, v,

Neither (1) nor (2) would yield an equation for v,, v,

» Approach:
Addup (1)and (2): i-iytig-i5=0

What is this equation (3)?

% (3) is obtained by applying KCL _ _ = =

at the closed boundary
It includes both nodes v, and v,

(1)
@

3)

Vi ¢

In the future, we don’t apply KCL at each node connected
to a voltage source (such as (1), (2)), then add them up.

We directly make a supernode and apply KCL at the supernode

The currents:

_10-v, . v .V

I ;L= =,
2 8 6

KCL at the super node: 1i;-i,%i,-1;= 0

Plug in current expressions
10-v, Y, 10-v; v,
2 8 4 6
= 15v,+10v,=180  (Eql)|

=0

Need a second equation for v, and v,

It comes from the 5V voltage source:

(Eq2) |

Combining (Eql) and (Eq2),
v, and v, can be solved.

‘ V,-V3=5

v, =9.2V; v;=4.2V
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General steps for nodal analysis with floating voltage sources:

Step 1: Choose ground and assign node voltages
Step 2: Assign resistor currents with reference direction, express

them in terms of node voltages
Step 3: Form super node to combine two or more nodes. The purpose is to avoid
the current of a voltage source in a KCL equation. The super node is
made such that the closed boundary does not intersect a voltage source.

NN V2/.
iy >

iy - --

KCL at super node: KCL at super node:  i-i,-1,=0

i\ iy- iy H,= 0 Additional equation:  v,-v,=3i,

Additional equation: Be careful: i 31, ~ 3iisavoltage,
vivi10 Nevq make equation like: not current
i-3i-i5=0
Step 4: clean up and solve equations
Example: Find i, using nodal analysis. What is the power
; 2
supplied by the 10V voltage source? 24—
Solution: NI 35
Express resistor currents: Vi & <: ) o —3/\ A D
. ; V3

ip =6v,;  Note that the conductance is . 2

2
. . . 10V A
. given, not resistance 101 <>
i, = 5v, 6S . l 5s 4A
iz = 3(172 - U3) L
L

Need to combine nodes at vy, v, to form a super node

KCL at super node v4, v,

S _ The 3" equation comes from the
boti+i+2=0 10V voltage source:

6v; +5v; +3(v, —v3) = -2 ‘Vl —-v, =10 (3) ‘

6V, +8v,—3v3=-2 (1)

_ 6 8 -3 [-2
At V3! 1> +6=0 0 3 =3||V2|=1|-6
30, -3v=—6 (2| 1 -1 ollwsl l1o

vy, = 4.909V; v, = —5.091V; v5 = —3.091V
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How to find the power supplied by the 10V voltage source?

We have obtained
v; = 4.909V; v, = —5.091V; v3 = —3.091V

With these node voltage,
everything can be solved

To find the power by the voltage source,
We need the current coming out of the
positive terminal

How to find I?

ByKCLatvy: I;=iy+2 ip = 6v; = 6 X4.909 = 29.4544
I; = 31.454A4,
Power supplied by 10V = 10/, = 314.54W

Example: Form 3 equations for the 3 node voltages

Assign resistor currents: A

h= 2= i 2i is v
: ~ 3

iz = Ul 4V

= 2 4v,

ly = 2v3 o 1s 25 () "
s = v, —v3

Iy = 4(v; — v3) L:

KCL at supernode v, vy: B <>2ix
y

il_iz_i3_i5_ix:0

24 —vy) —v; —2v; — (v, —v3) —4(v; —v3) =0 vy — V1 = 2iy

| —7v, —3v, +5v3=-8 (1) v, — vy = 2(4(v, — v3))

KCLat vs:  ig—iq+iy+4=0 (90, — v, —8v; =0 (3)]
172 - 173 - 2173 + 4(171 - 173) = _4'

4o, v, —Tvs=—4 ()]

11



Practice 4: Form 3 equations for the three node voltages

S
Vl AAA A V2 AN A V3
bt 20 520

Practice 5: Form 4 equations for the four node voltages

——— W
1y 3Q )
Vi vy V3 . 91, v,
T e e
v 20V s

§29 CD 10A 4Q 19§
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Practice 6: Find vy, v,, v3 and igep

I 4Q

\7 —-iVVWV 2 @ V3
30 . 19v Li
%ldep ) Y 3
i =
3, 20 30
L
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