L20
Chapter 8 Second-order circuits
A circuit with two energy storage elements:
One inductor, one capacitor
Two capacitors, or
Two inductors Such a circuit will be described with
n second-order differential equation:
MWW\~
® ?Lv ¥+ 2av + wiv = b;
= v(0) =V,  9(0) =V,
<> @ i, Equivalently:
g . d*v v,
i — —+2a—+wyv=">;
dt dt
dv
v(0)=Vy; —(0)=V,
dt
We first learn how to solve 2"d-order diff equ.
L20

Solving 2"-order differential equations

Consider a second-order differential equation
P+ 2av+wiv="> with initial condition: v(0) =Vv,, v(0)=V;
Need to find v(t) for all t.
In chapter 8, b=0 corresponds to source free case, b#0 for step response.

Let v()=b/w,2  (Assumea > 0.Thenast — oo, v(t) goestoa constant.)
2

Let the roots to s?+2as+m,?= 0 (not =b) be sy, s, $,8, =—a i\/az )

For example:
S74354+2=0= (s+1)(s+2)=0 = s5,=-1; 5,=-2

sP+4s5+5=0 = (s+2+/)(s+2-,/)=0 = s,5,=-2%]

= V=1
s?+105+25=0 = (5+5)2=0 => s =5,=-5 j=V-1

The solution will be constructed using the roots.

Three cases: Case 1: o > ®, two distinct real roots
Case 2: o= wy two identical real roots
Case 3: o<, two distinct complex roots
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¥+ 2av + wiv = b; (1D L20
v(0) =V, v(0) =V, (1C)
Case 1: o>, two distinct real roots for s2+2as+my2= 0
S158, =—at.d’ —a)g
The solution to (1) is not unique.
For any real numbers A, A,, the following function satisfies (1),
v(t) = v(o) + A et + Aze52t  Where v() = b/w3
This is called the general solution.  To verify,
'U(t) = SlAleslt + SzAzeszt ‘U(t) = S%Aleslt + S%AzeSZt
I v + 2av +
= 524,51t + 524,52t + 2a(s;A,e51" + s5,A,e52) +
0 0
= A,e51t(s? +}e€1 + w3) + Ayes2t(s2 +}K2 + w3) + w3v (o)
b
— )2 -2 2 _
= wgv(®)=a, a)(f =b ) v(t) satisfies (1) forany A,, and A,
The solution will be uniquely determined by the initial conditions (IC)
¥+ 2av + w3v = b; (1D L20
v(0) =V, v(0) =V, (1C)

The general solution
v(t) = v(0) + A;e51t + A,eS2t  Where v(o0) = b/w3

There is only one pair of A, A, that satisfy the IC
To find A;, A,, use IC to form two equations. Recall: ©(t) = s;A,e51t + s,A,e52¢
Evaluate v(t) and v(t) at t=0:

v(0) = v(0) + A; + A,
17(0) = S]_Al + SzAz

To satisfy the IC, we obtain

iy N A b [l S R L o R P B

You may use other methods to solve for A; and A,.



¥+ 2av + wiv = b (To compare ) L20
Example: Solve 5 4+ 4 + 3v =6, v(0)=1; v(0) =-1
2a=4o}=3b=6 mp a=20,=V3 2 icie?=0.

a > m,; ™) Case 1, two distinct real roots for s? + 4s + 3 = 0.

Step 1: Finds,, s,, v(%0) 81,8, = —a+a’ - a)(f

51,8, =242 =3=-2x£1, §=-Ls,=-3
Note:

_ 2 _c/2 o
v(®) = b/wj =6/3 =2 S1, S, are roots to:
The general solution:  V(t) = v(0) + A1e®1t + Aye2t s’ +45+3=0

v(t)=2+Ae" + A, (s+3)(s+1)=0
Sl = _1, SZ = —3

Step 2: Find A},A,, use initial condition
v(0) = —A; —34; = =1 (*x)

Note:
U(t) = _Ale_t - 3Aze_3t

Solve (*) and (**) to obtain A;=-2; A,=1

Finall
et W(t)=2-2e" +e
¥+ 2av + wiv = b; (1) L20
v(0) =V, v(0) =V, (1C)
An Example: ¥4+ 470+ 3v =6, v(0) =1; v(0)=-1

The general solution:  v(t) = v(0) + A1e51 ¢ + AyeS2t, v(w) =
-t -3t
v(t)=2+A4e " +4,e

Since s4, s, are negative,

O€N| &

tlilzlov(t) =2 =v(»)

Another way to see v(®) = b/w}
v(t) = A;se51t + A,s,e52t, gLToﬁ(t) =0
B(t) = A;sZesit + A,s2est, tlijgﬁ(f) =0

From (1), tlLrglo (i)’(t) + 2av(t) + a)(z,v(t)) = wiv(®) =bh

v(e0) = o2
0
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Case 2: a= o,

s? +2as + a? = (s + a)?
-7

Two identical roots, s,=s,=-a.to s?+20s+w0,>=0

The general solution: v(t) = v() + (4; + A,t) e~ %t

Its derivative: 17(t) = A,e” % — a(A4; + A,t)e”*

Use ICto find A, A,.

ALE=0,  p(0) = v(w) + Ay = Vg

v(0) =A, —ad; =V, Ay =V +ad,

Case 3: a<m,

Two complex roots to s2+20is+m,2=0

2 2
Let o, =+, —«
51,5, = —a + /az - w?

S1,52 = —atjwg

The general solution:

v(t) = v(o) + e % (B; coswyt + B, sinw,t)

Its derivative:

Ay = Vo —v(0)

L20
v() = b/w§
L20
j=v-1

=—ai\/—_1/a)(2)—a2 =—atjwg

v(t) = —ae~* (B, coswyt + B, sinwgyt )
+e % (—wyB; sinwgt + wgB, cos wgt)

Use IC to find B,, B,.

V(O) = ]}(OO) + Bl = VO
17(0) = —a31 + dez = Vl

# 31:VO_U(OO)

B, = (V1 + aBy)/wq

v() = b/w]
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L20
v(t) = v(o0) + e~ (B coswgt + By sinwgt)

d Case 3: o <
v(00) /\/\ o~

9
Example: Solve ¥ + 8v + 25v =200, »(0) =0, v(0) =12
Compare with ¥+ 2av + wiv=>b
Solution: a =?wy =?,b =? which case?
a=4,wy=5b=200, a<w, > case3, two complexroots: —a + jwy
Step 1: Form general solution using roots and v(co).
v(t) = v(0) + e~ (B; cos wgt + B, sinwgt ), v(®) =? wy =?
Imaginary part of the roots: wg; = [w3 —a? = V25—16=3
Complexroots: —a + jw3 = —4 +j3
b 200 20 0
v() =20(0) = 7 = 5= =8 5065 + B4E) + 25v () = 200
v(t) = 8+ e *(B; cos3t + B, sin3t), € General solution
Step 2: Find By, B,, using initial conditions, v(0) =0, v(0) = 12
v(t) = —4e~* (B; cos 3t + B, sin 3t) + e~ *t (=3B, sin 3t + 3B, cos 3t )
v (0)=—4B, +3B,=0 16
_ _ ) B =4B =2
v(0) =8+ B, =12 3
Final solution: v(t) =8+e™* (4cos3t+13—6$in 3t)V
10
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Practice 1: Solve

v+ 5v+6v =18,

Practice 2: Solve

V+4v+4v =8,

Practice 3: Solve

v+ 4v+ 13v = 39,

11

Second-order RLC circuits

General circuit:

AW~ i+
OelT’
O D

e L

R20

v(0) =0; v(0) =4

v(0) =1 v(0)=-1

v(0) =1 v(0)=-1

Example : Find iy (t), v (t) fort>0. L21

6Q2
6Q2

6!

L

Q
+
l Vc
t=0 g5y —
30V 10V

As always, i (t), v.(t) are continuous function of time.
Use the circuit before switch to find i; (0), v.(0).

For t>0, v.(t) satisfies

2
d ‘;C r20 +alv, =b;
dt dt
dv.
v.(0)=V,; dt‘ )=V,

12

We also need % (0).

dv, . .
Generally, d—;(t) is not continuous

at t=0.

How to find % (0)?
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Converting a circuit problem to a math problem L21
To solve a second order circuit, we need to
1. Derive the differential equation: 2. Find the initial condition
¥+ 2av + wiv = b; v(0) =V, v(0) =V,

§ 8.2. Finding initial values

We need to find v,(0"), ,-L(o+),M di, (07)

dt ° dt
1. Capacitor voltage and inductor current don’t jump
ve(07)=v(07),7,(07) =i, (07)

Key points:
Use circuit before switch (t<0) to find these two.
dv.(0") di (0" .
2. For Vel ), A Recall: v, =L—= dlL i. = ddvt”
dt dt

Consider the circuit right after switch, i.e., at t=0*
* Apply KVL to find v,(0*), then  « Apply KCL to find i,(0*), then

di(0) 1 . dve(07) _ 1
70 " C(O)

13

dve(0') diy(0")

Example: Find v.(0%),i,(0%), , o dvg(0%) dig(o%) L21
c(07),,(07) i 0 Tofind ——,—~
—W— >/ /1 tvg— TV~
40 1, 0.25H /I

+ [, 0.25H ;
20 0 i

t=0 ?ﬁ V=4V T"c
12v 0.1F

Use circuit before switch to find v.(0%),,(0%),

Att=0" Consider t = 0*
> | v (0Y)=12-4x2-4=0V
aQ 1 +
L di,(0") 1 0" = 0
—_— =7 =
12V 20 Ve dt Lt

J i.(0%) =1,(0%)=2A
i;(07)=24; v,(07)=2x%x2=4V dUc(0+) 1
By continuity, i, (0%) = 24, vc(0) =4V dt

2
lc(0+) =

—1 =20 V/S,

14
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15

16

121
Chapter 8 circuits

1). Source free series RLC circuits

2). Source free parallel RLC circuits

3). Step response of series RLC circuits
4). Step response of parallel RLC circuits
5). Other second order circuits

We will focus on 1) and 3).
We study 3) first.
1) is a special case of 3).

§ 8.5 Step response of series RLC circuits L21
A general circuit

AW~

+

DeolT!
—  Determine v.(0),i;(0)
<> @ ) from circuit before switch
.

Before switch (t<0),
L and C may not be in series.

L by considering L as short,
— C as open.

After switch (t>0), Land C in series

W\_MAA/_ By Thevenin’s theorem,
W\~ L R +  thetwo terminal circuit
> °

can be replaced by a
C T v voltage source and a resistor

12/10/2019



By Thevenin’s theorem, the two terminal circuit can be L21
replaced by a voltage source and a resistor
V=V, +V, Rearranging the elements does not change
R,, =R, +R, loop current i and capacitor v
Yg — +u — We caII.(Vth, RH})
Thevenin’s equivalent
+ w.rt LC
v(0H)=V,,
c Vo ©O)=F
Given  gy(0")
— =V
dt
17
The equivalent circuit: L21
V., Ry) :
+ v — + v — ( thr "‘th
R b Thevenin’s equivalent w.r.t LC
* v(0) =V,
C Y Given +
dv(0™) v
— dt

Choose V as key variable. We derive diff. equation for v
Express other variables in terms of v:

. dv dv i d?v
i=C—; = P — . _ _ av
at Vg = Ripl = Ry C ac 17 L_dt =LC TS
By KVL, i
dv dv
VR+VL+V:Vm RthCE-‘_LCﬁ_'—V:Vth;

. dv R,dv 1 v,
Normalize: — = :
dt L d LC LC

2

18
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Step response of series RLC circuit: L21
2 R i
v Rpdv 1 Vi yory=y, POy
dt L dt LC dt
div+ e ® e As compared with
dr’ t ’ general form
b

Rth _ 1 b= Q v(oo) = — = Vth

= a=—-, @, = ) )
If Vip=0, YA TS LC w2
source free RLC,
= A special case

The solution:

Case1: a>ay;s,s,=—atJa’—a}  V(t)=v(0)+ 4e" + 4,e™
Case2: @=0;8=5=-a y(t)=v(0)+ (4, + A,t)e ™

Case3: a<a)0;a)d:Va)g_azaslsszz_aijwd
v(t) = v(0)+ e *(B, cosw,t + B, sinw,t)

A, A,,or B;,B, will be determined by initial conditions

19
. _ 2 ) _ st Syt L21
Casel: a>wy;s,s,=-at\a’~ao; v(t)=v(o)+ e + 4,e
Find Aj,A, from  p(0) = v(e0) + 4; + 4,
dv(0%)
dt = SlAl + SzAz
Case2: a=w;s=s,=-a y(t)=v(0)+ (A4, + At)e ™
Find Aj,A, from v(0) = v() + A,
dv(0%)
dt = —a’Al + Az
Case3: a<w,;w,=+o,—a’,s,s,=—azt jo,
v(t)=v(o)+e (B, cosw,t + B,sinw,t)
Find B;,B, from v(0) = v() + B,
dv(0)
dt = —a31 + deZ
20
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Key points for step resp. of series RLC circuits: L21

+
WA~ For circuit after switch, obtain Thevenin’s
equivalent (Vy,,Ry,) w.r.t LC

Qe T

g

Obtain v(0), i,(0) from circuit
before switch

Assign i by passive sign convention

Depending on how

2 . + .

%+%%+iv=%; ZC(O ):ilL(O) i; is assigned. Then
th _ av(0") i.(07)

= =— =V — - 7
(04 2L’ 0 I—LC s V(OO) th d[ - C

Then follow straightforward math computation on previous slide

* v(0),i,(0) from circuit before switch

Key parameters to obtain: - .
yp * Vi, Ry, from circuit after switch.

21
L21
Example 1: Find v(t) fort> 0.
L'L t=0
50 1H ic +
1Q
24V 0.25F T v
Step 1: find v(0), i,(0) from circuit Step 2: Find Vy, Ry, w.rt LC from
before switch i circuit after switch
L
_l’_
50
1Q
24V
=
(;(0)=24/6=4A V=24V, R,=5Q  v() =24V
v(0) =4V
. oo odv(0f) (o) _ 4
Sinceig = i), — — ="~ == 16V /s
22

12/10/2019
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Step 3: Math computation L21
Ry > !

1
a="h=2225@p =——=—=2
2L 2 " JLc Joa2s
5,5, =—atJal—ap =—2.5+J625—4=—25+1.5 Si= LS, =4

a > ,, Case 1

The general solution: v(¢)=24+ 4e ' + A,e™ | Note:
v(t) = v() + Ajefit + Ajes2t

Find A,, A, from initial condition: v(0) = 4V; dv(0*)/dt=16

v(0) =24+ A, +A4,=4 =
A, =—64/3, A, = 4/3
d 0+ 1 2
"(Et ) _ _4, — 44,-16

Final solution:  y(¢)= 24—%@” +§e’4’ v

23

Practice 4: Find ve(0%),i,(0%), dvi{(tw) ) diL§?+) R21
40 L‘F iL
Y osF | Ve
ORET: :
3u(t)A 0.6H
20V '

24

12



Practice 5: Find v(t) fort>0.

t=0 6Q2

30V 0.02F \% 0.5H

25

Practice 6: The switch is at position a for a long time before
swinging to position b at t = 0. Find i (t), v((t) for t > 0.

a b

100 t=0 10Q2
+

CD 60V Ve 16mF é 0.5H

f— Ny
I

26

R21

R21

12/10/2019
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Example 2: Find i(t), v(t) for t > 0.

Step 1: find v(0), i(0) from circuit 122
before switch

6Q 6Q)
+ +
i A 1/8F
10v [ 1o0v
A simple circuit in Chapter 2.
i(o)zwzgzs,q By voltage division,
6//(6+6) 4 6
v, =——x(30-10)=10V
=ore 010
By KVL, v(0)=20V
27
Step 2: After switch Step 3: math L22
a =?wy =? Which case?
60 i R 4 1 1
6Q ¢ g=—t= =4 @y =—F——=—rr=—o=4
60 4 2L 2x0.5 * Jrc Josss
i =) Case 2.
0.5H 1/8F  General solution: v(t) = 10+(A,+A,t)e %
+
i(0) = 54 Find A ,A, using v(0), dvc(i(t) ),
v(0) = 20V 10v _ _
v(0)=10+4, =20 A=10, A,=0
dv(0*
v (0+) WO _ 4y 4 4,=—40
i(0) = 54, =7 dt

dt
Since iy = —i, i,(0") = —54

O~ —5/(1/8) = —40V /s
Ry=?, Vy=?

Rn=(6+6)//6=4Q), V=10V = v()

28

Final solution: v(t) =10+ 10 eV

Find inductor current,
(0 = —i(0) = — ¢
i(t) =—i.(t) = T

i(t) =- (1/8)*10(-4)e*t= 5 e™A

12/10/2019
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For parallel RLC circuit L22

+

’ 4
By Norton’s Iy (D R L
Theorem } C

ik

. . 2.
V:L@, iR=£ﬁ’ lchcdlzL
dt R dt dt
Iptic+ip =1y L di, LCd21L+i 1
R dt ar b
% j 1 1 1
Normalize: d l;+iﬁ+ih=[¢ a=——-, w,=—7—, b=—"-
dt RC dt LC LC 2RC VLC LC
Same math problem.
No parallel RLC circuits in homework or Final Exam. ‘
29
Example 3: Find v((t) fort>0. L22
Recall:
3u(t)A
(Dlzv 0 0, t<0
60 t)=
= Y u(t) L, t>0

Thus for t<0, 3u(t)A=0A

Ay

. 0.5H 120

§ + The current source is
Ve 16mF turned off.
- Replace it with open

circuit for t<0

Key parameters to obtain:  « v(0), i (0) from circuit before switch (t<0)
* Vi, Ry wrt. LC from circuit after switch (£>0) .

Step 1: Find v,(0),i;(0) from circuit for t<0

30

12/10/2019
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Step 1: Find v,(0),i,(0) from circuit for t<0 L22
For t <0, 3u(t)A=0, current source open, C open, Lshort
T
12v
6Q2
Since i;=0, 12V, 6Q and 12Q in the outer loop are in series
By voltage division:
UC(O) =UVr = 6+—12X 12 =8V,
) dv.(0)
i,(0) =0, =0
31
Step 2: For t>0, 3u(t)A=3A. Need to find V,;, = v,(0), R, w.r.t LC L22
3A
\12v
O Q o0
12Q
§6§2 N 0.5H §
Ve T 16mF
32

12/10/2019
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Step 2: Fot t>0, 3u(t)A=3A. Need to find V; = v.(0), Ry, w.rt LC L22
For v()

3A

12V/ %
D) 0
GQ§ . 0.5H §m

Ve T 16mF
For Ry, turn off 12V with short,
turn off 3A with open

iy
12V/ ¥
2

By KVL, v.(®) = vg + vg

Vg =3 X 6 =18V, byohmslaw

Ry, = 6 + 6//12 12 2
6Q =100 h=151=34
6Q , 2
§ vp=12i; =12 X = =8V
120 3
Ren | ve(0) = 18+ 8 = 26V
|
Step 3: Math
33
Step 2: Another way to look at the circuit for t>0 L22
To see connection better, move 12 Q) to the left
3A

12v/+
90 ;

Q
<DIZV
0.5H §
6Q§ + 12Q
Ve T 16mF § -

u

Ry =6+12//6 =10Q
nder DC condition,
Vp = 8V, Ve = 18V,

ve(®0) = Vy = 8+ 18 = 26V

34

12/10/2019
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35

36

Step 3: math From step 1, step 2, found

dve(0%)
Ren =100, ve() = Ve = 8 +18 = 26V, v.(0) = 8V, =0

Also note: L = 0.5H; C = 16mF = 0.016F «a =?,wy =? which case?

Rin 1
a=—; wy=—;
2L "~ VIC
Ry 10 1 1

=5 Tax05 0 ©0=7== [05x0016 V12

a<wy case3, wg=+vV125-100=5

The general solution:

v(t) = 26 + e~ 1°Y(B; cos 5t + B,sin 5t) v(0) = v(o0) + B,

To satisfy initial condition: dv(0%) B B
v:(0) =26+ B, =8 ar ¥t wabs
Solving equations to get B; = —18; B, = —36
Step response:

ve(t) = 26 + e719(—18 cos 5t — 365sin5t)V

Practice 7: Find i (t), vc(t), vg(t) for t > 0.

C) 60V CDzA 4Q§ Ve

20mF
[

40 +vc -

1H

R22

12/10/2019
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Practice 8: Find v((t) and vg(t) for t > 0. R22
2u(-t)A
P N
+ 2H \/
D, .
Y
k2@ N30 Ve T 250mF §4Q
4Q

37

Chapter 7, Chapter 8 Review

Final exam: 12/16/19 (Monday),
8-11am,
BL210
One page one-sided note allowed,
Calculators allowed
Don’t include the solution to any circuit problem
in the note!

38
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Step response of general RC circuit
i One or more switches changes

@ @ ﬂ structure of circuitat t = 0.
+

For t > 0, step response:

C C v ot
<_>>_/ — V() = V() + (v(0) = v(0)) e "€

Three key parameters:

1. Initial condition v(0)=V,,
Established from circuit before switch. Obtained by solving
a DC circuit, t < 0 (capacitor = open circuit)

2. Final condition v(oo)
Established from circuit after switch. Obtained by solving

another DC circuit, t > 0 (capacitor = open circuit)

3. Equivalent resistance Ry, or R,,
with respect to capacitor for circuit after switch

Since v(o0) =V, (Vy, Ry,) can be together considered as the Thevenin’s

equivalent, with respect to the capacitor, from circuit after switch.

39

Step response of RL circuits
Step response —Fort >0,

S0, i(t) = (01 (i(0)—i())e -
M~

=

-~

Three key parameters:

1. i(0), initial condition, from the DC circuit for t < 0. (inductor =short)

2. i(o0)=ly, final value, from DC circuit for t > 0. (inductor =short)

3. R\=Ry, equivalent resistance w.r.t inductor from circuit fort >0

(Iy, Ry) together as Norton’s equivalent, w.r.t inductor, fort> 0.

40
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Key points for step resp. of series RLC circuits: L23

For circuit after switch, obtain Thevenin’s
equivalent (Vy,,Ry,) w.r.t LC

Obtain v(0), i,(0) from circuit

before switch Assign ic by passive sign convention

Depending on how

2 . + .

%JF%%JriV =%; le (O ) = ilL (0) i, is assigned. Then
Ry = W)=V av(0") _i.(0")
VAN T " o

Then follow straightforward math computation on next slide

o=

+ v(0), i,(0) from circuit before switch
* Vi, Ry, from circuit after switch.
R;y is the total equivalent resistance in the loop

Key parameters to obtain:

41

) 3 L23
Casel: a>w;s,s,=—atia’—w;, v(t)=v(©)+ Alew + Azew

Find Aj,A, from  [v(0)=v(0)+ 4, + 4,
dv(0")

=54 +s,4
dt 1“7 2472
Case2: a=wys=s,=—a y(t)=v(0)+ (4, + A,t)e™
Find A,,A, from v(0)=v(0) + 4,
DO _ a4 4,
dt

Case3: a<w,,m, =+ -a’,s,s,=—a* jo,

v(t) =v(w0)+e (B cosw,t + B, sinw,t)

Find B,,B, from v(0)=v(0) + B,
dv(0%)
7 = —CKBI + C{)de

42
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Problem 1: The switch in the circuit has been open for a long time before closed at t = 0.
Find i,(t) and vg(t) fort20. (i (1) = 1.22314, vz(1) = 1.3388V)

DlA

43

Problem 2: The switch in the circuit has been closed for a long time
before opening at t = 0. Find v.(t), vg(t) fort=0.

t=0
Q|+
24V 0.05F Ve +
— UR
24Q)
8Q 10Q

44
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Problem 3: The switch in the circuit has been closed for a long time before opening at t = 0.
Find vg(t) and v, (t) fort20. (v.(1) = —17.78V, vg(1) = 5.91V)

60 25mF
+ v, — +
12v 40>y, (H1sA

t=0 -
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Problem 4: The switch has been in position “b” for a long time before moving to
position “@” att=0. Find i,(t) and vg(t) fort=0. (i, (1) = 0.29174, vi(1) = 2.0102V)

+
1A v, S 6Q 2A
() - = 40
L
15Q 3H b a
t=0

46
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Problem 5: The switch has been closed for a long time before open at t = 0.
Find v,(t) and v,(t) for t > 0. (v,(0.1) = 74.0827V, v,(0.1) = 72.8574V)

100

iz o T T

47

Problem 6: The switch is open for a long time before closed at t = 0. Find v,(t) fort>0.
(v.(1) = —4.1762V)

20Q 4v
()
& .
20mF ——
300 —T "¢
2H 40 -
L ryn AMA

48
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Problem 1: The switch in the circuit has been open for a long time before closed at t = 0.
Find i,(t) and vg(t) fort=0. (i (1) = 1.22314, vg(1) = 1.3388V)
Step 2): Fort >0 (After switch):

20 4H
D 1A A
[ =?
Step 1) Find i;(0) from circuit before switch i1, (e0) =7 20 —
, i
20 _, i L +
= 1A
N Att=co (Thiov 60>y, (D
10V 60>y, (DM
- 6Q is short circuited. vz = 0.

No current through 6Q. i; = 14.
Use source transformation: (10V and 24 have no effect )

i(0) =14
16 y Ryp wertinductor? R, = 64, % = g =15
8 i1 (6) = iy () + (1,(0) = iy (e0))e ¢
i) =1+e7 154
vr(t) = 6ig = 6(i (t) — 1) = 6e~ 15V
Also, vg(t) = —Li—itL

49

Problem 2: The switch in the circuit has been closed for a long time
before opening at t =0. Find v.(t), vg(t) fort=>0.

t=0 Step 1: v,.(0) from circuit for t < 0:

Vig = 0,
By voltage division:

24
Vp = ——— X 24 = 18V
i 24 +8

- v.(0) =vg =18V

24V

T 240
10Q="10

8Q2

Step 2: Att = o0, v (0) =? Step 3: Ryg w.rt. C=7?

4Q Req Reqg = 10 + (8 + 4)//24
=180
24v
30 100 24Q| R,,C =18 0.05 = 0.9s
8Q 10Q2 vy

_ L

1
v.(t) = 16 + (18 — 16)e os' = 16 + Ze;l.llt v
vR(t) = v (t) + 10i(t) = v (t) + 10C —
dt
=16 + 0.89¢ 111ty

V() = vp 24 =16V

24 y
T 12424

50
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Problem 3: The switch in the circuit has been closed for a long time before opening at t = 0.

Find vg(t) and v (t) fort20. (v.(1)

60 25mF
+ v, — +
12v 40>y, (H1sA

Always find v, (t) first, then derive other
variables from v, (t) using basic laws and
property of capacitor

Step 1) Find v,(0) from circuit before switch

60
__|
tve Ly BSA

12v 140 VR G

1.(0) = —vg =4x15=-6V

51

= —17.78V, vg(1) = 5.91V)

Step 2: For t > 0, switch is open

6Q

12v

)'I.SA

v (0) =7

Ve(0) = =12 —vp(0) = —12 — 6 = —18V

R¢p, wirt. Capacitor?

1
Ry = 10Q

1

RC 10x0.025

v (t) = v () + (v.(0) — Vc(oo))e_ﬁt

v.(t) = —18 + 12e~*tV

vp(t) = 4(i. + 1.5) = 4(C + 1.5)

vR(t) = 4(0.025 X 12 x (—4)e“” +1.5)

= —48e™ M 46V

Problem 4: The switch has been in position “b” for a long time before moving to

“un

position “@” att=0. Find i,(t) and vg(t) fort=0. (i, (1) = 0.29174, vi(1) = 2.0102V)

+
1A vy S 6Q
O
1503 "

Step 1: Find i;,(0) from circuit before switch

+
1A A4 Vg S6Q
40
150
60
= 40

bi

i(0) = — x1=—0.44

4+6

Step 2: Fort>0

# UL 3H

2A

i,(00) =7 Ryp =

1AQ T

i <R

ip(0) = 6><1—04A Rep =15//(6 +4) = 6Q
Rtn R 6
i1 (0) = iy () + (1,0 — fy(@))e L, =g =2

i,(t) = 0.4 —0.8e~2t4

. L di
vR(t) = 6(1.L + 15) 6(i, + ———

vR(t) = 2.4 — 2.88e72tY

52
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Problem 5: The switch has been closed for a long time before open at t = 0.
Find v,(t) and v,(t) for t > 0. (v,(0.1) = 74.0827V, v,(0.1) = 72.8574V)
10:
10Q2

Step 2: Fort>0 4y

30 73 + l ic
. . v
10% T R 10%>+ ic(0%) =1,(0) = 24 _C SmF
- V1S 8Q
>171 8Q) 1
B Xt =0 -
: v.(0) =? Ry, =2 @ =?wo =? Which case
Step 1: Find i;(0),v.(0). Consider t < 0:
00 v(0) = 80V, Ry, =114+10//90=200
1

~ Ron _ -1 _ /500
a=-r= 10, wy =7z 200, Case 3

wg =V200—-100=10
General solution:

v:(t) =80 + e~ (B, cos 10t + B, sin10¢)
dv(0%) i (0" 2

dt ¢~ o005 00V/s
44 =80+B, m=) B1=-36,B,=4
o 80 400 = —10B, + 10B,
i(0)=—— =24
731 +70//30+8 ve(t) = 80 + e~ 10¢(—36 cos 10t + 4sin10t) V

iz = —— X 2 = 1.44 dv,

20 = 700 v (t) =8 <10 - Cd—tc) =80 — e 1%(16 cos 10t + 12.8sin10t) V
:(0) = 8i; + 20i50 = 16 + 28 = 44V

53

Problem 6: The switch is open for a long time before closed at t =0. Find v,(t) fort>0.
(v.(1) = —4.1762V)

Step 2: Fort>0

32v
4/\VAVAVAV Q4V y
20Q U +
300 300 Ve
2H 4Q -
Step 1: Find v.(0), iz (0) from circuit before switch Vin = V() =7 Ryp =?
32v

Since 32V and 30 are short circuited, no effect.
v.(0) = =4V, Ry, = 4 + 20//30=16Q
a =?wy =? Which case?

— Ren _ 16 _ -1 _

=r=3 =4, wo_m_s, Case 3

wgq = / 2—a? =3
v:(0) =v30 — 4, i,(0) =i (0)=0

The general solution?
Since i; = 0, 200, 30, 30Q are in series. _ _at .
By voltage division, v.(t) = =4 + e **(By cos 3t + B, sin3t)
- 30 X 32 = 12V Use initial conditions to find coefficients
30730 +20+30 B 8=—-4+B

v (0) =12 —4 =gy LD LD

0=—4B, +38, P1=12 B.=16
dt c

v(t) = =4+ e (12 cos 3t + 16sin3t)V
54
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