Available online at www.sciencedirect.com

ﬁé SCIENCE@DIRECTG’ automatica

LSEVIER Automatica 41 (2005) 1949—1956

www.elsevier.com/locate/automatica
Brief paper
Conjugate Lyapunov functions for saturated linear systems

Tingshu H&*, Rafal Goebé|, Andrew R. Te€dl, Zongli Lind

aDepartment of Electrical and Computer Engineering, University of Massachusetts, Lowell, MA 01854, USA
b3518 NE 42 Street Seattle, WA 98105, USA
CDepartment of Electrical and Computer Engineering, University of California, Santa Barbara, CA 93106-9560, USA
dDepartment of Electrical and Computer Engineering, University of Virginia, Charlottesville, VA 22904-4743, USA

Received 11 October 2004; received in revised form 18 February 2005; accepted 12 May 2005
Available online 24 August 2005

Abstract

Based on a recent duality theory for linear differential inclusions (LDIs), the condition for stability of an LDI in terms of one Lyapunov
function can be easily derived from that in terms of its conjugate function. This paper uses a particular pair of conjugate functions, the
convex hull of quadratics and the maximum of quadratics, for the purpose of estimating the domain of attraction for systems with saturation
nonlinearities. To this end, the nonlinear system is locally transformed into a parametertized LDI system with an effective approach which
enables optimization on the parameter of the LDI along with the optimization of the Lyapunov functions. The optimization problems are
derived for both the convex hull and the max functions, and the domain of attraction is estimated with both the convex hull of ellipsoids
and the intersection of ellipsoids. A numerical example demonstrates the effectiveness of this paper’s methods.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction depends on two factors: how close the LDI approximation
is, and what tools are used for analyzing it. One of the tools

One practical way to study nonlinear systems, and also is a common Lyapunov function for all the member systems
hybrid, switched, or uncertain time-varying linear ones, is to Of the LDI. In the early development, the search for such
obtain an approximate description of a given system in terms @ function was often restricted to quadratics. In fact, the
of linear differential/difference inclusions (LDIs). Such a Circle criterion for absolute stability gives a necessary and
practice can be traced back to the early development of thesufficient condition for the existence of a common quadratic
absolute stability theory, where the nonlinearity and uncer- Lyapunov function for all convex combinations of two linear
tainties were described with conic sectors and the systemsSystems. The theory based on quadratic Lyapunov functions
were treated with tools adapted from those for linear sys- for LDIs was completed by the LMI optimization technique
tems (see, e.gAizerman & Gantmacher, 1964; Narendra (se€e€, e.g.Boyd, EI Ghaoui, Feron, & Balakrishnan, 1994

& Taylor, 1973. The effectiveness of the LDI approach  While the search for a common Lyapunov function has
been justified (e.gDayawansa & Martin, 1999; Molchanov,
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(Johansson & Rantzer, 1998; Xie, Shishkin, & Fu, 1997 each individual ellipsoid has to be an invariant set. With
polyhedral functions Elanchini, 1995; Brayton & Tong, the duality theory in Goebel et al. (2005), a much weaker
1979, and homogeneous polynomial Lyapunov functions condition for stability will be derived.

(HPLFs) Chesi et al., 2003; Jarvis-Wloszek & Packard,  This paper integrates the LDI description frdtiu et al.
2002; Zelentsovsky, 1995 (2002a) the convex hull function frontHu and Lin (2003)

An important contribution was made ®oebel, Teel, Hu,  and the duality theory of Goebel, Teel, Hu, and Lin (2005)
and Lin (2005)making available in the LDI framework tools  to perform stability analysis on systems with saturation non-
based on duality, similar to those that are well-appreciated linearities. Section 2 presents preliminaries on conjugate
in linear systems. The exponential stability of an LDI was Lyapunov functions. Section 3 derives conditions for stabil-
shown to be equivalent to that of its dual LDI (which is given ity of saturated systems by using the conjugate pair)
by transposes of the matrices describing the original one,and V¥ (x). Improvement on the estimation of the domain
see als®Barabanov, 1995 Such results are derived by using of attraction is observed in Section 4.
convex Lyapunov/storage functions, and their conjugates in
the sense of convex analysis. For exampleYifx) is a Notation. For two integersks, ko, k1 <kp, we denote
Lyapunov function for a given LDI, then its conjugaté (x) Ilk1, k2] = {k1,k1 + 1, ..., k2}. We use sdt) to denote
is a Lyapunov function for the dual LDI. As is demonstrated the standard saturation function, i.e., fore R™, theith
by examples in Goebel, Teel, Hu, and Lin (2005) &ukbel, component of sak) is signu;) min{1, |u;|}. For a matrix
Hu, and Teel (2005numerical results based on one type of H € R™*",

Lyapunov functions can be strikingly different from those

based on the conjugate type. This is one of the strengthsZ (H) := {x € R" : [ Hx[[oc <1}. (1)

of the duality theory—it doubles the number of tools and N o )

presents different results for one to choose. In this paper, weFor @ positive-definite matriQ = Q7 € R**",

use a particular pair of conjugate functions: the convex hull
of a family of quadratic function®¢(x) and the pointwise
maximum of a family of quadraticgZ (x). In what follows,

we will often refer toVc(x) as the convex hull function, and o
to V*(x) as the max function. 2. Preliminaries

The functions V¢(x), V¥ (x) and their conjugacy are
used here to study stability of a special type of nonlinear 2-1. Duality in linear differential inclusions
systems—systems with saturation nonlinearities. The stabil-
ity analysis of such systems, as with many other nonlinear ~Let £ be a compact subset &f'*". Consider the follow-
systems, has been mostly performed through the LDI frame-ing LDL:
work. As we have stated, the effectiveness of such approach
depends on how the nonlinear system is represented by an € Qx,
LDI. The straightforward way, which has been adopted by
most of the literature, is to bound each saturation function
locally with a conic sector, i.e., to find & € (0, 1) such
that sat fjx) € co{ fix, kf;x}. This approach was shown to
be awkward and was replaced with a more effective and
flexible one inHu, Lin, and Chen(2002a,2002byvhere
an auxiliary feedback matriid was constructed such that
sat( fix) € co{fix, h;x} in the local region of interest. In
the new approach, the parameter of the LDI description (the
matrix H), is subject to optimization. This optimization can
be tightly integrated with that of the Lyapunov function,
to form a single optimization problem with the objective
of maximizing the estimated domain of attraction. Hiu
et al. (2002a, 2002b)evel sets of quadratic functions (el-
lipsoids) were used as estimates. An effort was madduin
and Lin (2003)to use level sets of other types of Lyapunov ;. co{Q)x, (4)
functions, in particular, of the convex hull function (in Hu
et al., 2003, the convex hull function was referred to as where c¢Q} is the convex hull of2. In Barabanov (1995)
the composite quadratic function). Level sets of the convex and Goebel et al. (2005), it is shown that exponential stability
hull function are convex hulls of ellipsoids. The results of for (3) is equivalent to exponential stability for
Hu and Lin (2003)improve on those oHu et al. (2002a)
but are still based on the concept of quadratic stability: x e QTx, (5)

EQ) = f{x e R" : (1/2)x" 0x<1}. 2)

x(0) = xo. 3

Solutions of (3) arex(-)’s satisfyingx(r) = A(¢)x(¢r) and
x(0) = xo, whereA(t) € Q, for all t >0. For LDIs, asymp-
totic stability (at 0) and exponential stability (at 0) are equiv-
alent to each other and each implies global uniform expo-
nential stability (e.g.Dayawansa & Martin, 1999 Thus,

we simply use exponential stability to represent all these
notions. The LDl is said to be exponentially stable if there
exist K > 0, > 0 such that the solutions satisfy

eI <K lxolle™”  Vxo e R", 1>0.
The numberf is called the decay rate of the LDI. It is

well-known that exponential stability for (3) is equivalent to
exponential stability for
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where Q" = {AT : A € Q). In Goebel et al. (2005), this The composite quadratic function was definetfinand Lin
result is established through conjugate Lyapunov functions. (2003)as

Given any functionV : R" — R, its conjugate, in the
sense of convex analysis, is defined as

-1
Ve(x) _-mmx (ZyJQJ) x. (6)

V*(2) :=suplz'x — V(x)}.
g Relevant properties of this function are as follows:

The conjugate is always a convex functionMfis convex,
then the conjugate oV* is the original vV, and the posi-
tive definiteness and positive homogeneity of degree 2 (i.e.,
V(ox)=02V (x) forall « > 0 andx € R") of V is equivalent

to those properties of *. Furthermore, for such functions,

(1) V¢ is convex, positive definite, positively homogeneous
of degree 2, and continuously differentiable.

(2) The level sets of/; are convex hulls of unions of level
sets of quadratic%xTQ]Tlx. In particular, for

the differentiability ofV is equivalent to the strict convexity . n .

of V*. Below,0V anddV* stand for the subdifferentials, in Lve = tr e R": Vel <)

the sense of convex analysis, Wfand V*. At points where we haveLy, = co{é”(Qlfl) :jelIll, N1}

V is differentiable 9V is single valued and equal to the gra- '

dient. When we say thatv (x)" f <c, we mear:" f <c for Alternatlvely, one can describig as the convex hull func-

all ¢ € dV(x). tion of 1 TQ x, j € I[1, N] (i.e. the greatest convex
function majonzed by each of these quadratics); see Goebel

Theorem 1 (Goebel, Teel, Hu, and Lin (2005)Let V : et al. (2005). For this reason, we calt the convex hull

R* = R be Convexpositive deﬁniteand positive]y homo- of quadratic functions, or Slmply, the convex hull function.
geneous of degre2 ThenV* : R" — R is convexpositive ~ From Goebel et al. (2005), the conjugate functiorVpis

definite and positively homogeneous of deg&eand 1
Ve (©) =5 max &roje. (@)
T . jel[1,N]

oV(x) f<—pVx) VxeR" feQx . . o . _ o
Since this function is obtained by taking the pointwise max-
imum of a family of quadratic functions, it is called the max-
imum of quadratic functions, or simply, the max function.

It has the following properties:

if and only if

OV ) Tg< — BV (@) VzeR', geQ'z

(1) V¢ is strictly convex, positive definite, and positively
homogeneous of degree 2.
(2) The level sets o/ are strictly convex and for

Theorem 1 along with results @ayawansa and Martin
(1999)andMolchanov (1989)ields:

Theorem 2. Let Q be compact. Then the following state- Lys :={¢eR": VI,
ments are equivalent N

o . _ ' we haveLyy = ﬂjzlg(Qj).
(1) The origin of systen3) is exponentially stable with a '

decay ratep. The following set inclusion properties will be needed for
(2) The origin of systen4) is exponentially stable with a  the essential step of obtaining local LDI descriptions for a
decay ratep. saturated linear system.
(3) The origin of systent5) is exponentially stable with a
decay ratef. Lemma 1. Let H € R"™*" and denote théth row of H as
(4) There exists a convex positive definite funcliqm) that he. Let Z(H) be defined as iifl). We have
is differentiable and positively homogeneous of degree
2 such that (1) Ly, C Z(H) if and only if 2n] € Ly, for all £ €
111, m],
VT f< —28V(x) VxeR', feQr (2) IL[\f c] Z(H) if and only if 2n] e Ly, for all ¢
,m].

2.2. Convex hull of quadratic functions and its conjugate  prgof. As V, and Vv are positive definite, symmetric, and
positively homogeneous of degree 2, they lead to a pair
ConsiderN Symmetric and pOSitive definite matriCQ%', of po]ar norms (Seaockafe”ar, 1973, 153)1 Ixllc =
j € I[1, N]. Let Ve(x)Y? and||x||% := (2V¢ (x))Y2. In particular, for any
ze R, anyd>0,|z"x|<1 for all |x|c<d if and only if
I'={ye RY . ity + -+ oy =217;20h lzIlE<1/d. Takingd = /2 andz =th shows thath,x| <1
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for all Ve(x) <1if and only if Vi (2n]) =4V (h]) < 1. This
shows item 1. Item 2 is shown similarly.[]

2.3. Dual stability conditions

Consider the following differential inclusion
x € colAix :i € I[1, MY}, (8)

whereA; e R"™" are given constant matrices.

Theorem 3 (Goebel, Teel, Hu, and Lin (2005)Let Q. €
R"™ " k ¢ I[1, N] be given positive definite matrices and
let Ve and V¢ be the functions as defined () and (7).

(1) For B € R, if there existA;;x >0, j, k € I[1, N],i €
1[1, M] such that

N
Al Ok + QkAi < Ziji (Qj — Q1) — Qs
j=1

Vk € I[1,N], i€ I[1, M), (9)
then for allx € R", f eco{lA;x:i e I[1, M]},
AVE)Tf< = V(). (10)

(2) For p € R, if there existi;jx >0, j, k € I[1, N],i €
I[1, M] such that

N
OrA] + Ai Q< Y ijk (Q) — Q1) — BOx

j=1

Vk € I[1, N], i € I[1, M], (11)
then forallx e R", f € co{A;x :i € I[1, M]},
V()T f < = BVe(x). (12)

If N =2, then the condition in each of the above items is
also necessatry

The conditions (9) for exponential stability certified by the
function on the right-hand side of (7) were outlinecBiayd
et al. (1994, pp. 73-74With those conditions in hand, the
conditions for stability certified by, follow from Theo-
rem 1 and the conjugacy betwe&pand V.

3. Stability analysis for systems with saturation
nonlinearities

Consider the system
X =Ax + BsalFx), (13)

whereA € R™", B € R"™ and F € R™*" are given and
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and Lin (2003) First, we need a tool developedtitu et al.
(2002b)to obtain a local LDI description for system (13).
Consider the set ofi x m diagonal matrices whose diag-
onal elements are either 1 or 0. There dfes?ich matrices
and we label them aB;, i € I[1, 2"']. DenoteD; =1 —D;.
Given two vectorsy, v € R", {Dju+D; v :i € [1,2"]}is
the set of vectors obtained by choosing some elements from
u and the rest from.

Lemma 2(Hu etal., 2002p. LetH € R™*" be given. Then
forall x € X(H),

sal(Fx) € co{(D;F + D; H)x :i € I[1,2"]}.

Consider anyH € R"™*". By Lemma 2, the saturated
system (13) satisfies

% € CO{(A + B(D;F + Dy H))x :i € I[1,2"]} (14)

for all x € Z(H). We call (14) a parameterized LDI be-
cause of the degree of freedom injected throdgfio obtain

an estimate of the domain of attraction, we may determine
an invariant level set o¥; or V¢ within ¥ (H) by using
Theorem 3. In fact, botk and V; or VZ can be optimized

to produce “a large” estimate. The following theorem gives
a sufficient condition folLy, to be a contractively invariant
set for (13).

Theorem 4. Let Q;, j € I[1, N], be positive definite ma-
trices. LetV.(x) be the convex hull function as defined in
(6), and takep > 0. If there existand € R™*" and/;;x >0,

i €lI[1,2"],j,keI[l N]such that

Ok(A+ B(D;F + D H))" + (A + B(D; F + D; H)) Oy

N
< Z}vijk(Qj — Qi) — B0k,
=1

i €I[1,2"], kelll N], (15)

2hQrh} <1, Cel[l,m], kelll N, (16)
wherehy is the¢th row of H, then for(13), we have

OVe(x)T(Ax 4+ BsalFx))< — fVo(x) Vx e Ly,. (17)

Proof. Note that (16) implies

1
~ max (2h 2h)' <1, Ve el[l,m], kelll N],
Zke[l,N]( 0)Qk(2hy) € I[1, m] el ]

i.e, 2] € Lys. By Lemma 1, we havdy, C Z(H). By
Lemma 2, we have

sal(Fx) € co{(D;F + D; H)x :i € I[1,2"]} Vx € Ly,.
If we let A; = A + B(D;F + D; H), then for allx € Ly,
X =Ax + Bsal(Fx) € co{A;x :i € I[1,2™]}.

saf(-) is the standard saturation function. In this section, we By (2) of Theorem 3, under the condition (15), we have

use the dual stability conditions for LDIs to improve the
earlier stability analysis results Hu et al. (2002apndHu

OVe(x)T(Ax 4+ Bsai(Fx))< — fVe(x) VxeLy,. O
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Sinceff > 0, the property (17) implies thdty, is a con-
tractively invariant set and any trajectory starting from it will

1953

the path-following method and the direct iterative method.
The first step uses the path-following method to update all

remain inside and converge to the origin with a decay rate the parameters at the same time. The second stepifixés

p/2. HenceLy, is an estimate of the domain of attraction.
Given xg € R", we want to optimize the functio;(x)
such thatZy, satisfies the condition of Theorem 4 for cer-
tain f > 0 andLy, containsxxg with largest: possible. This
objective can be described as
sup  «
QB lijk. H
st.(a) axp € Ly,
() (15), (16),
(¢) f>0,0;>0, (18)

The optimization problem (18) can be modified to maximize
Ly, with respect to other kinds of shape referenceggtc

R" (seeHu et al., 2002p One only needs to replace (a)
with «Xo C Ly,. If Xg is a polytope, this condition can be
equivalently stated asx; € Ly, for finite manyx;’s. Note
thatoxo € Ly, or, Ve(oxp) <1, is equivalent to the existence
of y € I" such that (see Hu et al., 2003)

Jijk =0 Vi, j, k.

[ 2 axg
L %X0 Z;Vzl”/j Q;
Also note that (16) is equivalent to
I heOk
| Qkhy Ok

Hence (18) can be rewritten as

} >0. (19)

(20)

:| >0 V¢ k.

sup «
Q;.B.ijk. H
st., (19), (15), (20),
ﬂ>0,yel—',Qj>0, /1,']]620 Vi, j, k.

(21)

The constraints involve bilinear matrix inequalities
(BMs) since V¢ is not quadratic. Similar BMIs are derived
in Goebel, Teel, Hu, and Lin (2005) and Goebel, Hu, and
Teel (2005) for stability and performance analysis of linear
differential/difference inclusions. A direct method to solve
BMI problems is to alternatively fix one set of parameters

H andy and solves the resulting LMI problem which only
includeQ ;’s as variables. This two-step method proves very
effective on the BMI problems in Goebel, Hu, and Teel
(2005) and also works well on the example in Section 4.
We note that if we impos@1 = Q2---= On, thenLy,
is an invariant ellipsoid and (21) reduces to the correspond-
ing optimization problem itHu et al. (2002ayvhich can be
transformed into LMIs with a change of variables. To guar-
antee that a better result is produced than thatwfet al.
(2002a) we can start the two-step algorithm witandQ ;'s
inherited from the optimal solution ¢iu et al. (20023)i.e.,
by choosing the initiaH as the optimal solution under the
restrictionQ1 = Q2 --- = Q. The initial 4;;;'s andy can
be arbitrarily assigned under the constraint of (21).
We now useV{ to estimate the domain of attraction. The
following theorem gives a sufficient condition far; to be
a region of exponential stability for system (13).

Theorem 5. Let Q;, j € I[1, N], be positive definite ma-
trices. LetV{ be the max function as defined (), and

take > 0. If there exist anH € R™*" and 4;;x >0, i €
1[1,2™], j, k € I[1, N] such that

(A+ B(D;F + D7 H))" Oy + Qi(A + B(D;F + D H))
N
< Ziijk(Qj — Qx) — BOx,
j=1

i €I[1,2"], kelll,N],
2h] € Ly,, e I[1,m],

(22)
(23)

then for systen(13), we have

AVE ()T (Ax + Bsa(Fx)) < — BVZ(x) Vx € Lys.

Proof. By Lemma 1, (23) implied.yy C #(H). By Lem-
ma 2, we have

and optimize the rest. In Goebel, Hu, and Teel (2005), we SalFx) € Co{(D; F + D H)x :i € I[1,2"]} Vx € Ly;.

adopted the path-following method frolHassibi, How, and
Boyd (1999) and our experience with several numerical ex-

The rest of the proof is similar to that of Theorem 4 by

amples shows that the path-following method is much more following item 1 of Theorem 3. [J

effective than the straightforward iterative method. To use

the path-following method, we need to change the problem  To optimize the functionV(x) such thatLy; satisfies

formulation in (21). Instead of directly maximizing we
fix o and maximize satisfying (15) and

2 oxg } [ 5 heOs
= pl, 2
[OCXO Z;-V:l)fj 0j b Orh]  Qk

If the maximal § is greater than O, thetxg € Ly, and
Ly, is an estimate of the domain of attraction. We actually

}w.

implemented a two-step iterative algorithm which combines

the condition of Theorem 5 andly; containsoxo with o
maximized, we formulate the optimization problem

sup o
Q.. 2ijk. H
S.t.(a) oxg € LVc*
(b) (22), (23),
() p>0, Q;>0,

;Lijk20 Vi, j, k. (24)
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Note that condition (23) is equivalent to the existence of 10
y¢ € I' such that

[ s )7e

N =Y.
hy > =176 Q)
andaoxg € Lys is equivalent tojo2x] Q jxo<1 for all j €
I[1, N]. Similarly to the problem (18), the two-step path-
following algorithm also proves effective for (24). x
Remark 1. The analysis results developed in this section
can be readily adapted to design a feedbackidavsat Fx)
such that a guaranteed region of stability is maximized. This
is done by considering’ as an additional optimization pa-
rameter. The results can also be adapted for the purpose of . . . . .
analyzing controlled invariant sets. -6 -4 -2 0 2 4 6

oo & A M O N M O ®

iy
o

4. Numerical example Fig. 1. Vectors along the boundary &fy, .

The following system is taken frofdu et al. (2002a)

=
o

X = Ax + Bsat(Fx) ST reference point x,=[1;0]

where

01 0

We use the convex hull and the max functions to estimate
the domain of attraction. The functiorig; and V¢, are
constructed from two quadratic functions, i.e.,

- - ellipsoid
| — intersection of ellipsoids
--- convex hull of ellipsoids

Vi(x) = 3 max(x" Qrx, xT Qox}. -8t ‘

1 . _
Vea () = 5 fgprle +7,02) " 1x,

2
o & A N O N A O ©

=
o

We useVc; and V3 to denote these two functions to avoid s 2 D) 0 ) 2 5
confusion. We note that Theorems 4 and 5 have dual struc- X1
ture but the resulting Lyapunov functions need not be con-
jugate to each other, they only belong to classes of functions Fig. 2. Three invariant level sets.
“conjugate” to each other.

The reference point is taken ag = [1 0]". For eachy,
we use the two-step path-following algorithm to testif
is feasible for (21). The algorithm quickly produces a result
for eachx and it is determined thatcan be made arbitrarily
close to 5. Since Xy is an equilibrium point and does not
belong to the domain of attraction="5 must be the optimal
solution. The matrice®@1 andQ» corresponding ta=4.999
are given as follows:

- _[00749 00122] - _[0.0800 Q0800
Q1=[15'325 _21'273} Ql:[omzz 00264] sz[oosoo 00861]'
~21.273 38868 |’ : :

is invariant, although some directions almost overlap the
boundary, which is a result of optimization. The two ellipsoid
boundaries for' (01 1) andé (0, 1) are plotted in the figure
as dotted curves.

We then solved the optimization problem (24). The opti-
mal o is also found to be 5. The matricés, and Q2 corre-
sponding tox = 4.999 are given as follows:

In Fig. 2, we compare these two estimates with an earlier one
which is the maximal invariant ellipsoid with respectig
obtained by the method diu et al. (2002a)The maximal
Fig. 1plots the boundary af v, in solid curve. Also plotted  « such thatug can be enclosed by an invariant ellipsoid is
in the figure are some line segments indicating the direction 3.0573 (the maximak such thatuxg is in the invariant level
of x along the boundary afy,. Itis clearly seen that v, set of V1 or V, is 5). The outermost boundary Fig. 2

0s— 15989 —2.989
2= _2989 2992
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dash-dotted curve) and the boundary of the convex hull of
all the invariant ellipsoids (the thin solid curve), the best that
can be obtained by the methodsHu and Lin (2003)and

Hu et al. (2002a)

5. Conclusions

This paper revisits the problems of stability analysis for
systems with saturation nonlinearities. The recently devel-
oped duality theory for LDIs is utilized to enhance the sta-
bility results inHu and Lin (2003)and Hu et al. (2002a)
Apart from using the convex hull function introducedHiu
and Lin (2003)as a Lyapunov function, we also developed
dual stability results by using its conjugate function, the max
(of quadratics) function. Optimization problems are derived
for the purpose of maximizing the estimate of the domain
of attraction. These optimization problems involve bilinear
matrix inequalities and experience shows that they can be
effectively solved with the path-following methodlfassibi
15 - : : : : et al. (1999) Although the global optimal solutions are not

guaranteed to be determined, the algorithm always improves
10l on earlier results based on quadratic functions.
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