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Abstract

We study the control problems in magnetic bearing systems that are subject to both
input and state constraints. Apart from the usual restrictions on voltages and currents in
the circuit systems, most magnetic bearing systems are subject to severe state constraint:
the motion of the rotor (the suspended object) is only allowed in an extremely small air gap,
otherwise the collision of the rotor and the stator would cause severe damages. Traditional
methods for avoiding collision include increasing the air gap and increasing the currents,
which usually result in unnecessarily large capacity of power supply and power loss. This
paper presents a systematic approach to dealing with all the input and state constraints by
using some recently developed tools for constrained control design. We hope that by dealing
with the constraints properly, safety operation can be ensured with relatively small currents
and power consumption. Experiment on the balance beam test rig in our laboratory shows
that the design techniques are very effective.

Keywords: Constrained control, linearization, magnetic bearings, stabilization, transient
performance

1 Introduction

Active magnetic bearings (AMB) have severa a eaing a vantages ver tra iti na bearings
s ch as ver er ss ver ng ie eiminati n is eight re cti n

re ha ar vibrati n ¢ ntr an  iagn stic ca abi it he have been tiie in a
variet r tating machines ranging r m arti cia heart m s ¢ m ress rs highs ee mi ing
s in est hee energ st rages stems his r isinten e t eve as stematic esign
a r ach t the ¢ ntr magnetic bearing s stems thr gh a sim e e erimenta set at
the niversit irginia A e eat re r a r ach is that it ta es state an ¢ ntr
¢ nstraints int acc nt in the esign ee bac a s

he e erimenta s stem e se in this a er is a beam ba ancing test rig (see ig r
a ict re  the test rig an g ran i strative iagram) t ¢ nsists a beam ree

t r tate n a iv t at its center mass an stabiie b eectr magnets cate at b th



ig re he beam ba ancing test rig

ig re strative iagram r the test rig

en s  the beam his e eriment mimics the namics a singe a is AMB s stem ¢t
ca t resthe =n amenta eat res man magnetic bearing s stems etis itesim e r ma
mechanica vie int ecent in e attem te t characteri e the re ati nshi bet een
severa, er rmances an the biasing eve thr gh n merica  timi ati n meth

he namics the beam can bem ee b the ing i erentia e ati n (see eg

()

here is the ange bet een the beam an the h ri nta irecti n an an are the
t r esgenerate b thet eectr magnets het ta tr e r vi e b theeectr magnets
is he s stem arameters are the m ment mass an s stem am ing

et airan iv t rictli n

het e ectr magnetic circ its are escribe b the ing i erentia e ati ns
()
()
here
is the in ctance  the ¢ i  hen the beam is ba ance ( ) an is the ma ima

ang e hich is reache  hen ne en the beam t ches an e ectr magnet het r es are



etermine r m the air ga es in terms an as S

(—) (—)

here an are ¢ nstants n 1 test rig an
i erent magnetic bearing s stems can be m ee simiar t the ab ve ba ance beam
s stem re am e cnsiere artr hse ne imensina sitiniscntr e b a
air  eectr magnets hem e in is mathematica  the same as the ne in this a er
imiarm es erest ie in etc M rec m icate magnetic bearings are ¢ m se
severa, airs eectr magnetsasm ee ab ve

he magnetic bearing s stem ( ) ( )isacntr s stems bectt b thin t an state

¢ nstraints irst the v tage s iesarea asb ne s e have r
S me he re ati n bet een theb n n the v tages an the er rmances magnetic
bearings has been st ie in ec n thec rrents an are restricte  ithin certain
b n t  revent ver heating ( r e cessive er ss) an sat ratin  ina b t
m st im rtant the is acement m st be e t ithin t  revent the ¢ ntact the

beam ith the stat r he state ¢ nstraints are ten the m st severe an m st be bserve n
r tati na machiner s s en e b magnetic bearing ther t r ma s in at a ver high s ee
(eg the high s ee hee energ st rage s stem) an ma have shar ba es nit (eg
the arti cia heart m ) hec isin ther t ran thestat r i ca se severe amage
t the h es stem A act r that ma es the ¢ ntr esign even m re i c¢ t is that the
is acement ther t risrestricte t ane treme sma va e et the s a ver sma
air ga
t a earst s that these ¢ nstraints in the magnetic bearing s stems have n t been
a resse s stematica in the iterat rean inthein str Ath ghthev tageb n an
the ¢ rrent b n can be seecte acc r ingt there ire rcese rate the a t erance
an ther er rmance re irements thr gh estimati n this seecti n ¢ be ¢ nservative
an c ea t versie ers he state ¢ nstraint as aras e n  hasn t been
al s cient attenti n A ¢ mm n strateg is t restrict them tin ther t rt a sma
rti n  the air ga his genera res tin an nnecessari arge air ga an hence

nnecessari  arge ¢ rrents eh ethat b eaing ith a thesec nstraints r er the

rtrec bea e t m vein the air ga  ith tca singc isi nan thec rrents an
the ca acit er s ¢ bere ce c nsi erab

ecent e eve e aset ana sisan esignt st ea ithin ¢t c nstraints (r
act at r sat rati n) in ¢ ntr s stems  hese res ts are ¢ ntaine in the b n this

ae e i eten theseres tsan eve s met st ea ithb thin tan state
¢ nstraints in magnetic bearing s stems se theset s emnee t btain a ineari e
m e here are i erent a st ineari e a magnetic bearing s stem inc ing ac bian

ineari ati n ee bac ineari ati nan thera r aches (see eg ) e rsta tthe



¢ nventi na ac bian ineari ati na r achan i1 e ainthr gh stabiit ana sis h it
n rs e n era arge biasc rrent e 1 then resent ane act ineari ati na r ach
base mnan ninearc rrenta cati n eas resentanam st ineari ati na r ach rthe
v tagem e ta earsthat am ng these three ineari ati n meth s thee act ineari ati n
a rach 1 ea t the best res ts tii ati n  the air ga sma bias ¢ rrent an
r b stness A theres ts areveri e n the ba ance beam test rigin r ab rat r
he remain er the a eris rgani e as s n ectin e resent s me esign
t s r inears stems ithin tan statec nstraints inc ingstabii ati nan er rmance
im r vement ecti n esignsc ntr erst en argethestabiit regi nthr gh three ineari a
ti na r aches hese three esign a r aches arec m are thr gh the retica ana sis an
e erimenta veri cati n ecti n a ressestheiss e im r vingthe transient er rmances
he e ectiveness the esigntechni esareas i strate b e erimenta res ts ecti n
¢ nc esthe a er
r a rea vect r en te ma e se sat t en te
the stan ar vect rva e sat ratin nctin ie r the thc m nent sat( ) is

sign( ) min

00 orcontr indcontro d in

irt a a cntr s stemsares bectt in tsat rati nan statec nstraint n a magnetic
bearing s stem the ¢ ntr in +ts are v tages r c rrents he v tage s ies are a a s
b n e an thec rrents are restricte  ithin certainb n st av i sat rati nan ver
heating he is acement thes s en e bectare s a restricte t aver sma va e
et the s a sma airga nthissectin e eve s me esignt st ea iththe

in tan statec nstraints b e ten ings me theres tsin

nsi er a inears stems bectt in tsat rati n an state ¢ nstraint

()

he in t ¢ nstraint isim se as an the state ¢ nstraint is here
is sa a t e c¢ ntaining the rigin in its interi r r b ective in this a er is t
esign a ee bac a s ch that thec se s stem  ssesses a arge stabiit regi nan a
g transient res nse esign a ee bac a s ch that thec se s stem has a arge

stabiit regi n e ma c nstr ct a arge invariant set s a  an invariant e i s i that is
insi e the stabiit regi n

Ane i s i isass ciate itha sitive e nite matri ( ) ivena



enethe a nv nctinas () an  en te

()

e are intereste in the c ntr s stem () b sat rate inear ee bac the rm

sat( ) hec se s stem mn er this ee bac a is

sat( ) ()

Aneisi ( )isinvariant rs stem( )i an n i

() ( sat( ) ()

n this case a the tra ect ries starting r m ( ) 1 sta insi e it e rther have

() ( sat( ) ()

rs me sitive n mber  then a the tra ect ries starting r m () i sta insi e an
c nverge t the rigin he n mber can be c nsi ere as an in icati n  the c nvergence
rate  the tra ect ries A arger s a res tsing transient er rmances astres nse
an sma versh t

r a matri en te

()

the ee bac ¢ ntr is sat( ) then () is the regi n here is inear in r

sim icit e ass me that the state ¢ nstraint set is a s mimetric t e

()

r s me matri ens re that the state ¢ nstraint () is satis e a the
time e can ¢ nstr ct an invariant e i s i () s chthat ( ) ()
r an s ch that is r it itiseas t seethat thec se s stem is ca

as m t tica stabe mnthe resence statec nstraint the stabiit regi nis theset initia
¢ n iti ns r m hich the state tra ect ries 1 sta insi e ( ) an c nverge t the
rigin An a 1 acht enarge the stabiit regi nist esign an s ch that ( ) has a arge
invariant e i s i insi e ( ) he argeness ane i s i can bemeas re ithres ect a

gr re erence  ints b the n mber e ne as S

() ma ()



ream e s se that the state  the s stem in ( ) is { } an e iet

achieve stabii ati n ra argeinitia ang ar is acement ecanthench se [
he r bem searching ran that ma imi es the invariant e i s i can be escribe

as the ing timi atin r bem

s ()

st ) ()
) ( ) ( )
) () ()
) () ()
n er ¢ nstraints b) an ¢) () is an invariant e i s i nstraint ) g arantees that the

state ¢ nstraint is satis e insi ethise i s 1 A sitive ens resa certain margin  stabi it
he timi ati n r bem ( ) can be trans rme int an M r bemb singthet s
eve e in ha ters an ntr  cing ne variab es an

the timi atin r bem can bee ivaent ritten as

in ()

here is the thr an is the thr he ab ve r bem can bes ve
e cient ith M t b in Mat ab

As e i seein am e ecti n the ¢ ntr er esigne b s ving ( ) ma res t in
S transient res nse  the ¢ se s stem im r ve the transient res nse e ma
tr t ma imi e then mber in ( b) Mean hie e i et g arantee certain esire

stabiit regin re am e t ens re that the invariant e i si ( )inc es me esire

ints
he r bem er rmance im r vement ith g arantee stabiit regi n can th s be
escribe b the ing timi atin r bem

s ()



i ethe timiatin r bem () this timi ati n r bem can be trans rme int an M
r bem
he ¢ nstraint ( ) () in icates that an hence sat( ) ra
()  hich means that the s stem () erates inear insi e thee i s i Beca se
this e have ram st a ()  his means that the c ntr in tis am st
a as be the sat rati n eve e rethecntr e rt ema tr t sea

c ntr er the rm

sat( ) ()

he retica b etting the ¢ nvergence rate the a n v nctin is
timi e (see ha ter ) ever a the ractica s stems have meas rement n ise
ie hat e se 1 ee bac is rather than the e act an the ee bac c¢ ntr is
act a sat( ( )) B increasing thee ect n iseisas magni e as e
i seein am e ecti n the n iseis  high re enc an the stateisc set the
rigin e cessive arge i ca sethec ntr t s itch bet een an ¢ nstant ca s

ing im ementati n r bem enceitisim rtantt ch seas itabe t achieve a esire

¢ nvergence rate hie ee ing the e ect meas rement n ise acce tabe

B s ving the timiatin rbems ()an () e btain an invariant e i s i ()

() () hesetinc sinreati ns ( ) ( yan () () are genera n t
e a tight  his means that there ma e ist ( s ch that () () an
() () ertain at east ne an m st be b tima it
then the in t c¢ nstraint is tighter then the state c nstraint is tighter
in icating that ithinthee i si () hence the act at r ca acit can be
re ce n the magnetic bearing s stems et the e treme sma air ga e s a have
a tighter state ¢ nstraint than an in t ¢ nstraint n that case the si e the er s

can bere ce

t 11 tion

se the esignt sin ecti n enee t btain a inear m e the magnetic bearing
s stem  here are 1 erent a r achest ineari ati n Besi e the ¢ nventi na ac bian in

eari ati n ee bac ineari ati nan thera 1 aches havebeen eve e recent n



this secti n e 1 resent three ineari ati n a r aches an the ¢ rres n ing c nstraine

c ntr  esigns

he mnamics the beam ba ancing test rig n er the c rrent m e can bem ee b the

((—) () )

ing i erentia e atin

here an are ¢ nstants an is the ma ima ang ar is acement hich is reache
hen the beam t ches ne  the e ectr magnets e have t is ass me that
t av i sat rati n an ver heating thec is

n the ¢ rrent m e acirc it ee bac a has been esigne s ch that the act a ¢ rrent

i ¢ se a re erence signa e ass me that the circ it namics can be ign re an
the 1 erence bet een the act a an an the esire an iss cient sma n
thiscase ec nsi er an as the ¢ ntr in ts
n ( ) thec rrents a ear in the rm an hich are high n ninear r a c ntr
s stem Ac nventi na a t re cethisn ninearit ist intr ce a bias ¢ rrent an
et an erate s mmetrica ar n ie

here is se asacntr in t that r cesanett r e n the beam Beca se the
b n s nthec rrents eim se the ¢ nstraint

ith  an etermine r m () the mnamica reati n bet een thein t an the

T () () .

hich is sti an ninears stem er rming ac bian ineari ati nat( ) ( )an

= )

en ting [ } an

e btain




e btain the ineari e s stem

en tice that the en ineari e s stem () hasan nstabe esince et( )
s a  a sat rate inear ee bac a ( )sat( ) isa te ith  being
esigne base n the ineari e m e  he inearie c¢ se s stem is then given b

( )sat( ) ()

n er the ee bac a ( )sat( ) the act a n ninear c se s stem is
<< C ) sat( ))) ( C ) sat( ))) ) ()
Base n the inecarie m e () e sethe meth in ecti n t  esign an T
en arging the stabiit regi n n the timiatin rbem () e ma ch se an

() B s ving() e i ma imie the initia is acement the beam hich can
be br ghtt the baance siti n ever this n g arantees the stabi it the ineari e
s stem () =n hat s e i e amine h e the behavi r  the ineari e s stem
() reicts that then ninears stem ( ) n ings e i btains me antitative
meas re thee ect the biasing ¢ rrent n the abi it the inearie m e t re ict the

stabiit regi n  the rigina n ninear s stem

he ineari e m e a r imatesthen ninears stem ( )ver e hen isc set er

hen isc set the n n inearit gets str nger an s a  ca ses the beam t hit ne
the e ectr magnets an sta there erimenta e erience sh s that r arge it is eas
t n an initia  siti n s ch that the beam i be baance b the ¢ ntr er is t

sma it is ver har t mani ate the beam (b han s)int a r er siti ns that it can
be baance b thec ntr er n hat s e iet e ain this thr gh stabiit

ana sis  the ineari e ¢ se s stem () an theact a ¢ se s stem ()

he arameters the ba ance beam test rig are

gm ra m A
e ch se A an  se the meth in ecti n t esign ee bac a s e ta e
( ) here abs rbs the act a b n n thein t he state
¢ nstraint ise ivaent t () ith hec ntr er i be
the rm ( )sat( ) mns ving () e set an ch se ()

ens re certain stabi it margin e ch se e esigne ee bac a s r A



an A he act a stabiit regi n  the n ninear ¢ se s stem () can be
cm te b n merica meth re am e b sim ating the timeres nses n er i erent
initia ¢ n iti ns

r A the tima s tint ()is hec ntr a is

sat( )

an the invariant e i s 1 is () ith

ig ts the b n ar the estimate stabiit regi n  the ineari e c¢ se s stem
( )in ashe c¢ rve (theb n ar ( ))an theb n ar the act a stabiit regi n
the n n inear ¢ se s stem ( )ins i ¢ rves e see that the estimate stabiit regi n

base n the inearie m e is e insi e the act a stabiit regi n  the n ninear s stem

an isavai (th gh c nservative) estimate

0.2

0151

0.1

0
6 (rad) %107

ig re he stabiit regi n n er A
r A the tima s tint ()is tice that ra his
means that the beam sh be ba ance r m the initia siti n  here the beam t ches the

e ectr magnets hec ntr a is

sat( )

an the invariant e i s i is ( ) ith



ig tstheb n ar the estimate stabiit regi n  the ineari e ¢ se s stem
( )in ashe ¢ rvean theb n ar the act a stabiit regi n then ninearc se
s stem( )ins i ¢ rves nc ntrastt the case here A m st art the estimate
stabiit regi nis tsi e the act a stabiit regi n  his means that m st initia ¢ n iti ns
i ea t mnstaberes nseeveni e re ict astaberes nsebase nthe ineari e m e
re am e thebeam 1 n tbebaance b thec ntr eri itisinitia int ch ith the

e ectr magnets asisveri e b thee eriment

0.2

do/dt (radls)
o
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ig re he stabiit regi n n er
rcmarisn e ttheb n ar the act a stabiit regi ns n er A (in
s i ¢ rves) an that n er A (in ash tte ¢ rves)in ig hise ains h it
is easier t ba ance the beam ith a arger bias ¢ rrent n thee eriment ith A the
beam i be baance eveni it isinitia int ch ith ne the eectr magnets ever
ith A it is ver har t mani ate the beam int an initia ¢ n iti n that can be

ba ance

he ab ve e am e sh s that the re ati n bet een the estimate stabiit regi n  the

ineari e ¢ se s stem () an the act a stabiit regi n  the n ninear ¢ se
s stem ( )is itec m icate he estimate stabiit regi nc be as bset the act a
stabiit regi n r arge ever T sma thisreatin esn th Beca se  this

it is har achieve a arge stabiit regi n b  esigning the stabii ing ee bac a base n

ac bian ineari ati n es ecia hen the bias ¢ rrent is sma

he sim e inear re ati n bet een an in( )res tsinan ninear mnamica reati n

( )bet een an his ma esit har t esignastabiiingc ntr er rsma biasc rrent
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do/dt (radls)
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ig re he stabiit regi ns n er A an A
n this secti n e se the ing n ninear ¢ rrent a cati n strateg

(  )— O ()

n er thisn ninear ¢ rrenta cati n the namica reati nbet een an ise act inear

r
en ting
e have
()
here theb n n isim se t g arantee that e as n te that there is
n r bem in generating the ¢ rrents given b () since the va es ~—— are bet een an
( )

hes stem ( )isn t n inear b t as margina stabe ith ne en e at
an an ther ne at

n this secti n e c nsi er the r bem  stabii ing s stem () in the resence state
an in tc nstraints he er rmanceiss e i bea resse in ecti n

et the ee bac a be the rm

( )sat( ) ()



then the ¢ se s stem is

( )sat( ) ()

eas sethe meth in ecti n t mn a argeinvariante i si ( )b s ving ()

ith ( ) () an i erent r m the esignres t
in ecti n r ac bian ineari ati n in the case e act ineari atin ( )isa a sinsi e
the act a stabiit regi n n hat S e seane am et c¢ m aretheinvariante i s i

() an the act a stabiit regin tt rms tthat ( )isag  estimate the act a
stabiit regi n  ni e ith the ac bian ineari ati n here ( )c be an ver estimate

the act a stabiit regi n here the ineari ati nise act an ( )isa a sinsi e the act a

stabiit regi n

nsi er the same e erimenta s stem as in am e ere eta e A

r A the tima s tinis an the ¢ ntr eris
sat( )

he invariant e i s 1 is ( ) ith

ig ts the b n ar () the estimate stabiit regi n in ashe c¢ rve an the
b n ar the act a stabiit regi nins i c¢ rve
r A the tima s tinisas an the ¢ ntr eris

sat( ) ()

| |

ig ts the b n ar ( )in ashe c rve an theb n ar the act a stabiit

he invariant e i s i is ( ) ith

regi nins i ¢ rve

rm ig e see that the beam can be stabii e r m initia t ching the e ectr mag

nets even ith A hisres t has been veri e e erimenta he tsin ig are
the time res mnses n er a bias ¢ rrent Aan the tsin ig arethe timeres nses
n er A a Dbtaine r me erimenta ata he rst tsin igs an are the
time res nses the beam ange hesec n an the thir ts are the time res mnses  the
¢ rrents an he ere r ce b shing the beamt t ch ne the e ectr magnets

an then etting it g A ter the stea  state ha been reache the beam as she t t ch



0.15

0.1

0.05

o

do/dt (radls)

—-0.05

-0.15-

0
6 (rad) X107

ig re he estimate stabiit regi n an the act a stabiit regi n A

do/dt (rad/s)

-0.02

-0.04

—-0.06

-0.08
-4 -3 -2 -1

ig re he estimate stabiit regi n an the act a stabiit regi n A

the ther eectr magnet his r ce re asre eate severa times 1 each set the ts
As ecansee the beama a s ent bac t the baance siti n  his asim ssibe itha

bias ¢ rrent A n er thec ntr erbase nthe ac bian ineari ati n ()

erimenta e erience sh s that thes stem is ver r b st against arameter ncertain

ties an  ist rbances even ith A ream e eincr rate ncertain gains
an an s me ritin the act at rss that the ¢ rrents are
( ) ( ) ()
e trie  ith ( ) ( )an ( ) ( ) res ec
tive he time res nses the beam ange are sh nin ig here the rst t ¢ rre

s nst ( ) ( Jan thesec n c rres n st ( )
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e see that the stabiit is maintaine n er these

( )

transient

r m the ther si e

n the v tage m

here

er rmances are s ight

1 erent

he versh

t r m nesi eis arger than that

A

arameter changes

e the ¢ rrents are etermine b the v tages in the circ it s stems



x10~

6 (rad)
o
I
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time(sec)

ig re erimenta res ts time res nses n er arameter changes r A

( ) ) an ( ) )

n this secti n e investigate the ¢ ntr  esign in the v . tage m e here the in ts are
an
ea ith the n ninearit in thes stem e e nes mene in t an state variab es
et

hen e have

n act an are the es in the e ectr magnets e rther e ne ( )
( ) ( ) an ( ) e btain

tice that there is a bi inear term in( ) ince is n er the ¢ ntr the in ¢

an isin e en ent ther states ecan seasim ec ntr er



ith a  sitive n mber t ma e a r 1imates me ¢ nstant A ter has reache a

stea  state the ther states an an thein t satis the ing inear re ati n

r the ab ve s stem asim e inear ee bac a the rm

can be esigne t meet certain er rmance an stabiit re irements

he ¢ se sstem( )( ) ( )an ( )isn tstrict inear beca se the biinear
term he transient  namics can be ¢ nsi ere asca sing a nite energ ist rbance
—( ) an the h e s stem is stabe the ¢ ntr a () has certain egree
r b stness an i the namics is ast then the er rmances the h es stem i be

¢ set th se the inears stem ( ) ( )
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