16.513 Control Systems -- Final Exam (Spring 2006)

There are 5 problems (including 1 bonus problem, total 100+20 points)

1. (30pts) Given two matrices:

0 1 0
-1 -1
A= . A1 -1
1 -3
1 0 0
t t
1) (16) Compute e™ e

2) (6) For the differential equation
1 -1

Xx=Ax+[-1lu;y=[1 0 1]x, with x(0)=| 1 |, u(t)=0, what is y(t) for t > 0?
1 1
3) (8) For the same equation as in 2), with x(0)=0, u(t)=1, what is y(t) for t>0?

2. (20pts) Consider the following system

(2, 1 0 a b
X=0 4 O x+|1 1
0 0 4, b a
y__a 1 b}x
b 1 -a

1) Under what condition on A, A,, a and b is the system controllable?
2) Under what condition on Ay, A,, a and b is the system observable?

3. (25pts) Perform controllable decomposition on the following system

0 -1 1 -1 1
X=|2 1 -=-2{x+|1 O
1 -1 O -1 1

Design a controller u=Kx to stabilize the system.

4. (25pts) Given a transfer function

2s® +s+1
6 s*+2s% -2
1) Realize G(s) with a controllable canonical form.
2) Design a state feedback law to assign the poles at -1+j2, -1-j2, and -3.
3) Use integrators and amplifiers to build a model to realize the system
along with the state feedback. (draw a block diagram as in Simulink).



Bonus problem (20pts):
X 0
1) Consider M = {Y Z} , with O representing a full block having 0 elements. Assume that Z is

square and nonsingular. Show that rank(M)=rank(X)+rank(2).
A b
2). Given AeR™, beR™, ceR™. Suppose that (A,b) is controllable and det[C 0} #0.

A 0

Let AL:[ c 0

b
} b, = {O} Use result from 1) to show that (A, by.) is controllable.



Solution:
-1 -1
1. (1) ForAlz[1 _3},
A+1 1
-1 A+3
Define f (1) =e*, g(1) = B, + B4,
f()=9(2) = e*=4-24
f(4)=g') = t*=4
= fy=@+20)e?, p=te®
Thus, g(1) = 1+2t)e ™™ +te ™4,

eM = f(A)=0(A)=@+2t)e™ +te ™A = L+ 2t)e™ B ﬂ+te2t {_1 ‘1} o {1” -t }

AA) =|A1 - A=

=2 +44+4=(A1+2)°=0 = A=4,=-2

1 -3 t 1-t|
0 1 0
ForA,=|-1 -1 -1
1 0 0
A -1 0
A =[A1=A|=]1 241 1=2QA+D)+A+1=A+D)(A*+D)=0 = A =-1 4, =], =]
-1 0 1

Define f (1) =™, g(1) = B, + B+ B, A%,
f()=9(4) = e'=4-4+p
f(L)=9(4) = e'=p+if-5
f(h)=9(k) = e'"=4-is-5

e ' +cost+sint . e '—cost+sint
= b= , py=sint, B, =
2 2
—t - 71_ .
Thus,g(/i)=e +co;t+smt+sinu+e cost+smt/12,
,t - 71_ .
eAQt=f(A2)=g(A2)=e +co;t+smt+sintA2+e co;t+smtA22
; 100 0o 1 0] _ -1 -1 1
_e +co;t+smt 0 1 0lesintlo1 -1 _1l.8 —co;t+smt 0 0 1
0 0 1 1 0 O O 1 O
i et —cost—sint e*'—cost+sint |
cost — -
2 2
. e'+cost—sint e '—cost—sint
=|-sint > >

. e'—cost+sint e +cost+sint
sint > >




-1

(2) Given the initial condition x(0) =| 1 |, input u(t) =0, the zero-input response is,

1

cost
y(t)=Ce™x(0)=[1 0 1]|—sint

sint

=[cost+sint sint cost]

et —cost—sint  e*—cost+sint |
- 2 - 2 »
et +cost—sint e —cost—sint L
2 2
e —cost+sint e +cost+sint
2 2 |
-1
1
1

=0 (t>0).

(3) Given the initial condition x(0) =0, input u(t) =1, the zero-state response is,

y(t) = j;CeA?(t”’Bu(r)dr + Du(t)

B e*(t*T) _ Cos(t _ T) —Sin(t — T) _ ei(tir) — Cos(t — T) + Sln(t - T) ]

cos(t—7)

2 2

[ 0 1|-sinit-7)

sin(t—7)

e tcost-7)-sin(t-z) e —cos(t-r)-sin(t-r) _11 4z
2 2
e —cos(t—7)+sin(t-7r) e “ +cos(t—z)+sin(t—7) '
2 2 ]
1

- I;[cos(t—r)+sin(t—r) sin(t—7z) cos(t—7)]| -1ldz

2[' d
= .[Ocos(t—r) T
=2sint (t > 0).

1

2. (1) Since this is a Jordan form equation, with the eigenvalues 4, 4,,

4 1 0 [*‘
A=[0 4--0{--B=f1 1
ooz,ZJ |Lba

If 2, # 4,, Consider b, b,, seperately,

If ,=2,, {b,, by} areLlonlyif det[b

by
b, ]

by,
b21

=[1 1] isLlitself, b, =[b a]isLIonlyifa=0orb=0.

21|

1 1
#0, i.e.,det{b }za—b;«to = a=zh.

a



In summary, the condition for the system to be controllable is,

A# 2, [a+b|#0 or A =4, azb
(2) Similar as (1), with the eigenvalues 4,, 4,,

A 1 0

A=|0 4 O
0 0 4,
a b

C= *
B
Cll CZl

a b
If 4, # 4,, Consider c;;, c,, seperately, ¢, = {b} is LI only if a= 0 or b =0, same conclusion for c,, :{ a}'

b
If 2, =1,, {cy,C,} areLlonlyifdet[c, c,]=0,ie., detﬁ)l a}:_aZ_bzio = az0o0rb=0.

In summary, the condition for the system to be controllable is |a|+|b| = 0.

0 -1 1 -1 1
3.GivenA={2 1 -2|,B=|1 0|, n=3 p=2,
1 -1 0 -1 1
-11 -2 1
Gr,.=[B AB]=|1 0 1 0}, p(G;,,.)=2<n, (A B)isuncontrollable.
-11 -2 1
-1 11 01 0
Controllable decomposition: LetQ=[b, b, q]=|1 0 0}, thenP=Q*=|0 1 1 |,
-1 10 1 0 -1
01 0][0 -1 1][-1 1 1 2 1 -2||-1 11
A=PAP*=/0 1 12 1 -2{|1 0 0|=/3 0 -2||1 00
10 -11 -1 0110 |20 1j-110
1 0 2 -
=-1 1 3 =[A° /i‘ﬁ, whereﬂb{1 O]Z&Z{Z]/&:[—l].
0o A 11 3
0 0 -1 -
01 0} -11 10 _ 10
B=PB=|0 1 11 0|=[0 1 :[ } wherel§c:{ }
1 0 -1|-1 1 0 0 0



The pair (A,, B,) is controllable, and the equivalent system is,

2, =Az,+A,z,+Bu
{.1 A—“ AaZz o where z = Px.
2, =Az,
Controller design: Since
- |4A-1 0
det(Al - A) = L 2 JJ:(}L_l)zzo = A=4=1

the controllable subsystem is unstable, but fortunately, the uncontrollable subsystem is stable, A, = [—1],
so we can design a feedback to make the system to be stable.

_ -2 0 _ 10
For the subsystem (A,, B.), choose the poles as —2, —3, thus, F:[O 3}, choose KO:{O J,
_ _ 1 0 t -2 0 1 0|1 O
A:T —T F — BCKO — t'11 12 _ t11 t12 —
1 1|t t,| |t, t,|| 0 -=3| |0 1]/0 1
{ 3t, 4t }_{1 0}
3t21 - t11 4t22 - t12 01
1/3 0 L3 o0
T= A -
1/9 1/4 —4/3 4

_ 1 0] 3 0 3 0
Thus, K =K, T = - ,
0 1) -4/3 4| |-4/3 4

— 3 0 a
In the original system, let K ={ 4/3 4 b}’ where a, b can be any real values, just choose a=b =0
since they do not affect the eigenvalues, then,
01 0
_ 3 00 0 3 0
K=KP= 01 1|=
—4/3 4 0 0 8/3 4
10 -1
Verify:
0 -1 1] [-11 0 -1 1 0 -1/3 4
0 3 0
A-BK=12 1 -2|-|1 O =2 1 -2|-10 3 O
0 8/3 4
1 -1 0] |-11 1 -1 0] |0 -1/3 4
0 -2/3 -3]
=12 -2 =2
1 -2/3 -4
A 213 3

det(Al —A+BK)=|-2 A+2 2 |=(A+D)(A+2)(A+3)=0 = A =-1 4, =-2, 1, =-3.
~1 2/3 A+4



4. (1) Given the transfer function
2s°+s+1 _  —4s’+s+5

G(s) = =2+ ,
®) $*+2s%-2 $*+2s%-2
the state space realization of G(s) is,
-2 0 2 1
A=|1 0 0|, B=|0|, C=[-4 1 5], D=2
0 10 0
Verify:
s+2 0 -2 . §° x *
sl-A=| -1 s 0| (I-A'=—0"—|s * *
( ) s*+28%-2
0 -1 1 * *
32 * *
3
Csl-A)'B+D=—~ [4 1 5]|s * *||o|r2=S¥SH
S°+2s° -2 « =0 S°+2s° -2

(2) Given the poles -1+ j2, —1—j2, and -3,
Ay(s)=(s+1-j2)(s+1+ j2)(s+3)=s’+5s* +11s+15 = @, =5 a,=11 a,=15.
The characteristic polynomial of A is,

s+2 0 -2
det(sl —A)=det| -1 s 0 |=s’+2s*-2 = =2, a,=0, a,=-2.
0 -1 s
Thus, k=& -, =3, k,=a,-a,=11, Kk =a,-a,=17 = k=[3 11 17]
Verify:
2 0 2] [1 -5 -11 -15
A-Bk=|1 0 0|-|0|[3 11 17]=|1 0 0
0 1 0/ |0 0 1 0
s+5 11 15

det(sl —A+Bk)=det| -1 s 0 |=s’+5s*+11s+15 = s =-1+j2,5,=-1-j2, 5,=-3

0 -1 s
(3) The simulink model is,
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: X 0
5. (1) Given M :[Y }

Z
Denote the dimension as, Z e R™, X e R™", Y e R™". Since Z is nonsingular,
rank(Z)=q

Obviously, rank([Y Z]) > rank(Z) always holds, but Also,
[Y Z]eR™™% rank(Y Z])<min(g,n+q)=q

So, rank([Y Z])=aq, ie., foreachrow vectory, e R*", z,e R, i=12,.,4q,
{ly; 1} arelLl.

Also we have,
rank([X 0]) =rank(X),

denoted as r, ie., 3x e R™, i=12,..,rst {[x 0]} areLl.

Now, Consider the linear combination of {[y, z]} and {[x 0]},

gai[xi 0]+2bi[yi Z.]{Zrl:a,x,+iblly, gbizi}zo

= bz, =0 = b =0 (Zisnonsingular),

9
(|
i=1
r

= Zaixi+zq:biyi=0 = iaixi=o = a =0 (x are Ll
i=1 i=1 i=1

Thus, the linear combination of {[y; z]} and {[x 0]} equals O onlyifa =h =0, {[y, z]} and {[x 0]} areLl,
rank(M) =#of LI rows =r + g =rank(X)+rank(Z).



A 0 b
(2) Given Ac R™, beR™, ce Rlx”,ALz{ . 0}, bLzL)}

Al-A 0
det(/ll—AL)zde{ . Jzﬂdet(ﬂl—A) = A1=0,1€A(A)
i.e., the eigenvalues' set of A _is that of A and 0. Since,
A-11 0 b
MA)=|A -4l Db |=
(D =[A L][_C _ﬂol
For 1 =0,

q oo bD ({ ) bD GA bD {A b}
rank(M (0)) = rank = rank = rank =n+1due to det =0
-c 0 O - 0 c 0 c 0

For 2 € A(A) and 4 # 0,

rank(M(/l)):rankqA_M 0 bD:rankHA—M b OD
< -4 0 —< 0 -2

=rank ([A—21 b])+rank(-2)
=n+1 ([A—/ll b] has full row rank since that (A,b) is controllable)
Thus, for every eigenvalues of A , M (A1) has full row rank, (A, b, ) is controllable.



