16.513 Midterm Exam (Spring 2005)
There are 5 problems.

1. (15) For each of the following sets of vectors, determine if it is linearly dependent or
independent (LI or LD):

st -([87),s-[P) )
sl =B

Solution:
Si1: LD. Since the number of columns is greater than the number of rows.
For this case, for each 0, there exist (X1,X2) # (0,0) such that sin 6 x;+cos 6 x,=0
Sy: Ll for 8+ z/4+kx, for any integer k; otherwise LD.
Ss: LI
Ss: LD;
85: LI

2. (30) For each of the following matrices A,

1011
A=[11] Aﬁ[%%?(ﬂ' Aa:é%(l)ﬂ’

compute
1) therank of A;, 2) the nullity of A;, 3) basis for the range space,
4) basis for the null space

Solution:
For A;: rank(Ap)=1, nullity(A;)=2; basis for range space: [1]

1|0
Basis for null space: <|-1},| 1
01l-1

For Ay: rank(A2)=2, nullity(Az)=2; basis for range space:{[l},[o}}

o1
1 0
Basis for null space: _01 : _12
-2 -1

For As: Rank(A3)=3, nullity(As)=1,;



1/10]]0
basis for range space: any three columns of As, or simply {[0”1”0]}
0[|0]|1

basis for null space: [111-2]

3. (16) For each of the following matrices

011
0 -2
AL:[ B } A=01 -1
1 -3 00 1
compute 1) the eigenvalues, 2) the (generalized) eigenvectors, 3) The Jordan form

Solution:

For A;, eigenvalues: 1,=-1, A,=-2; Eigenvectors v, = [ﬂ Vv, = [ﬂ

.5 _|-1 0
Jordan form: Al_[o _2}
1
For A,: eigenvalues 1,1=0, A,=A3=1, Eigenvector of A.:v,=|0]|,
0

-1 1
Generalized eigenvetors for Ay, A3: v, = [— 1], vV, = [— 1]
0 1

_ (000
Jordan form: A, =|0 1 1
001

Caution: v, and vs must satisfy vo=(A-Az 1)vs, and (A-A 1)? vs=0. If you have

000
Vo=(Az I-A)vs , then with Q=[v; Vv, v3] , you will get Q*A,Q = {0 1 —1].
00 1

This is not a Jordan form. The off —diagonal element of a Jordan block has
to be exactly 1.

4. (20) For the two matrices in Problem 3, compute Af and e
What are the eigenvalues and eigenvectors of Afand e”'? For the equation



1 1

X=AX+ O]u; y=[ 1 1]x, with x(0) = !1] u(t)=0, what is y(t) for t > 0?
1 1

Solution:
For A% Assume that f(L)=A%, g(A)=Bir+PBo: Then f(hi)=g().

= (-1)"=-Br+Bo; (-2)“=-2B1+Bo,

= B=(-1)"(-2), Bo= 2(-1)*-(-2)%;
K _|2(-D)" - (-2)* -2(-D)* +2(-2)"

A =LA+ Bl { (DK = (<2)¢ - (=D +2(-2) }

For e*% Assume f(L)=e™, g(A)= PoA>+ Bak + Bo. f'(A)=te", g’(L)=2B2A+Bi1A

7\,1:0; 7\,2:7\.3:1;
f(A1)=g(h1): 1=Bo;
f(h2)=g(M2): €=Pa+P1+Po;
f'(A2)=0’(A2): te' =2Bo+Py;
Bo=te'-e'+1; Bi=-te'+2e'-2; Bo=1.

010 1 e' -1 —te'+2e'-2
AP=[0 1 -2| eM=p8A+BA+BI=|0 ¢ —te!
00 1 0 0 e

The eigenvalues of A (-1)¥, (-2)*: eigenvectors are the same as those of A;.
The eigenvalues of e : 1, €', e'; eigenvectors are the same as those of A,.

The zero-input response:
1

y(t) =Ce"'x(0)=[1 1 1] H = —2e' +5¢' —3.
1

5. (19) Find a state-space description for the following system

ua

1 X XZ X
1/s L » 1/s 2 —> Y1

3 ‘.
e 1/s > =D_> y
Xe O—' 1/ d 2

uz




Solution:

X, = CXy;
X2:X1; y1:X2+bU1
X, =e(fx, +u,); y, =dx,

X, = X + (bu, + X,)

00c 0] [00
|to00 0], .loo0 _[o100],.[boO
— *=lo o0 o0 ef X0 | y_[OOOd}H[OO
0110 b 0 C D
A B

6...Bonus problem (20) : Given a state equation

-1 22 33 1
X=Ax+Bu with A=| 0 -2 22| B=|1
0O 0 -3 1

LetP=[A’B AB B]™. Introduce new state z = Px.
a) (5) Show that
2=Az+Bu
where A=PAP™, B = PB.
b). (15) Compute A,B. (Hint: don’t use brute force)

To be explained in class.



