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Abstract

We give simple exact descriptions of the null controllable regions for general linear systems with saturating actuators.
The description is in terms of a set of extremal trajectories of the anti-stable subsystem. For lower order systems or
systems with only real eigenvalues, this description is further simplified to result in explicit formulae for the boundaries
of the null controllable regions. (©) 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

One of the most fundamental issues associated with the control of a system is its controllability. Since all
practical control inputs are bounded (due to actuator saturation), the constrained controllability was formulated
earlier than the unconstrained one. While the unconstrained controllability has been well understood for several
decades, there have been continual efforts towards full understanding of the constrained controllability (see,
e.g., [1-3,6-8,10,14—17] and the references therein).

For a linear system with a constrained input, the null controllable region at a time 7 € (0,00), denoted as
@(T), is defined to be the set of states that can be steered to the origin in time 7 with a constrained control.
The union of ¢(T') for all T € (0,00), denoted as &, is called the null controllable region. In the earlier studies,
the null controllable region, also called the controllable set or the reachable set (of the time reversed system),
was closely related to the time optimal control (e.g., [2,6,9,11]): for a given initial state x, the time optimal
control problem has a solution if and only if xy € €; If xy is on the boundary of %(T), then the minimal
time to steer xy to the origin is 7. It is well-known that the time optimal controls are bang—bang controls.
For discrete-time systems, the time optimal control can be computed through linear programming and %(7)
can be exactly obtained, although the computational burden increases as 7 increases. Also closely related to
the time optimal control is the model predictive control or the receding horizon control. The model predictive
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control has been extensively studied and has found wide applications in slow processes (see, e.g., [12,13] for
a survey). The development of the model predictive control also contributes to the characterization of €(7')
for discrete-time systems. On the contrary, for continuous-time systems, since the time optimal control is
generally impossible to compute except by numerical approximation, there has been no result on the explicit
or analytical characterization of 4 (7) or 4 of exponentially unstable systems. There are however numerical
algorithms available to obtain approximations of % based on some partial properties about the boundary of ¢
for second-order systems (e.g., [16,17]). There are also numerical methods for testing if a particular point in
the state space is inside € (e.g., [S]). In this paper, we will focus on the analytic characterization of & for
general linear systems.

We recall that a linear system is said to be anti-stable if all its poles are in the open right-half plane and
semi-stable if all its poles are in the closed left-half plane.

For a semi-stable linear system, it is well-known [11,14,15] that the null controllable region is the whole
state-space as long as the system is controllable in the usual linear system sense. For a general system with
exponentially unstable modes, there exists a nice decomposition result concerning the null controllable region
[4]. Suppose such a system is decomposed into the sum of a controllable semi-stable subsystem and an
anti-stable subsystem, then the null controllable region of the whole system is the Cartesian product of the
null controllable region of the first subsystem, which is its whole state space, and that of the second subsystem,
which is a bounded convex open set.

However, little was known about the null controllable region of an anti-stable system. This paper is dedicated
to solving this problem. We will give simple exact descriptions of the null controllable region of a general
anti-stable linear system with saturating actuators in terms of a set of extremal trajectories of its time reversed
system. This set of extremal trajectories is particularly easy to describe for low order systems or systems with
only real eigenvalues. For example, for a second-order system, the boundary of its null controllable region is
covered by at most two extremal trajectories; and for a third-order system, the set of extremal trajectories can
be described in terms of parameters in a real interval.

The remainder of the paper is organized as follows. Section 2 contains some preliminaries and definitions
of notation. Section 3 gives a simple exact description of the null controllable regions of anti-stable linear
systems with bounded controls. Section 4 draws a brief conclusion to this paper.

2. Preliminaries and notation
Consider a linear system

X(t) = Ax(t) + Bu(t), (1)
where x(¢) € R” is the state and u(#) € R” is the control. Let

U, = {u: u is measurable and ||u(?)||- < 1, V2 ER}, 2)
where ||u(?)||co = max; |u;(t)|. A control signal u is said to be admissible if u€%,. In this paper, we are
interested in the control of system (1) by using admissible controls. Our concern is the set of states that can
be steered to the origin by admissible controls.
Definition 2.1. A state x, is said to be null controllable if there exist a 7 € [0,00) and an admissible control u

such that the state trajectory x(¢) of the system satisfies x(0)=x and x(7")=0. The set of all null controllable
states is called the null controllable region of the system and is denoted by %.
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With the above definition, we see that xo € € if and only if there exist 7 €[0,00) and a u € %, such that
T T
0=x(T)=e"Txy + / AT=9By(r)dr = T (xo + / e‘*”Bu(r)dr) .
0 0

It follows that

T
¢= {x:—/o e—AfBu(r)dr:ue%}. (3)

T€[0,00)

The minus sign “—” before the integral can be removed since %, is a symmetric set. In what follows we
recall from the literature some existing results on the characterization of the null controllable region.

Proposition 2.1. Assume that (A,B) is controllable.
(a) If A is semi-stable, then € = R".
(b) If A is anti-stable, then € is a bounded convex open set containing the origin.

() If
450
=[5 0)

with A1 € RM>*™ anti-stable and A, € R™*" semi-stable, and B is partitioned as

H

accordingly, then € = €, x R™ where €, is the null controllable region of the anti-stable system
xX1(2) = A1x1(t) + Bru(?).

Statement (a) is well-known [11,14,15]. Statements (b) and (c) are proven in [4]. Because of this propo-
sition, we can concentrate on the study of null controllable regions of anti-stable systems. For this kind of
systems,

@ — {x:/o e Bu(t)dr: ue%}, )

where % denotes the closure of . We will use “0” to denote the boundary of a set. In [5], a nonlinear
programming based algorithm is proposed to test if a point in the state space belongs to 4. In Section 3, we
will derive a method for explicitly describing 0%. To this end, we will need some more preliminaries.

If B=[b by ... b,] and the null controllable region of the system x(¢)=Ax(¢)+ b;ju;(t) is €;, i=1,...,m,
then

€= Ci={xi+x+ - +xnxn€b,i=12..,m} (5)
i=1

In view of (5) and Proposition 2.1, in the study of the null controllable regions we will assume, without loss
of generality, that (4, B) is controllable, 4 is anti-stable, and m = 1. For clarity, we rename B as b.
For a general system

¥ = f(x,u), (6)
its time reversed system is
z=—f(z,v). @)

It is easy to see that x(¢) solves (6) with x(0) = xo,x(#;) = x;, and certain u if and only if z(¢) = x(¢; — ¢)
solves (7) with z(0)=x, z(¢;)=x¢, and v(t)=u(t; —t). The two systems have the same curves as trajectories,
but traverse in opposite directions.
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Consider the time reversed system of (1):

2(t) = —Az(t) — bu(). (8)

Definition 2.2. A state z, is said to be reachable if there exist 7 €[0,00) and an admissible control v such
that the state trajectory z(¢) of system (8) satisfies z(0) =0 and z(T') =z,. The set of all reachable states is
called the reachable region of system (8) and is denoted by Z.

It is known that 4 of (1) is the same as Z of (8) (see, e.g., [11]). To avoid confusion, we will continue
to use the notation x, u and % for the original system (1), and z, v and # for the time-reversed system (8).

3. Null controllable regions

In Section 3.1, we show that the boundary of the null controllable region of a general anti-stable linear
system with saturating actuator is composed of a set of extremal trajectories of the time reversed system. The
descriptions of this set are further simplified for systems with only real poles and for systems with complex
poles in Sections 3.2 and 3.3, respectively.

3.1. Description of the null controllable regions

We will characterize the null controllable region % of system (1) through studying the reachable region %
of its time reversed system (8).
Since A is anti-stable, we have

o] 0
R = {z = / e bu(r)dr: ve %a} = {z = / e""bu(r)dt: ve %a} .
0 —00

The change of integration interval from [0,00] to [ — 00,0] is crucial to our development, as will be clear
from Eq. (17). Noticing that e’® =e=4(~")_ we see that a point z in Z is a state of the time-reversed system
(8) at t =0 by applying an admissible control v from —oco to 0.

Theorem 3.1.
0
R = {z = / e"hsgn(c’e’h)dr: c € R”\{O}} : )
—00
R is strictly convex. Moreover, for each z* € 04, there exists a unique admissible control v* such that
0
z* :/ el*bo* (1) dr. (10)
—00

Remark 3.1. We give some simple facts about convex sets in this remark. Consider a closed set S. If S is
convex and z* € S, then by separation theorem, there exists a hyperplane ¢’z = k that is tangential to dS at
z* and the set S lies completely to one side of the hyperplane, i.c.,

dz<k=cz*, VzeS.

A set S is said to be strictly convex if it is convex and for any two points zy,z; € 0S, az; + (1 —a)z, & 0S for
all o €(0,1). This is equivalent to saying that any hyperplane that is tangential to 0S has only one intersection
point with S, or, for any ¢ # 0, there exists a unique z* € S such that ¢’z* = max,¢g5 ¢'z.
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Proof of Theorem 1. First, the convexity of # can easily be verified by definition. Let z* € 0. Then, there
exists a nonzero vector ¢ € R” such that

0
¢/z* = max ¢’z = max c'e?bo(7) dr. (11)
Y ety | _ o

Since c¢#0 and (4,b) is controllable, c’e?*h # 0. Since c’e’’h has a finite number of zeros in any finite
interval,

u({t: e =0}) =0, (12)

where u(-) denotes the measure of a set.
It is easy to see that

v*(t) = sgn(c'e’'b)
maximizes the right-hand side of (11). We maintain that v* is the unique optimal solution of (11). To verify
this, we need to show that for any v & %,,v#v*,

0 0

/ e (1) dt >/ c'e’bo(t)dr. (13)
Since v # v*, there are a set E; C [ — 0o,0] with nonzero measure, i.e., u(£1)=0; > 0, and a number & > 0
such that

lo(t) — v*(¢)| = &, Vt€E.
By (12), there exist a set £ C E;, with u(E)=0 > 0, and a positive number ¢ > 0 such that

|c'e’b| = ¢, VICE.
Noting that v € %,, we have

cel'b (v (1) — v(t)) =0, Vie[— 00,0].
It then follows that

0

/ e*b(v* (1) — v(1))dt

— 00

> /c’e““b(v*(r) —u(t))dr :/ |c'e™| |v* (1) — v(t)| dT = dee; > 0.
E E
This shows that v*(#) is the unique optimal solution of (11) and hence the unique admissible control satisfying
0
o= [ (14)

— 00

On the other hand, if

0
zF = / e hsgn(c’e’"b) dr

—0o0
for some nonzero c, then obviously
c'z* =max 'z
ZER
This shows that z* € 0% and we have (9).

Since for each ¢ #0, the optimal solution v*(7) and z* of (11) is unique, we see that # is strictly convex.
O



70 Tingshu Hu et al. | Systems & Control Letters 47 (2002) 65-78

Theorem 3.1 says that for z* € 0%, there is a unique admissible control v* satisfying (10). From (9), this
implies v*(¢) = sgn(c’e'h) for some ¢ #0 (such ¢, ||c|| =1 may be nonunique, where || - || is the Euclidean
norm). So, if v is an admissible control and there is no ¢ such that v(¢) = sgn(c’e?’b) for ¢t < 0, then

0
/ e*bu(t)dt & 0
and must be in the interior of £.

Since sgn(kc'e?*b)=sgn(c’e’™h) for any positive number &, Eq. (9) shows that 0% can be determined from
the surface of a unit ball in R”. In what follows, we will simplify (9) and describe 0% in terms of a set of
trajectories of the time-reversed system (8).

Denote
&:={v(t) = sgn(c’e’'b), tcR: c € R"\{0}} (15)
and for an admissible control v, denote
t
O(1,0):= / e 10"py(7) dr. (16)

Since 4 is anti-stable, the integral in (16) exists for all 7€ R, so @(z,v) is well defined.
If v(¢) = sgn(c’e’’b), then

t 0
O(t,v) = / e A =pp(r)dr = / e bsgn(c’et e’ b)dr € 0% (17)
for any 1 € R, i.e., ®(¢,v) lies entirely on 0. An admissible control v such that @(z,v) lies entirely on 0% is
said to be extremal and such @(t,v) an extremal trajectory. On the other hand, given an admissible control
v(t), if there exists no ¢ such that v(¢) = sgn(c’e’’b) for all ¢+ <0, then by Theorem 3.1, ®(0,v) & 0% and
must be in the interior of #. By the time invariance property of the system, if there exists no ¢ such that
v(t) = sgn(c’e’’b) for all t < ty, @(¢,v) must be in the interior of 2 for all ¢t > #,. Consequently, & is the set
of extremal controls.
The following lemma shows that 02 is covered by the set of extremal trajectories.

Lemma 3.1.

0% = {d(t,v): teR,vE &} (18)

Proof. For any fixed ¢ € R, it follows from (9) that
t t
R = {/ e = psgn(c’e Me'h) dr: c} = {/ e " Dpsgn(c’e’b)dr: c},

ie., OZ={d(t,v): vE &}, for any fixed t € R. So 02 can be viewed as the set of extremal trajectories at any
frozen time. Now let ¢ vary, then each point on 0% moves along a trajectory but the whole set is invariant.
So we can also write 0% = {®(t,v): v€ &, t € R}, which is equivalent to (18). [J

Unlike (9), Eq. (18) shows that 0% is covered by extremal trajectories. It, however, introduces redun-
dancy by repeating the same set {@(z,v): v€ &} for all £ €R. This redundancy can be removed by a careful
examination of the set &. Indeed, the set {@(#,v): € R} can be identical for a class of vE&.

Definition 3.1.
(a) Two extremal controls v;,v, € & are said to be equivalent, denoted by v; ~ v,, if there exists an € R
such that vi(¢) = v,(¢ — h) for all t€R.
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(b) Two vectors c¢y,c; € R” are said to be equivalent, denoted by ¢; ~ ¢, if there exist a k > 0 and an 7€ R
such that ¢; = ket ’¢,.

Noting that a shift in time of the control corresponds to the same shift of the state trajectory, we see that,
if v; ~ v, then {®(t,v1): t R} = {D(t,v2): t €R}; and if ¢| ~ ¢y, then sgn(cje?’b) ~ sgn(chelb).

Definition 3.2.

(a) A set &min C & is called a minimal representative of & if for any v € &, there exists a unique v; € Enin
such that v ~ v;.

(b) A set M C R” is called a minimal representative of R” if for any c € R", there exists a unique ¢; € M
such that ¢ ~ ¢;.

With this definition, there will be no pair of distinct elements in &, or in M that are equivalent. It should
be noted that the minimal representative of § or R” is unique up to equivalence and &min and M always
exist. An immediate consequence of these definitions and Lemma 3.1 is
Theorem 3.2. If &min is a minimal representative of &, then

OR ={D(t,0): t ER,VE Emin };
If M is a minimal representative of R”, then
0 = {D(t,sgn(c’e’b)): t eR,c € M\{0}}.

It turns out that for some classes of systems, &, can be easily described. For second order systems, &min

contains only one or two elements, so ¢ can be covered by no more than two trajectories; and for third-order

systems, &mi, corresponds to some real intervals. We will see later that for systems of different eigenvalue
structures, the descriptions of &y, can be quite different.

3.2. Systems with only real eigenvalues

It follows from, for example, [11, p. 77], that if 4 has only real eigenvalues and ¢ # 0, then c’e?’b has at
most n — 1 zeros. This implies that an extremal control can have at most n — 1 switches. We will show that
the converse is also true.
Theorem 3.3. For system (8), assume that A has only real eigenvalues, then
(a) an extremal control has at most n — 1 switches,
(b) any bang—bang control with n — 1 or less switches is an extremal control.

Proof. See Appendix A. [

By Theorem 3.3, the set of extremal controls can be described as follows:

1 -0 Lt<t,
=< xv:v(t)=< (1) E<t<ty, —oco<th << - <Ktog <00 U{o(r)==1},
(_])n—1) t—1 St <o,
where ;,i =1,...,n — 1, are the switching times. If v(¢) has a switch, then the first switch occurs at ¢ = ¢;.

Here we allow t;=t;,1 (i# 1) and ¢, =00, so the above description of & consists of all bang—bang controls
with n — 1 or less switches.
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To obtain a minimal representative of &, we can simply set ¢; = 0, that is,
1, —o0 <t<t,
Emin = { v v(t) =< (—1), LE<t<tiy, 0=t <thp < - <ty <oopU{o@)=+1}.
(=1 o <t <o

For every v € &min, we have v(¢) =1 (or —1) for all £ < 0. Hence, for ¢ <0,

t
(13(t,v):/ e 10 pdr =471 (or — A7 'b).

Afterwards, v(¢) is a bang-bang control with n—2 or less switches. Denote z; = —47'b and z; =4~'b, then
from Theorem 3.2 we have,

Observation 3.1. 0% = 0% is covered by two bunches of trajectories. The first bunch consists of trajectories
of (8) whose initial state is zJ and the input is a bang-bang control that starts at t =0 with —1 and has
n—2 or less switches. The second bunch consists of the trajectories of (8) whose initial state is z, and the
input is a bang-bang control that starts at t =0 with 1 and has n — 2 or less switches.

Furthermore, 0% can be simply described in terms of the open-loop transition matrix. Note that for a fixed
t=0,

{®(t,v): VE Emin}
_ {i
Hence,

OR = {D(t,0): t ER, 0 E Epmin}

n—1 tit1
e izt — Z/ e AU=Ip(—1) dr]: O=t1<thr<---<t,_1 <t :t} u{xz}
i=1 7

n—1

D a(—1)le =) +(1)"1] A 0=t <t <<t < t} U{£z})

i=1

[n—1
= {j: D 2(—1ye A +(—1)"1] A 0=<tr < <t <t < oo}.
Li=1

Here, we allow #; = £, to include +z;. For second-order systems,

r t
R = {j: ez — / e A= dr}: tefo, oo]} = {£(—2e Y + )47 'b: t €]0,0]}. (19)
L 0

Plotted in Fig. 1 is the 0% of a second-order system with

0 -05 0
A = N B — .
1 1.5 -1
We see that 0 consists of a trajectory from z} to z; under the constant control v = —1 and a trajectory
from z; to z under the constant control v = 1.

If n =3, then one half of 0% = 0% can be formed by the trajectories of (8) starting from z] with the
control initially being —1 and then switching at any time to 1. So the trajectories go toward z, at first then
turn back toward z}. The other half is just symmetric to the first half. That is

15) t
OR = {j: [e—A’zj + / e A0=pdr — / e A=Dp d‘c]: 0<t<t< oo} . (20)
0 B
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L L L s s L s
1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1

Fig. 1. 0% of a second order system.

-10 _30

Fig. 2. 02 of a third-order system.

Plotted in Fig. 2 is the 0% of a third-order system with

02 1 0
A=10 02 o, B=
0 0 04 1

73

Since the trajectories of the original system and those of the time-reversed system are the same but traverse
in opposite directions, we can also say that 0% = 0% is covered by a set of trajectories of the original system.
While all the trajectories of the time-reversed system start at z or z; and are very easy to generate by
simulation, it is impossible to obtain the same trajectories from the original system. For example, when n=2,
one half of 0% is formed by the trajectory of the time-reversed system that starts at z; under a constant
control v = +1. The trajectory goes from z, toward z; asymptotically but never reaches zJ at a finite time.
It seems that if we apply u = 41 at z} to the original system, the trajectory will go from z to z; along
the same trajectory of the time-reversed system. However, this is not the case. The trajectory of the original
system will stay at z under the constant control u# = +1. The boundary dZ can only be partially generated
from the original system if we know one point on it other than +z;. But this point is not easy to determine.
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3.3. Systems with complex eigenvalues

For a system with complex eigenvalues, the minimal representative set &, is harder to determine. In what
follows, we consider two important cases.
Case 1. A€ R**? has a pair of complex eigenvalues o+ ijp, o, f > 0.
In order to arrive at an explicit formula for 0%, we need to simplify ¢’e?b. To this end, let V be the
nonsingular matrix such that
« =B,
amr [z 0]y

and let

2]-re i)
(&) b2

then
1ALy cos(ft) —sin(fr) | | b1 | u
detb=ler o] [sin(ﬁt) cos(fit) ] [bﬂ ¢
= [cos(ft) sin(ft)] {—bliz Z} {2] e
Since

ENY
—by b
is nonsingular, it follows that
{ [—bliz Z?] [2] c;éO} = {r {;I;iz))} r#0,0 e [0,27r)} .
Hence
{sgn(c’e’b): ¢ #0} = {sgn(sin(pt + 0)): 0 €[0,27)},
and the set of extremal controls is
& = {v(t) = sgn(sin(ft + 0)), R : 0 €[0,2n)}.
It is easy to see that

Emin = {v(2) = sgn(sin(pr)),t € R}

contains only one element. Denote 7, = n/f, then e 47r = —e=*Tr]. Let
1 —aT)p
2= e AT — e ATy = S @1)
’ 1 —e *»

It can be verified that the extremal trajectory corresponding to v(¢)=sgn(sin(f}t)) is periodic with period 27T,

and,
t
OR = {i [e—A’z; —/ e AU=9p dr}: tefo, Tp)}
0

={t[ez; —(I —e A7 'b]: t€[0,T,)}. (22)

s
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Case 2: A€ R3*3 has eigenvalues o+ jB and oy, with o, f,0, > 0.
(a) oo =ay. Then similar to Case 1,

& ={v(t) =sgn(k + sin(ft + 0)),t eR: k €R,0€[0,27n)}.
Since sgn(k + sin(ft + 0)) is the same for all £ = 1 (or k£ < — 1), we have
Emin = {v(¢) = sgn(k + sin(ft)),teR ke[ —1,1]}.

Each v € &min is periodic with period 27T, but the lengths of positive and negative parts vary with k. @(t,v)
can be easily determined from simulation.
(b) oy #a. Then

& = {v(t) = sgn(ky ™ =" + fpsin(ft + 0)),¢ €R: (k1,ky) #(0,0),0 €[0,27)}.
& can be decomposed as & =& U &, U &3, where
&1 ={vt) = £1} (k=0),

&> = {v(t) = Lsgn(sin(ft + 0)): 6€[0,2n)} (k; =0),

&3 = {v(t) = £sgn(ke™ =" 4 sin(ft 4 0)): k > 0,0 €[0,2m)}.
We will show that a minimal representative of &3 is
&3 min = {0(t) = £sgn(e™ = + sin(ft + 0)): 0 €[0,2m)}. (23)
Let
u(t) = sgn(ke®™ =" 4 sin(ft + 0)) € &5.
Since k > 0, there is a number 4 € R such that e ~*" =k. So
(1) = sgn(e® I L sin(B(¢ + h) — Bh+ 0)) = v1(t + h)
for some v((¢) € &3 min. On the other hand, given vy, v, € &3 min, SUppose

v1(1) = sgn(e™ " + sin(Bt + 0,))

va(t) = sgn(e™ " 4 sin(ft + 0,))
and vy ~ vy, i.e., v1(t) = vy(t — h) for some A, then
sgn(e™ =" 4 sin(fr + 0,)) = sgn(e®™ == L sin(B(t — h) + 0,)).

If oy <o (or o > a), both e~ and e =)= g5 to zero as ¢ goes to oo (or —oc). For v;(¢) and
vo(t — h) to change signs at the same time, we must have ft + 0, = (¢t — h) + 6, + Ixn, for some integer .
Since at any switching time of v(¢) and v,(¢), sin(ft + 0;) <0, sin(f(t — h) + 0,) <0, we conclude that
sin(Bt + 0;) =sin(B(t — h) + 0,) and e ~% === Qo we get h=0,0; = 0,. These shows that &3 min
is a minimal representative of &3.

The minimal representative of &, is the same as &y, in Case 1. It follows that

Emin = {v(t) = £1} U {o(t) = sgn(sin(B1))} U &3 min.

If a; < a, for each v € &3 min, v(¢) = 1(or —1) for all # < 0, so the corresponding extremal trajectories stay at
zf =—A7'b or z; before t =0. And after some time, they go toward the periodic trajectory since as ¢ goes
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Fig. 3. Extremal trajectories on 0%, o < a.

to infinity, v(¢) becomes periodic; When o) > o, for each v € &3 min, v(¢) = 1(or —1) for all # > 0, and the
corresponding extremal trajectories start from near periodic and go toward z} or z .
Plotted in Fig. 3 are some extremal trajectories on 0% of the time-reversed system (8) with

05 0 0 1
A=|10 08 -2|; B=|1],
0 2 08 1

which has two complex poles.

For higher order systems, the relative location of the eigenvalues are more diversified and the analysis will
be technically much more involved. It can, however, be expected that in the general case, the number of
parameters used to describe &pin is n — 2.

4. Conclusions

We gave a clear understanding of the null controllable regions of general linear systems with saturating
actuators. We showed that the boundary of the null controllable region of an anti-stable linear system is
composed of a set of extremal trajectories of its time-reversed system. The description of the boundary of
the null controllable region is further simplified for lower-order systems and systems that have only real
eigenvalues.

Appendix A. Proof of Theorem 3.3

First we present a lemma. Let us use &, to denote the set of real polynomials with degree less than integer
k. The number 0 is considered a polynomial with arbitrary degree or with degree —1.

Lemma A.1. Given N positive integers, ki, k..., ky, define a set of functions

N
Gy:= {g(f) = Zeaitfi(t)I fi€Py,aieRg(1) # 0} :

i=1

Then g(t) € 9y has at most Zil k; — 1 zeros.
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Proof. We prove this lemma by induction. It is easy to see that the statement is true when N = 1. Now
assume that it is true when N is replaced by N — 1. Let g(¢) € 9. Suppose on the contrary that g has Zfil ki

or more zeros. Then §(¢) = g(¢t)e~*" also has Zf]:l k; or more zeros. Therefore, the kyth derivative of g,

N—1 N—1

(kn) (kn)
[G(]*) = Ze“f—%’”fi(mf]v(t)] = lZe(""“’”’fﬂ)] €9Gn-1,

i=1 i=1

has at least Zf\:l k; zeros, which is a contradiction. [

Proof of Theorem 3.3. The proof of (a) was sketched in [11, p. 77], where an additional assumption of
normality was required. This assumption is satisfied for system (8) since it is single input and (4,b) is
controllable. To show (b), assume that 4 has N distinct real eigenvalues 4;,i = 1,2,...,N, each with a
multiplicity of &; (Z?’:I ki =n). It is well-known that ¢’e?'b= Zflzl e’ fi(t) for some f;€ P If ¢ #0, then
c’e’'h # 0 by the controllability of (4,5). (Thus (a) follows from Lemma A.1). To complete the proof of
(b), we first show that any bang—bang control v with n — 1 switches is an extremal control.

Let #,t,...,t,—1 € R be distinct switching times of v. From the following n — 1 linear equations

detib=0, i=1,2,....n—1

at least one nonzero vector ¢ € R” can be solved. With any such ¢, (a) implies g(¢)=c’e?’h # 0 has no other
zeros than the n — 1 zeros at ¢;,i=1,2,...,n— 1.

Now the question is whether g(¢) indeed changes signs at each #. If it does, then v(¢) = sgn(c’e?'d) (or
sgn(—c’e?’b)) and v is an extremal control.

We now show that g does change signs at each #;. If g does not change sign at a certain #;, then g(¢#) must
have a local extremum at #;, so g(;) =0. We argue that there is at most one ¢#; such that g(#) =0, otherwise
g will have at least n zeros, counting the at least » — 2 ones lying within the intervals (#;,¢;;), which is
impossible by Lemma A.1, since ¢ has the same structure as g.

We further conclude that g, however, cannot have a local extremum at any of these ¢’s.

Let g(t) = va:l e¥' fi(t). Assume without loss of generality that f(¢) % 0. Suppose on the contrary that
g has a local minimum (or maximum) at #,, then §(¢) = g(¢)e ="' also has a local minimum (or maximum)
at ¢y, furthermore, §(z;) = 0, gj(t,-);éO,i =2,3,...,n — 1. Hence, there exists an ¢ > 0 (or ¢ < 0) such that
git) — e = Zf\:l ei= ) £.(t) 4+ fn(t) — & has n zeros, which contradicts with Lemma A.l. Therefore, ¢
changes signs at all #. This shows that v(¢) = sgn(c’e?’b) (or sgn(—c’e?’b)) is an extremal control.

Now consider the case that v has less than n— 1 switches, say n— 1 —j switches, ¢;,i=1,2,...,n—1—. For
simplicity and without loss of generality, assume that 4 is in the Jordan canonical form (the state transformation
matrix can be absorbed in ¢’ and b. Partition 4,5 as

[52] -[3

where A4; is of size n — j. It is easy to see that A, is also of the Jordan canonical form and (A4;,b;) is
controllable. Furthermore,

*x
eAt: I:O eAlt:|.

Partition c=[0 c¢{]" accordingly, then ¢’e?’h=cle!'’h;. By the foregoing proof for the full dimensional case,
we see that there exists ¢ such that v(¢) = sgn(cje’’h;) is a bang-bang control with switching times exactly
at t;,i=1,2,...,n—1—j.

Therefore, we conclude that any bang—bang control with less than n — 1 switches is also extremal. [
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