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In general of course, the objective is to have a short test intervaExact Characterization of Invariant Ellipsoids for Single
However, there is a tradeoff between the separability index and the Input Linear Systems Subject to Actuator Saturation
length of the test period. As we have seeh,is an increasing func-
tion of T.. Tingshu Hu and Zongli Lin

VII. CONCLUSION Abstract—\We present a necessary and sufficient condition for an ellip-

We have presented a methodology for error-free system identifi soid to be an in\{griar]t set of a linear system under a s_aturateq_linear feed-
L . ) . - “Back. The condition is given in terms of linear matrix inequalities (LMIs)
tion in the situation where we have two candidate linear models subjggli can be easily used for optimization based analysis and design.

to bounded energy noise, a_nd Whgre we have control Qverthe |n_pL_1t. Thﬁwdex Terms—Actuator saturation, contractive invariance, invariant el-
problem of selecting a best input signal over a test period (the minimygkoiq.

proper auxiliary signal design problem) has been solved and a solution

given in terms of the solution to a boundary value system. The solution

of this boundary value system also enables us to design a very effi- . INTRODUCTION

cient on-line identification scheme, the hyperplane test, that takes intqp, this paper, we will study the set invariance property for a linear
account the fact that the input signal over the test period is k“OW”§95tem under saturated feedback

advance.

A related problem which can be solved with the methodology pre- i = Ax + Bsat(Fx). @

sented here is the shortest test period problem where we fix the sepg{@-yill be interested in invariant ellipsoids due to the popularity of the
bility index and look for the shortest test period for perfect identificgyadratic Lyapunov function and the simplicity of the results. In the
tion. The procedure is similar to the one presented in this paper, excf@tature, invariant ellipsoids have been used to estimate the domain
the y-iteration part should be replaced withiteration. of attraction for nonlinear systems (see, e.g., [1]-[4], [12]-[14], [16],

There are a number of possible extensions to the work presenigg the references therein). The problem of estimating the domain of
here. One is to allow for additional inputs to the system, i.e., the modelgraction for (1) has been a focus of study in recent years.

would have another input, in addition to the auxiliary signal, but For a matrixF € R™*", denote théth row of F asf; and define
this one measured online, just like the outpuThis situation has been
considered in [9]. [,(F) = {T eER": |fﬂ"| <1l,i=1,2,..., m} .

Another possible extension is to allow for some nonlinearity. In paft F is a feedback gain matrix, thef( F') is the region where the feed-
ticular, ifthe system is not linear in the Kalman filter implementation pack controk = sat(Fz) is linear inx. We callC(F) the linear region

and the hyperplane test still apply. The problem is the optimization ov§fthe saturated feedbaskt(Fz), or simply, the linear region of sat-
v. An approach using optimization software is discussed in [3]. uration.

Let P € R"*" be a positive—definite matrix. For a positive number
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all the varying parameters and hence can easily be used for controBerExistence of Control Law for Set Invariance
synthesis. In this paper, we will further show that for the single input The condition of Theorem 2, the existenceldf:) satisfying (7),

case, th_'s condltl_on is also necessary. was studied in [8], [11]. The results are summarized as follows.
Notation: In this paper, we usext: R — R to denote the standard Fact 1: The following two statements are equivalent:

saturation function, i.esat(u) = si in{1, . N . . .
uration function, f.esat(u) = sign(u) min{L. ul} a) the ellipsoid® (P, p) can be made contractively invariant for
Il. REVIEW OF THE EXISTING RESULTS i = Ar+ Bu (8)
with a bounded contrat = h(x), |h(x)| < 1;

Consider the linear system with a single saturating input s ; / . :
b) the ellipsoidS (P, p) is contractively invariant for (8) under the

t=Ar+Bu, z€R", weER, |u|eo <1 2 controlu = —sign(B™ Px), i.e., the following condition is sat-
isfied,
Under a saturated linear feedbagk = sat(F'x), the closed-loop . T T ) T
system is V(zr)=2 (A P+ PA)x —2x PBsign(B Pz) <0,
Vo € E(P, p)\ {0}. )

= Av + Bsat(Fr). @) For an arbitraryP > 0, there may exist ng > 0 such that

E(P, p) can be made contractively invariant with a bounded control
uw = h(z), |h(z)| < 1.In the sequel, we simply say th&{P, p)
can be made contractively invariant. LEt be given, the following
V(m) - Qr‘Tp(A,,j + Bsat(Fx)) < (<)0 proposition gives a condition for the existencepof> 0 such that
E(P, p) can be made contractively invariant.
forallz € £(P, p)\{0}. Clearly, ifE(P, p) is contractively invariant,  Proposition 1: For a given positive definite matrik, £(P, p) can

Given a positive definite matri®, let V(x) = 2" Px. The ellipsoid
E(P, p) is said to be (contractively) invariant if

then it is inside the domain of attraction. be made contractively invariant for some> 0 if and only if there
exists ak > 0 such that
A. Conditions for Set Invariance A"P4+ PA_LPBB'P <O, (10)
We developed a sufficient condition for set invariance in [10] (See \ o a1 if (10) is satisfied fok = ko, then it is satisfied for all

also [8]) for multi-input systems. For single input systems, the condé-
tion can be stated as follows.

Theorem 1: Consider system (3). Given an ellipsd@dP, p), sup-
pose that

> ko.
Theorem 3: Given P > 0, assume thaf( P, p) can be made con-
tractively invariant for some > 0. Now we consider a givep. Let

A1, A2, ..., Az > 0 be real numbers such that
AT )
(A+ BF)"P+ P(A+ BF) <0. (4) AP —AP—-PA P _
det| " ippp™p A, p—aP-pal =" (11)
If there exists arf € R'*" such that and

(A+ BH)"P+ P(A+ BH) <0 (5) B"P(ATP+PA—X\,P)"'PB>0. (12)
and&(P, p) C L(H), e, |He| < 1,¥e € E(P, p), then&(P, p) is Then, 5(%3, p) _is contract_ively invariant under the contrel =
a contractively invariant set and hence inside the domain of attractio_rflgn(B Pz) it and only if

Forp sufficiently small, we always ha& P, p) C £(F).Hence,(4) Xjp— B'P(A'P+PA-)\,P)"'PB <0,
is a necessary condition. Before determining the contractive invariance Vi=1,2....7. (13)
of an ellipsoid (P, p), itis necessary to make sure that (4) is satisfied

Since (5) is very simple and easily tractable, itis desirable that (5) is ag&here 9xnlst§ no>\:,- > 0 satisfying (11) and (12), thefi(P, p) is
a necessary condition. Although we will finally show that this is indeegPntractively invariant. L .
Here we note that all the; s satisfying (11) are the eigenvalues of

the case, the proof of the necessity is much more involved than the sut i trix sh t the bott f th H th diti f
ciency. We have to approach it through some more existing results. € matrix shown at the botiom of the page. mence the condition o

In [8], we obtained a necessary and sufficient condition for set ir]’_heo*rem 3 can be eaisylly che_cked. Itis .ShOW.” n [.8] ar!d [11] that Fhere
isap™ > 0 such tha€ (P, p) is contractively invariant if and only if

variance. . ; ) . .
Theorem 2: Given an ellipsoid (P, p) and anF’ € R'*", suppose p < p*. Therefore, the maximum valyé can be obtained by checking
that ' ' the condition of Theorem 3 using a bisection method.

Forthe single input case, H is fixed, then we can combine Theorems
(A+ BF)TP+ P(A+ BF) <. (6) 2 and 3 to find the largegtsuch that ( P, p) is invariant under a given
saturated feedbaak= sat(F'z). However, ifP is an unknown param-
Then&(P, p) is contractively invariant under = sat(Fx) if and eter for optimization.(for example, in th.e. design problem of enlarging
only if there exists a function(z): R* — R, |h(z)| < 1 for all thedomainofattraction), then the condition of Theorem 3 would not be
x € &(P, p), such that(P, p) is contractively invariant under the €Sy to deal with. For this reason, we would like to use Theorem 1 since
controlu = h(z), i.e., its condition leads to LMI constraints (see, e.g., [2]). The only concernis
, that we might not find the optimal invariant ellipsoid since the condition
@' P(Az + Bh(z)) <0, VY €&(P, p)\{0}. (7) of Theorem 1 was only shown to be sufficient. This paper is intended to

P_(1/2)A4TP1/2 +P1/2AP—(1/2) I
_p—lpl/QBBTPl/Q P—(l/2)ATP1/2 + Pl/244P_(1/2) :
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close this gap. We will show in the next section that for the single inplitcan be shown with algebraic manipulation (see the Appendix) that
case, the condition in Theorem 1 is also necessad.iff fixed, then (16) is equivalent to
the largesp satisfying the condition of Theorem 1 is the same as the " . . " PR )
largesty satisfying the condition of Theorem 3. B ' P(A'P+PA-AP) " P(A'P+PA-AP) PB =p".
(20)
Ill. MAIN RESULTS . . o o
We claim that only =" is possible in (19). Otherwise, if we lat=
Theorem 4: Given an ellipsoic (P, p) and anF € R**™, assume (ATP+PA—XP)~'PB, then from (20), we have” P2 = p*, and

that from (18), we haveB™ Pz > 0. Thus
(A+BF)"P+ P(A+ BF) < 0. (14) g(z) =27 (AP + PA)x — 2. PB
Then (P, p) is contractively invariant under the feedbagk = =\e'Pr—x'PB

T AN i i 1Xn
sat(Fx) if and only if there exists a#l € R such that —)\p" = B"P(A"P 4+ PA—A\P)"'PB > 0.

(A+BH)'P+P(A+BH) <0 (15)  This means that(p*) > 0, which is a contradiction. Therefore, we
must have
and&(P, p) C L(H).
Recall from [8], [9].£(P, p) C L£(H) is equivalent to \p* = B'"P(A"P+PA-)\P)"'PB=0.
pHP'H' < 1. o

Lemma 2: Suppose that&(P, p) can be made contractively
Lemma 1: Suppose thats(P, p) can be made contractively invariant for somep > 0. Let p* be defined in Lemma 1 witth
invariant for somey > 0. Let p* be the supremum of all thes such satisfying
that€ (P, p) is contractively invariant under = —sign(BT Px) (i.e.,

_Altp _ py
satisfying the conditions in Theorem 3). Then there exisls & 0 det )‘Pl AP -P4 r -0 1)
such that b — PBB"P AP-A"P-PA
p*
AP — AP - PA r and
det =0 16
“| LppT™ AP—ATP_Pa (16) . e .
o* Ap" =B P(A"P+PA-\P)  PB. (22)
and Let
A" = B'P(ATP 4+ PA—-AP) ' PB. a7) Hy= -2 B'P(A'P+PA—AP)'P
p*
Proof: Let V(z) = «"Pz. Under the controlu = . T L . .
—sigu(B' Px), the derivative ofV(x) along the trajectory of thene”HoP " Ho =1,i.e.&(P, ") C L(H,)and
the closed-loop system is (A+ BHy)"P+ P(A + BHy) < 0. (23)
V(e)=a2'(A' P+ PA)x — 20" PBsign(B" Px). Proof: Since&(P, p) can be made contractively invariant for
somep > 0, by Proposition 1, there existsia > 0 such that
Let
‘ A"P+PA-kPBB'P <0 (24)
g(x) = 2" (ATP + PA)x — 22" PB.
forall & > ko.
Define From Fact 2 in the Appendix, (21) is equivalent to
7(p) = max {fl(m): 2" Pr = Ps B"Px 2 0}. BTP(ATP‘i‘ PA - AP)_lP(ATP'F PA - AP)_lPB =p
(25)

It is shown in [8] and [11] that ify(p) < 0, theny(p1) < 0 for
all p1 € (0, p). Hence £(P, p) is contractively invariant under =
—sign(B" Pz) if and only if v(p) < 0. Since the functioy(z) is
uniformly continuous on any compact sety) is continuous irp. By
the definition ofp™, we have

it follows that p* HoP~'Hy = 1, which implies that$(P, p*) C
L(Hyp).

We next proceed to prove (23). Consider a state transformation of
the formz = Tz, where

P 1/2
(p) <0,  VYpe(0,p7) r=U <F>
and~(p*) = 0. Itis clear thatf(P, p") is invariant but not contrac- for some unitary matrit’ € R"*", UU" = I.U is to be specified
tively invariant. By Theorem 3, there exista.@> 0 satisfying (16) and |ater. Let
B"P(A"P+ PA—-\P)"'PB>0 (18) B=TB, A=TAT™', Ho= HoT™'
and and
Ap* = BTP(AT"P+ PA—\P) 'PB >0. (19) Q=A"4+4
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Then
BYQ-AN)"HQ-A)T'B

1/2
=BT <£) "
p*
(1/2)
Gy
p*
P /2) o
+U<*> 4( ) —AI) vut
14
(1/2) 1/2
o)) e ()
p*
—(1/2) . 1/2
-A<£> Ut =1 U(ﬁ) B
p* P

1/2
—_pT <£) (P7(1/2)44TP1/2
p*

*lw

e

)7

am

*\w

e

4+ P'/2ap=(1/2) _ )\1)71

. (P—(L/Q)ATPUQ

_ 1/2
+P/24p=(1/2) —,\I) ' <£) B
[J*
= i*BTP(ATP + PA-—
P

P(A"P4+ PA—\P)'PB =1,

AP)!

where the last=" follows from (25). For easy reference, we rewrite

the above equation as

BY Q- (Q-X)'B=1. (26)
Similarly, from (22), we obtain
BYQ-\)"'B=\ (27)
Also, we have
H, = —ET(Q Y (28)
From (26) and (28), we hav#, = 1. Recall that
Ho = HoT ' = Hy i)(lm Ut
By choosingU, we can make
~Ho=B'"(Q-X)""=[1 Oixm_n]- (29)
Partition B and() as follows
B= {Zj Q= Lq;l Z)Tj b, q1 € R.

From (29), we have
B =1 0ix(m-n](@— ).

It follows that:
q1 — A =Dy, g21 = ba.
From (27) and (29), we havg = . In summary
— A 2\ b3 }
B = , = .
|:bz:| : @ |:bz Q2

Multiplying (24) from left with (I~1)T and from right withT !,
we obtain

Q-kp'BBT <0

167

forall k > k¢. Thatis

L x\2 e * T
é’;i B S?Z liifb;\b; PSZ >0,  YE> k.
By Schur complements, this implies
kp baby — Qs >0,
kp*baby — Qo — (@;7_) baby >0, Yk > ko.
The second inequality can be rewritten as
—ﬁ boby — Qs > 0.

Since this inequality is true for all > %o, we must havé), < 0.
Let's finally examine the terniA + BHy)" P + P(A + BHy).
Recall that in the new coordinate

FO = - [1 Ol)((n—l)] .
Hence
(A+ BHg) A+ BHo=Q |:b2 o= 1o O <0
which is equivalent to
(T~")"(A+ BHo)T" + T(A+ BH,)T™' <0.

Multiplying both sides from left witiI'™ and from right withT’, we
have

(A4+ BH)T'T+T"T(A+ BH,) <0.

Noting thatT'"T' = P/p*, we finally obtain (23). O

Proof of Theorem 4:The sufficiency follows from Theorem 1.
Now we prove the necessity. That is, suppose &idt, p) is contrac-
tively invariant, then there exists & € R'*" such that

(A+BH)'P+P(A+BH) <0

andé(P, p) C L(H).
Here, we have

(A+BF)'P+P(A+BF) <0.

Define H(a) = (1 — a)Ho + oF, whereH, is defined in Lemma 2.
It follows from (23) in Lemma 2 that:

(A+BH(a))' P+ P(A+ BH(a)) <0 (30)
for all « € (0,1]. Also from Lemma 2
P HoP T HY = 1.

Since& (P, p) is contractively invariant, we must haye< p*. It fol-
lows that:

pHoP T HY < 1.

SinceHy, = H(0), by the continuity ofH («), there exists a suffi-
ciently smalloe > 0 such that
pH(a)P H()T < 1 (31)

i.e.,&(P, p) C L(H(«)). This completes the proof by observing (30)
and lettingH = H(«a). |

The results in Theorems 2 and 4 and Fact 1 can be summarized in

the following proposition.

Proposition 2: Given aP > 0, assume thaf (P, p) can be made
contractively invariant for some > 0. Letp > 0 be given. The fol-
lowing statements are equivalent:



168 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 47, NO. 1, JANUARY 2002

det(p — BTP®~'P®~'PB) =0

3
p -B"P3~']
det {—cb_lPB pr |70
3
p 0 B'P 0][®™" 0 o I\ _
de“([o P—l} { o 1/l o @||PB o))"
3
i ([® 0 0 I[p~" 0][B'P 0 _0
“\lo @ PB ojlo P]| o IJ)T
3
AP — AP - PA P
det 1 T T =0.
p 'PBB'™P AP - ATP-PA

a) £(P, p) can be made contractively invariant with somme=  particular, we obtained several equivalent conditions for an ellipsoid to

h(x), |h(x)] < 1; be invariant under a certain saturated linear feedback. One of the con-
b) £(P, p) is contractively invariant under the controldition is stated in terms of linear matrix inequality, which can be easily
uw = —sign(BT Px); used for stability analysis and controller design.
c) £(P, p) is contractively invariant under = sat(Fx), whereF’
satisfies APPENDIX
(A+ BF)"'P+ P(A+ BF) < 0; (32) AN ALGEBRAIC FACT
d) there existsf € R'*" satisfying Fact 2: Assume that” and(AP — A* P — PA) are nonsingular,
then
(A+ BH)'P+ P(A+BH) <0 Wi [AP AP - Pa P 0 @)
de _ . =
and&(P, p) C L(H). p IPBBTP AP —ATP - PA

The equivalence results in Proposition 2 are somewhat counter inigiequivalent to
itive. Condition a) seems to be the weakest and condition d) seems E’TP(ATP-i—PA— )\P)—lp(ATP_i_PA _\P)"'PB = p. (34)
be the strongest. Yet they are all equal. The equivalence of a) and d)
implies that if an ellipsoid can be made contractively invariant with a ~ Proof: Denote
controlu = h(z), |h(x)| < 1, then there exists a control law linear in d=\P—-A'P - PA,
z in the ellipsoid to make it contractively invariant. . .
Of the four statements in Proposition 2, b) can be checked with Thtg-en the equation (34)Tcanf)f wr?tlen as
orem 3 but there is no direct method to check c). The last condition d) B P® "P® "PB=p. (35)
is the most easily tractable and can be flexibly incorporated into angy invoking the equalities
ysis and design problems such as estimation of the domain of attraction X X
and enlarging the domain of attraction (see [8]-[10]). It can also be ex-  det { Y. X
tended for the purpose of disturbance rejection (see [8], [10]). o3 !
Let us illustrate the application of Proposition 2 with the following X X,
example. Suppose that we are given a shape referen&e:sé¥e want det {A Y
to design a controller = sat(f(x)) such that the scaled reference ool )
seta Xy is inside some invariant ellipsoifi( P, p) of the closed-loop W€ S€€ that (35) is equivalent to the equations shown at the top of the

} = det(X)det(Xs — Xz X7 ' Xo) (36)

} = det(X4)det(X; — X2 X7 ' X3) (37)
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time-varying perturbations: the nonlinear system is the missile-target
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Abstract—This note presents a solution to the output regulation problem normal acceleration of the target. However, since our output zeroing
of anonlinear system with time-varying disturbance: the system represents manifold does not contain any equilibrium points, it is impossible to
the well-known missile-target pursuit situation where the missile is guided directly apply the results of earlier research [7]-[11] to this problem.

by the pure proportional navigation guidance (PPNG) law while the target . . . . .
maneuvers with time-varying normal acceleration, and the problem is to This note describes the construction of an asymptotic time-function

prove the zero miss distance property of PPNG, which has been studied PY Which the missile-to-target range is always upper-bounded. This ap-
for decades without satisfactory success. To solve this problem, we con-proach can provide a necessary and sufficient condition under which a
struct a function by which a time sequence of the missile-to-target range missile, which is launched toward the target witk: 1 and guided by

is upper-bounded, and prove that the function is strictly decreasing, which o ppNG Jaw, can always capture a target maneuvering arbitrarily with
is also proven to guarantee that there is always a subsequence that asymp- ’

totically converges to zero. The solution is given in the form of a necessary Ume-varying normal accelerat_lon. SpeCIflcaIIy,. itis Sho"\_’n thata navi-
and sufficient condition guaranteeing zero miss distance of PPNG. gation constant larger than 1 is the only condition required to achieve

zero miss distance. In our analysis, the nonlinear dynamics of pursuit
situations are taken into full account.

almost everywhere

|. INTRODUCTION

Solving a Nonlinear Output Regulation Problem: Zero
Miss Distance of Pure PNG

Jae-Hyuk Oh

Index Terms—Nonlinear output regulation, pure proportional naviga-
tion guidance (PPNG), time-varying disturbance, zero miss distance.

Il. PRELIMINARIES
NOMENCLATURE ) i o
The two-dimensional (2-D) pursuit situation can be represented as

U (1) Missile (target) speed. follows [2], [4]:
am(at) Missile (target) acceleration.
or, Euler angle from reference coordinate system to LOS co- = (pcte — cOm)om 1)
ordinate system. g, =2 _4, )
Om Euler angle from LOS coordinate system to missile body Um
coordinate system. 6, =14, (3)
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