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Absolute Stability Analysis of Discrete-Time Systems
With Composite Quadratic Lyapunov Functions

Tingshu Hu and Zongli Lin

Abstract—A generalized sector bounded by piecewise linear
functions was introduced in a previous paper for the purpose of
reducing conservatism in absolute stability analysis of systems
with nonlinearity and/or uncertainty. This paper will further en-
hance absolute stability analysis by using the composite quadratic
Lyapunov function whose level set is the convex hull of a family of
ellipsoids. The absolute stability analysis will be approached by
characterizing absolutely contractively invariant (ACI) level sets
of the composite quadratic Lyapunov functions. This objective
will be achieved through three steps. The first step transforms
the problem of absolute stability analysis into one of stability
analysis for an array of saturated linear systems. The second step
establishes stability conditions for linear difference inclusions and
then for saturated linear systems. The third step assembles all the
conditions of stability for an array of saturated linear systems
into a condition of absolute stability. Based on the conditions for
absolute stability, optimization problems are formulated for the
estimation of the stability region. Numerical examples demon-
strate that stability analysis results based on composite quadratic
Lyapunov functions improve significantly on what can be achieved
with quadratic Lyapunov functions.

Index Terms—Absolute stability, composite quadratic function,
invariant set, piecewise linear sector, saturation.

1. INTRODUCTION

discrete-time system with multiple nonlinear components
is described as

vt = Az + By(Fx,t) (1)

where x and = stand for x(¢) and (¢ + 1), respectively, A €
R"*™, B € R"™™, and ' € R"™*™ are constant matrices,
and (-, ) : R™ x Z — R’ represents the nonlinearities, pos-
sibly time-varying and uncertain. In the classical absolute sta-
bility theory, a nonlinear/uncertain/time-varying component is
described with a conic sector. This description allows the non-
linear system practically accessible with tools originally devel-
oped for linear systems such as frequency analysis, robustness
analysis and more recently, the linear matrix ineqaulity (LMI)
optimization technique (see, e.g., [1], [4], [7], [22], [24], [26],
[27], [32], and [34]). The conic sector takes into account both
the nonlinearity and the possible time-varying uncertainty of the
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component but could be too conservative for a particular com-
ponent for which more specific properties can be obtained such
as an actuator with saturation or dead zone. For this reason, sub-
classes of the conic sector which impose additional restrictions
on the derivative of ¢(+, -) have been considered and less conser-
vative conditions for absolute stability have been derived (see,
e.g., [8], [9], [22], [27], and [29].)

Also motivated by the objective of reducing the conservatism
of stability analysis, we introduced a generalized sector in [13]
for more flexible and more specific description of a nonlinear
component. In contrast to using two straight lines to bound a
conic sector, we use two odd symmetric piecewise linear func-
tions that are convex or concave over Rx>¢ to bound an (uncer-
tain) nonlinear function. To be specific, we will call the “gener-
alized sector” the piecewise linear sector. Some common non-
linearities, such as saturation (or saturation-like) and dead zone
functions can be exactly or arbitrarily closely described with
a piecewise linear sector. When global absolute stability is out
of the question or is unable to be confirmed, a region of abso-
lute stability has to be estimated. In such a situation, a more de-
tailed description of the nonlinearity by a piecewise linear sector
would promise a larger estimate of the stability region than that
by a conic sector.

In [13], the region of absolute stability is estimated with abso-
lutely contractively invariant (ACI) ellipsoids and their convex
hull for continuous-time systems with one nonlinear compo-
nent. The objectives of maximizing ACI ellipsoids were formu-
lated into LMI optimization problems. It was also established
that if we have a group of ACI ellispoids, then their convex hull
is also ACI. Because of this, larger estimates of the stability re-
gion can be produced. The main results in [13] were developed
using quadratic Lyapunov functions, which have been exten-
sively used for absolute stability and robustness analysis due to
numerical issues.

While a piecewise linear sector promises a larger estimate
of the stability region than that by the conic sector, the conser-
vatism of absolute stability analysis can be further reduced by
exploring nonquadratic Lyapunov functions. Apart from using
the Lur’e type Lyapunov functions, an earlier attempt was made
in [28] by combining several quadratic functions. Recent years
have witnessed an extensive search for nonquadratic Lyapunov
functions, among which are piecewise quadratic Lyapunov
functions [23], [25], [33], polyhedral Lyapunov functions
[2], [5], and homogeneous polynomial Lyapunov functions
(HPLFs) [6], [21].

In [16], the composite quadratic Lyapunov function was in-
troduced for enlarging the stability region of saturated linear
systems. This type of functions were further explored in [10],
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[20] where the conditions of stability for linear differential in-
clusions and those for saturated linear systems were signifi-
cantly improved. The essential difference between [16] and [20]
is that, in [16], the invariance of the convex hull of a family of
ellipsoids is concluded from the invariance of each individual el-
lipsoid, while in [20], the invariance of each individual ellipsoid
is no longer required. All the results in [10] and [20] were devel-
oped for continuous-time systems. Their discrete-time counter-
parts will be established in this paper as basic tools for absolute
stability analysis.

In this paper, we will consider a discrete-time system with
multiple nonlinear components, each of which is bounded by
a piecewise linear sector. We will use the composite quadratic
Lyapunov functions to perform absolute stability analysis for
such a system. The first step toward this goal (contained in Sec-
tion III) is to transform the absolute stability analysis problem
into the stability analysis of an array of saturated linear systems.
This is achieved by describing a piecewise linear function with
an array of saturation functions. The second step (in Section I'V)
is to derive stability conditions for a saturated linear system by
using composite quadratic functions. This is achieved by first
developing a stability condition for linear difference inclusions
(LDIs) and then obtaining a regional LDI description for the
saturated linear system. The last step (in Section V) is to put to-
gether the conditions of stability for all the saturated linear sys-
tems into the condition of absolute stability for the system with
a piecewise linear sector condition. In Section V, we also for-
mulate optimization problems for enlarging the estimate of the
stability region and use two examples to demonstrate the advan-
tage of using composite quadratic functions over using quadratic
functions. In particular, the estimate of the stability region for
each case is significantly enlarged by using composite quadratic
functions.

The problems in this paper are formulated under the discrete-
time setting. However, all the results can be readily extended to
continuous-time systems.

Notation:

—  For two integers ki, k2, k1 < ko, we denote

I[k1, ko] = {k1, k1 + 1, k2.

—  We use sat(-) to denote the standard satura-
tion function, ie., for v € R™, [sat(u)]; =
sgn(u;) min{1, |u;|}.

—  For N vectors z* € R", i € I[1, N], we use co{xz" :
i € I[1, N]} to denote the convex hull of these vectors,
ie.,

N N
i€ I[1,N]} = {Z’yizi : Z'yi =1,v > 0}.
i=1 i=1

—  For N functions ¢* : R" — R™, i € I[1,N], we
use co{t)* : i € I[1, N1} to denote the set of functions
1 : R™ — R"™ such that

co{z’:

Y(z) € co{yp’(x) :i € I[1,N]}  VazeR™
—  For a matrix F' € R™*", denote

L(F):={zeR":|Fx|w <1}
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— Let P = PT € R™ " be a positive—definite matrix.
For a positive number p, denote

E(P,p) :={z e R": 27 Pz < p}.
For simplicity, we use £(P) to denote £(P, 1).

II. GENERALIZED SECTOR AND ABSOLUTE STABILITY
A. Concave and Convex Functions

The generalized sector, as introduced in [13], is defined in
terms of two concave/convex functions. Given a scalar function
¢ : R — R. Assume that

1)  ¢(-) is continuous, piecewise differentiable and
$(0) = 0;

2)  ¢(-) is odd symmetric, i.e., p(—u) = —p(u).
A function ¢(u) satisfying the previous assumption is said to be
concave if it is concave for v > 0 and is said to be convex if it is
convex for u > 0. These definitions are made for simplicity. It
should be understood by odd symmetry that a concave function
is convex for v < 0 and a convex function is concave for u < 0.

B. The Generalized Sector and Absolute Stability: Definitions

Consider the system
T = Az + By(Fx,t) )

where A € R"*", B € R™*™, F' € R"*" are given matrices,
and (-,-) : R™ x Z — R™ is a decoupled vector function,
ie.,

P (U 1) ]

/l/)(u?t) = [¢1(’U,1,t) ¢2(u27t)

and ¢;(-,-) : R x Z — R. Our objective is to estimate the
stability region of (2) with invariant level sets of a certain Lya-
punov function.

Let V : R” — R be a positive—definite Lyapunov function
candidate. Given a positive number p, a level set of V' is

Ly(p):={zeR":V(z) < p}.

The level set Ly (p) is said to be contractively invariant for (2)
if

AV (z,t) = V(Az + By(Fz,t)) —V(z) <0  (3)

forall z € Ly (p) \ {0} and ¢ € Z. Clearly, if Ly (p) is con-
tractively invariant, then it is inside the stability region. If V' (z)
is a quadratic function z7 Pz, then Ly (p) = (P, p).

In the aforementioned definition of contractive invariance, the
nonlinear function 9 (u, t) is assumed to be known. For practical
reasons, we would like to study the invariance of a level set for
a class of nonlinear functions, for example, a class of 9 (u,t),
every component of which is bounded by a pair of convex/con-
cave nonlinear functions, i.e.,

bi(ui, t) €co{di(ui), pi(us)}  Vu;i €R
teZ, i € I[1,m] (4)
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where ¢;(-) and ¢;(-) are known scalar functions. We use
co{q?i, ¢} to denote the generalized sector for the ith compo-
nent of ¢ (-, -). The multivariable sector for (-, -) is the convex
hull of 2™ decoupled functions

W (u) = [$1(u1)  dp(u2) B () ]
jeIl,2m]
where qﬁg = ¢, or qvSL We denote this multivariable sector as

co{t’ : j € I[1,2™]}. In general case, we may also consider a
sector as the convex hull of N decoupled functions 17, co{t7 :
j € I[1,N]}. We say that (-, -) satisfies a generalized sector
condition if

Y(u,t) € cof{p?(u) : j € I[1, N]}

and denote it as ¢ € co{t’ : j € I[1, N]}.

Definition 1: Alevelset Ly (p)issaidtobeabsolutely contrac-
tively invariant (ACI) over the sector co{¢)? : j € I[1, N]}ifit
is contractively invariant for (2) under every possible 9 (-, -) satis-
fying the generalized sector condition.

Clearly, if Ly (p) is ACI, then every trajectory starting from
it will converge to the origin under any (-, -) satisfying the
generalized sector condition. Hence, Ly (p) is a region of abso-
lute stability. We may use more general functions to define the
boundary of a sector to capture more details about the nonlinear
components. As was explained in [13], the reason that we have
chosen concave/convex functions is for the simplicity and com-
pleteness of the results they lead to. If we use other more general
functions as the boundaries, the condition for ACI may be hard
to describe or numerically nontractable. We may also choose
asymmetric functions or even symmetric functions. We have
settled on odd symmetric functions since we will be focusing on
level sets which are symmetric about the origin. Let us next state
a simple result.

Lemma 1: Assume that the Lyapunov function V(z) is
convex. Given a level set Ly (pg) and a sector co{t? : j €
I[1,N1}. Ly (po) is ACI over the sector if and only if it is
contractively invariant for

YueR™, teZ

zt = Az + By’ (Fx) 3)

for every j € I[1, N].

Proof: The “only if” part is obvious. Now, we assume that
Ly (po) is contractively invariant for (5) for every j € I[1, N].
Consider any 1 € co{? : j € I[1, N]}. We need to show that
Ly (po) is contractively invariant for

xt = Az + By(Fux,t). 6)

Let & be such that V(z) = p € (0, po]. Since Ly (po) is
contractively invariant for (5), we have
V(Az+ By (Fz))<V(z)=p Vjel[l,N].

Since V' is a convex function and ¢)(Fz,t) € co{y/(Fz):j €
I[1, N]}, we have

V(Az + By(Fz,t))
< max{V(Az + By’ (Fz)):j € I[1,N]} < V(x)

which implies the contractive invariance of Ly (pg) for (6). O
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A similar result exists for continuous-time systems, where
the differentiability of V' is required instead of the convexity in
Lemma 1.

We will restrict our attention to the level sets of convex Lya-
punov functions. By Lemma 1, the absolute contractive invari-
ance of a level set is equivalent to its contractive invariance
under every vertex function 4)7. Since a nonlinear function can
be well approximated with a piecewise linear function, we will
focus our attention on the case where the components of ¢’
are piecewise linear convex/concave functions. This will make
the stability analysis problems numerically approachable. In this
case, we call the generalized sector a piecewise linear sector.

C. A Class of Piecewise Linear Functions

Consider the class of piecewise linear functions

]{,‘0’&7 lfu S [07b1]
kiu + cq, ifu € (bl,bg]

P(u) = (7

knu+cn, ifué€ (bN,OO)

where 0 < by < by < -+ < by. The values of ¢(u) foru < 0
can be determined by odd symmetry. It is easy to see that if
¢(u) is concave, then kg > ky > ko > -+ > ky > —oo and
0<c1 <cg<---<cn.Inthe case that kg > 0 and ky = 0,
¢(u) is a saturation like function with a saturation bound cy . If
¢(u) is convex, then kg < k1 < ko < --- < kny < oo and
0>c3 >co>-- > cny. Wenote that by, by, ...,byx can be

determined from ¢y, ca, . . ., ¢y by the continuity of the function
Ci — Ci—1
bi=———— (c0=0
’ ki — ki1 (c0=0)

and vise versa. Fig. 1 plots a piecewise linear concave function
with four bends.

III. DESCRIBING THE SYSTEM UNDER SECTOR CONDITION
WITH SATURATED LINEAR SYSTEMS

Lemma 1 transforms the problem of verifying the absolute
contractive invariance of a level set into one of verifying
the contractive invariance of the level set under individual
vertex functions. This simplifies the problem to some degree
but there is still no solution even if each component of the
vertex functions is piecewise linear. The only situation that
we are able to address is where each component of the
vertex functions is a piecewise linear function with only one
bend over [0,00). In this case, every vertex function can
be decomposed into a linear term and a standard saturation
function and the corresponding vertex system is a saturated
linear system, for which a set of analysis tools have been
recently developed (see, e.g., [16] and [18]-[20]). In this
section, we use an array of saturation functions to describe
a piecewise linear sector. By doing this, we transform the
absolute stability problem into the stability analysis of an
array of systems with saturation nonlinearities.

Let us first examine a scalar concave/convex piecewise
linear function. The following lemma establishes a connection
between a piecewise linear function and an array of saturation
functions.
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o(u) 7

Fig. 1. Illustration for the proof of Lemma 2.

Lemma 2: Consider a piecewise linear concave/convex func-
tion

k‘gu, ifu € [0, bl]
kiu+ cq, ifu € (bl,bz]
P(u) =4 . 8)
knu+ cy, ifu € (by,0).
For j € I[1, N], define
¢’ (u) = kju + c;sat <k0 c_ by u) . )
j
Then
¢’ (u) € cofkou, p(u)} (10)
$(u) € co{¢’(u) : j € I[1, N1}. (11

Moreover, if ¢ is concave, then for u > 0

d(u) = min{g/)j(u) :j € I[1,N]}.
(12)

$(u) < ¢’ (u) < kou,

If ¢ is convex, then for u > 0

$(w) = max{¢ (u) : j € I[1, N]}.
13)
Proof: We only give the proof for the case where ¢(u) is
concave. The case where ¢(u) is convex is similar. The proof is
illustrated in Fig. 1, where the piecewise linear function in solid
line is ¢(u). Also plotted in the figure are ¢*(u) and the straight
line kgu, both in dashed—dotted lines.
Let v; = (¢j/(ko — k;)). Then (v;, kov;) is the intersection
of the straight line v = kyu with the other straight line obtained

$(u) 2 ¢ (u) 2 kou,

by extending the (j+ 1)th section of ¢(u) to the left (see Fig. 1).
It is clear that 0 < v; < b; (vy = by) and

; k‘ou
Vi _ )
(/) (u) B {k]’U‘}‘C]’,

It follows that

ifu € [0,v]
ifu € (vj,00).

ot (u), ifu €[0,bs]

) = $(u),  ifue (b, bjsi]

;ZSN(u)7 ifu € (by,00).

Hence
d(u) € co{¢?(u) : j € I[1,N]}  VuceR. (14)
Since ¢ is concave, we have (see Fig. 1)
kju+c; > ¢(u), kou > ¢(u) Vu>0.
It follows that
¢(u) < ¢/ (u) <kou  Yu>0, jEIL,N] (15
which implies (10). From (14), we have
$(u) > min{¢? (u) : j € I[L, N]}.
From (15), we have
$(u) < min{?(u) : j € I[L, N]}.
Thus, (12) is verified. ]

Here, we note that relations equivalent to (10) and (11) were
contained in the proof of [13, Th. 2]. Applying Lemma 2, we can
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Case 1
15
¢
10 0"
5 9
0
0 2 4 6 8 , 10
Case 3
15
o
¢+
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o
5
0
0 2 4 6 8 10

i

Fig. 2. Four cases of Lemma 3: ¢ = ¢+, ¢ = ¢~

use a new set of vertex functions to replace the original piece-
wise linear vertex functions. The new set of vertex functions
have components of the form ¢/ as defined in (9). Let us first
consider the scalar case where ¢(-,-) : R x Z — R belongs
to the sector co{¢, ¢} with ¢ and ¢ being piecewise linear con-
cave/convex functions

kmu, lfu S [0, bll]
_ kiiu+ i, if u € (b11,b21]
P(u) =< . (16)
kN11u+CN11, ifue (le,OO)
and
k‘oQU, ifu e [0,[)12]
o ki2u + c12, ifu € (b12, bao]
P(u) = (17)
kN22u+cN22, ifu e (bNZ,OO).
Define
_ ko1 — k
d)e(u) :=kp1u + cppsat (m—au>
Ce1
L elll, Ny (18)
Yigon koz — kjo
¢’ (u) :=kjou + cjosat | —u
Cj2
j €1, Ny]. (19)

Then, by (12) and (13) of Lemma 2
CO{QE»QUS} CCO{¢;Z7$j ZGI[I/NI]/.]EI[17N2]} (20)

Note that the sector on the right-hand side has vertex functions
as the sum of linear functions and saturation functions.

¢10
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Case 2

14

12
+
10 9

o N O~ O ©

We intend to use the sector on the right hand side of (20) to
replace the one on the left-hand side so that we can use stability
analysis tools available for systems with saturation nonlineari-
ties. However, the difference between the two sectors may in-
troduce conservatism. The following lemma lists several cases
where the two sectors are the same.

Lemma 3: Assume that ¢(u) > ¢(u) for u > 0. For the
following cases:

co{@,$} = co {J%,(zéj 0eI[l,Ni],j e 1[17N2]} . Q@

1) ¢ is convex and (5 is concave.
2) ¢ or (5 is linear.
3) Both ¢ and dV) are convex, <;VS has only one bend and
¢ < ¢!, forall £ € I[1, Ny].
4) Both ¢ and gzuﬁ are concave, ¢ has only one bend and
¢ > ¢ forall j € I[1, No].
The four cases in Lemma 3 are plotted in Fig. 2.
Proof: Let ¢ and qvﬁ be in the form of (16) and (17). Then,
ko1 > koo. For Case 1), it follows from (12) and (13) of Lemma
2 that for all w > 0

G(u) > ¢ (u) > koru > koou > sz(u) 2 (Z(U)

Lelll, Ny], j € I[1, No]. (22)
Hence, we have
(:Z;[a(zj ECO{(;%(Z;} VZEI[INl] JEI[LNZ] (23)
and (21) is obtained.
For Case 2), if ¢ is linear, then N; = 1 and
d(u) = ¢ (u) = koru > koyu > ¢ (u) > ¢(u)
ZEI[INl]v JEI[LNZ] (24)
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and we also obtain (23) and (21). If (E is linear, the argument is
similar.
For Case 3), we have Ny, = 1 and

B(u) > @' (u) > ¢ (u) = $(u)

L elIll, V], j € I[1, No]. (25)
For Case 4), we have N1, = 1 and
$(u) = ¢ (u) > ¢ (u) > §(u)
L elll, V], j € I[1, Ny (26)
Both (25) and (26) imply (23) and, hence, (21). O

Now, we consider the case where m > 1. As§ume that the 2-th
component ¢; (u;, t) belongs to the sector co{¢;, ¢; }. Then, the
piecewise linear sector for v (u,t) is

co{yp? = j € I[1,2™]}

where the ith component of ¢/ = ¢; or g1v>Z Using Lemma 2 for
each 7, we can find NV; functions of the form
e Ifl, N,

bt (i) = miewi + wiesat (Yiews), 27)

such that
co{i, i} Cco{gf: L€ I[1,N;]}. (28)

Hence, we have

ol € [L27]) co{[ bogl gl

:E,;e[[l,Ni],ieI[l,m]}, 29)
where the sector on the right hand side has K := N; x Na X - - - X
N,,, vertices. If we assign a number ¢ € I[1, K] to each vertex
corresponding to (¢1,4a, ..., ¢,), then each of the vertices has
the form

(o8 (ur) % (u2) Ph () ] T

= IT,u + Qgsat(Tyu), q€Il,K] (30)
where
Hq = diag{m[l s 200y« v« 7rm£m}
Q, =diag{wie, ,wae,,s .-, Wme,, }
Ly =diag{vie,, Y2655+ - - s Yt }-

Replacing 1 (u,t) of system (2) with a vertex function of the
form (30), and letting A, = A + Bl F, B, = B}, and
F, = I',F', we obtain

T = A,z + Bysat(F,x), q€eI[l,K]. (31
It then follows from Lemma 1 that if a convex level set is con-
tractively invariant for each of the systems in (31), then it is
absolutely contractively invariant for (2) under the sector con-
dition ¢; € co{¢;, ¢;} for each i € I[1,m].
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IV. ANALYSIS OF SATURATED LINEAR SYSTEMS WITH
COMPOSITE QUADRATIC FUNCTIONS

In Sections II and III, we converted the problem of verifying
the ACI of a convex set into one of checking its contractive in-
variance for an array of saturated linear systems (31). In this
section, we study the contractive invariance of the convex hull
of a family of ellipsoids, which can be described as the level set
of the composite quadratic Lyapunov function as introduced in
[16]. In [16], such a level set was used to estimate the stability
region for saturated continuous-time systems. In [20], the con-
dition for such a level set to be contractively invariant was sub-
stantially relaxed through a stability condition for linear differ-
ential inclusions recently developed in [10]. In this section, we
will derive a stability condition for linear difference inclusions
by using the composite quadratic function and then establish the
contractive invariance of its level set for saturated discrete-time
systems. First, we give a brief review of the composite quadratic
function and its properties.

A. The Composite Quadratic Lyapunov Function

Given a family of positive—definite matrices @; € R"™*",
Qj =QF >0,j € I[1,J]. Let

I'={yeR :m+mn++ww=17>0}.

The composite quadratic function is defined as

-1

J
Vo(x) := minz” ZWQJ- z.
j=1

min (32)

For simplicity, we say that V. is composed from @Q);, j € I[1, J].
When J = 1, V, reduces to a quadratic function a:TQflx. It
is evident that V. is homogeneous of degree 2, i.e., V.(az) =
«?V,.(z). Also established in [10], [16] is that V.. is convex and
continuously differentiable.

Through convex analysis, it was also shown in [17] that

Ve(z) = max {c"zz"c: c € ﬂ‘jjzlé'(Qj)}
= max {chxTc : cTQjc <1l,j€lll, J]} . (33)

For p > 0, the level set of V. is
Ly.(p) :={z e R" : Ve(z) < p}.
It is clear from the definition that
(34)

Ve(z) < LL’TQ;1$ Vjell,J].

Hence, Ly, (p) D E(Qj_l,p) forall p > Oand j € I[1,J].
Actually, from [16], we further have

Ly, (p) =co {S (Q;l,p) 1j € I[LJ]}
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where the right hand side denote the convex hull of the ellipsoids
E(Q7".p) 1 j €I, J]. ie.,

CO{S (Qj_l,p) ,J € I[l,J]}

J
= Z'ijj::vj ES(Q;l,p)77€F
j=1

For a compact convex set S, a point  on the boundary of S is
called an extreme point if it cannot be represented as the convex
combination of any other points in S. As a result, an extreme
point of Ly (p) must be on the boundary of £ (QJ_ v p) for some
j € I[1, J]. In other words, if = is an extreme point of Ly, (p),
we must have V.(z) = wTijlx = p for some j.

B. Stability Condition for Linear Difference Inclusions

Consider the following linear difference inclusion:

T € co{A;z :i € I[1,N]} (35)
where A; € R"*™, 4 € I[1, N], are given. Let V.. be composed
from Q; = Q? > 0, j € I[1,J]. The following is a discrete-
time counterpart of the stability condition for linear differential
inclusions in [10] and [20]. Similar to [10] and [20], a dual result
can also be established by using a function conjugate to V... For
simplicity, we only present the following result.

Theorem 1: 1If there exist Aijr > 0, S37_ Xije = 1,4 €
I[1,N], j, k € I[1, J], such that

; -1
AT <Z )\iijk) A;< Q7Y eIl N], jellL,J]

k=1 36)
then V,(z7) < V() for all z # 0. If J = 2, then (36) is a
necessary condition.

Proof: By homogeneity of the LDI and V., V.(zT) <
V.(z) for all z # 0 is equivalent to V.(z7) < V.(z) forall z €
Ly, (1)\ {0}. By the convexity of V.. and linearity of A;z, this is
equivalent to V.(A;z) < 1 forall z € Ly, (1) \ {0} and each .
Again by the convexity of V. and linearity of A;z, this is equiva-
lentto V.(A;x) < 1 for every extreme point of Ly, (1). If z is an
extreme point of Ly, (1), then we have V.(z) = xTQj_lx =1
for some j € I[1, J]. Therefore, V.(z 1) < V.(z) forall z # 0
if and only if V.(A;z) < 1forallz € £ (Q; "), j € I[1,J].

Under (36) and by the definition of V., forz € £ (Qj_l) \ {0}
we have

; -1
Vo(Ajz) < 2T A] (Z )\iijk) Az < lfTQj_IHU <1
k=1

which confirms the sufficiency of the condition.

Before proving the necessity of the condition for the case J =
2, we need to show the following result.

Claim I: Given R = RT, Ry = R, Ry, = RY € R™*™.
We have

¢T Re < max {cTqu cTch}

Vee R*\ {0} (37)
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if and only if there exists & € [1] such that R < aR; + (1 —
Q)RZ.

The “if” part is obvious. We show “only if.” We can break
(37) into two inequalities

T Re < T Rye,

' Re < ¢T' Rye,

ifCT(R2 — Rl)C S 0
if ¢c'(Ry — Ry)c < 0.

(38)
(39)

By S-procedure (e.g., see [4]), this implies the existence of
a1, a9 > 0 such that

R<R1+a1(R2—R1), R<R2+&2(R1—R2). (40)

If either a; < 1 or @y < 1, then we are done. Now, suppose
ag, a9 > 1. Let b € [(012 - 1/(0(1 + o — 1)),(0(2/(0(1 +
as — 1))]. If we multiply the two inequalities in (40) with 6§
and 1 — 6, respectively, and add them up, then we obtain R <
aR; + (1 — a)Ry with @ = §(1 — aq) + (1 — §)ay € [0,1].
This proves Claim 1.

We now proceed to show the necessity of the condition for
the case J = 2. It suffices to verify that V.(A;xz) < 1 for all
z € €(Q;").j € I[1,2] leads to (36) for every i and j. By
(33), V.(Aiz) < 1forallz € & (Qj_l) implies that

max{cTAiszATc : cTQlc <1

7

Qe < 1,27Q7 x < 1} <1. (4D

Observing that max {c" Aiza ATc:27Q; 'z <1} =
c"A;Q;AT ¢, we have

max{cTAinAZTc ccTQre < 1,7 Qoc < 1} <1l. 42
It can be verified routinely that (42) is equivalent to
cTAinAfc < max {cTQlc, cTQgc} Ve#£0. (43)
By Claim 1, this implies the existence of A;;; > 0,
k=12, )\ijl + /\ijg = 1, such that
2
AQ AT <7 ik Q- (44)
k=1
By Schur complement, this is equivalent to
2
&, Yt >0 (45)
T ~1
AT @
and then to (36). O

From the proof of Theorem 1, we see that condition (36) basi-
cally implies that V.. is a common Lyapunov function for all the
vertex systems # T = A;z, i € I[1, N]. To determine if there
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exists such a V. for a given J, we need to solve N x J ma-
trix inequalities in (36) with variables @}, j € I[1, J] and X,
i € I[1,N], j,k € I[1,J]. What we have done is to minimize
the number 3 such that there exist ();’s and A;;;’s satisfying

J -1
A7 <Z A”-ka> A; <BQ;!
k=1

1 €1[1, N], j e lI[1,J] (46)
or, equivalently
J
k; Aige@Qr - AiQj | 0, ielI[l,N], jelIL.J].
QAT BQ;
47

It fact, it can be shown similarly to the proof of Theorem 1
that if (47) is satisfied, then V,(zT) < BV.(z) for all z # 0.
If the optimal § < 1, then the stability of the LDI is confirmed
with V. composed from the solution Q;’s.

Remark 1: We note that (47) contains bilinear matrix
inequalities (BMIs). A straightforward method to solve an
optimization problem with BMI constraints is to break it up
into a few problems with LMI constraints and solve them
iteratively. However, this method does not work well on our
particular problem. Some methods to address BMI constraints
were developed in [3], [11], and [12], etc. In our computation,
we adopt the path-following method in [12] and it turned out
to be very effective. We first solve the problem of minimizing
(3 by assuming that all the @;’s are equal to Q. This turns out
to be a generalized eigenvalue problem. We then assign this
optimal @ to all ;’s and randomly pick initial values for A;;x
so that Zizl Aijr = 1. The path-following algorithm is started
with these @;’s and A;;1’s.

It is evident that as .J is increased, the optimal 5 will decrease
and the stability condition is less conservative. As expected, the
computation effort will be more intense.

The following simple example shows that, when applied to
stability analysis of LDIs, the composite quadratic functions
with J = 2 can improve substantially on what can be achieved
with quadratic functions.

Example 1: Consider the following LDI:

T € co{Ayz, Ay(a)x}

where
A = [0.4

0.4

-0.4 04 -9
0.4 } Az(a) = [0.4(1 0.4 } a2l

The maximal a such that there exists a common quadratic Lya-
punov function for A; and A3 (a) is a1 = 4.676. By using The-
orem 1 with .J = 2, the maximal a that guarantees the existence
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C. Invariant Level Set for Saturated Linear Systems

Consider the saturated system
xt = Az + Bsat(Fr) (48)

where A € R"*", B € R"*™ and F' €¢ R"™*". We will use
LDIs to describe this system within a local region of state—space.
This description is made possible with a tool from [18] and [19].

Consider the set of m x m diagonal matrices whose diagonal
elements are either 1 or 0. There are 2" such matrices and we
label them as D;, ¢ € I[1,2™]. Denote D; = I — D;. Given
two vectors u,v € R™

{Dju+ Djv:ie€l[l,2™]}

is the set of vectors obtained by choosing some elements from
u and the rest from v.

Lemma 4: [19] Let H € R™*™ be given. Then, for all z €

L(h)

sat(Fz) € co{(D;F + Dy H) z : i € I[1,2™]} .
Let hy be the £th row of H. Given Q = QT > 0. £(Q™1Y) C
L(H) if and only if h,Qh] < 1forall ¢ € I[1,m].

Let Q; = Q?, j € I[1, 5] be positive—definite matrices and
let V.. be defined as in (32). The following theorem gives a suffi-
cient condition for the contractive invariance of Ly, (1) for (48).

Theorem 2: 1f there exist an H € R™*™ and \;jz > 0,
S Nije=1,i € I[1,2™], 4, k € I[1,.J], such that (49) and
(50), as shown at the bottom of the page, hold, where h, is the
Lth row of H. Then, Ly, (1) is contractively invariant, i.e.,

Ve(z*) < Ve(z)  VazeLy()\{0}. (1
Proof: By Lemma 4, (50) implies that £ (Q;") C £L(H)
forall j € I[1, J]. Since Ly, (1) is the convex hull of £ (Qj_l) ,
j € I[1, J], it follows that Ly, (1) C L(H). Also, by Lemma 4,
we have
sat(Fz) €co{(D;F + D H) x :i € I[1,2™]}
Vze LVC(1)~
Ifwelet A; = A+ B (D;F + D; H), then forall = € Ly, (1)
T = Az + Bsat(Fz) € co{A;x 14 € I[1,2™]}.

By the Schur complement, (49) implies

; —1
AT (Z )\z'ijk) A <Qjt, del[L,N], jellLJl.

k=1

Hence, by Theorem 1, we have

Vo(zt) < Va(z) Vo e Ly (1)\{0}.

of a common Lyapunov function V, is ay = 7.546. O
J
Aijk A+B(D;F+D;, H i . .
2 N ( ( )@ >0,  ielI[1,2™], jelL,J] (49)
Q; (A+ B(D;F+ Dy H))" Q;
heQ;hi <1, LeI[l,m], jelIl,J) (50)
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In Theorem 2, the condition for Ly, (1) to be contractively
invariant involves & (Qj_l) C L(H) for all j € I[1,J]. For
the special case m = 1, we can use different H for different
& (Q;l). By doing this, the condition for stability can be re-
laxed significantly.

Theorem 3: Assume that m = 1. If there exist H; € R'*"
and Q5 Z 0, ﬂjk Z 0, Zizl Ay = 1, Zi:l ﬂjk = 1, and
Jj,k € I[1, J] such that

J -
Q;j(A+ BF))T Q; |
(52)
J -
kg Qi (A+BHQ; | o o 1
Q;(A+ BH;))T Qo |
(53)
H;Q;HF <1,  jel1,.J).
(54)

Then, Ly, (1) is contractively invariant.

To prove Theorem 3, we need a result which only holds for
systems with one saturation component.

Lemma 5: Suppose xo € co{z; : j € I[1,Jo]} and Fz; >
0 for all j € I[1,.Jy]. Then

AZIZ’Q + BS&t(FfI}(])

€ co{Ax; + BFx;, Ax; + Bsat(Fux;) : j € I[1, Jo]}. (55

Proof: To prove (55), it suffices to show that for any ¢ €
Rn

cT(A:vo + Bsat(Fzo)) € [min; ¥max] (56)
where
Olmin = min{cT(ij + BFx;),
¢"(Axj + Bsat(Fux;)) : j € I[1, Jo]}
Omax = max{cT(Aa:j + BFzj),

cT(Axj + Bsat(Fuxj)) : j € I[1, JO]}.

If ¢ B > 0, then by the concavity of sat(u) for v > 0 and
Fzxoy > 0, we have

¢"(Azo + Bsat(Fxy))
< cT(Axo + BFxy)
< max{c’(Az; + BFz;):j € I[1, Jo]}
and
¢"(Azo + Bsat(Fxy))
> min {c’ (Az; + Bsat(Fz;)) : j € I[1, Jo]} > min.

S amax

Hence, we obtain (56).
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If ¢ B < 0, then by the convexity of —sat(u) for v > 0 and
FJZ'O Z 0

cT'(Azg 4 Bsat(Fxg)) > ' (Azg + BFxq)
> min{cT(ij + BFz;)

j € 0L, Jo]}
2 Q'min
and
T (Azo + Bsat(Fzg)) < maX{CT(Aa:j + Bsat(Fz,))
j eI, JU]}
S anlax-
We also have (56). O

Proof of Theorem 3: By Schur complement, conditions
(52) and (53) are equivalent to

-1

(A+ BF)T (Z a]ka> (A+BF)<Q;"

J €L, J] (57)
—1

(A+ BHj) (Zﬂijk) (A+ BH;) <Q;*
j el J].
(58)

It follows that for each p > 0, j € I[1,J]

-1
Vo(Az + BFz) <zT(A+ BF)T (Z aJka>

X (A+ BF)z <a:TQ-
vae£(Q;0)\ {0}

<p (59)

and
-1

V.(Az + BH;z)) <2" (A + BH;) (Z ﬂ]ka>

X (A+BH')w<w Q
<p  Vee&(Qip)\ {0}
By (54), we have & (Qj_l) C L(H;). Hence, by Lemma 4 we
have Az + sat(Fz) € {(A + BF)z,(A + BH; )z} for all

r €& (Q;l). It follows from (59), (60), and the convexity of
V. that for each p € (0, 1], we have

Voef(Q7 ; ,,0)\{0} (61)

To prove the theorem, it suffices to show that for any p €
(0,1] and =g € 9Ly, (p)

(60)

V.(Az + Bsat(Fz))) < p

Ve(Azg + Bsat(Fzo)) < Ve(zo) = p. (62)

Here, we only prove the case where p = 1. The proof for p €
(0,1) follows from same arguments. Hence, we need to show
that for any 2o € 9Ly, (1)

V.(Azo + Bsat(Fao)) < 1. (63)
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Now, we consider an arbitrary zo € 9Ly, (1). For simplicity,
assume that F'xy > 0 (the proof for Fizg < 0 is similar). If
z0 € O (Q;') N ALy, (1) for some j € I[1, J], then by (61)

Ve(Azo + Bsat(Fzo)) < 1.

Now, we assume that z9 ¢ € (Q;"') for any j. Since
Ly, (1) is the convex hull of £ (Qj_l7 1),j € I[1,J], all the
extreme points of Ly, (1) belong to the union of 9€ (Q;l, 1),
Jj € I[1, J]. Hence, there exist an integer .J < .J, some vectors
x; € 0E (Q7"). 4 € 1[1, Jy], such that

zg € co{z; : j € I[1, Jo]}.

(Here, we have assumed for simplicity that z is only related to
the first Jy ellipsoids. Otherwise, the ellipsoids can be reordered
to meet this assumption.) From (61), we have

V.(Azj + Bsat(Fz;)) < 1, j € I[1, Jp). (64)
and by (59)
Ve(Az; + BFzj) < 1, j € I[1, Jp). (65)

We first consider the case where Fiz; > Oforall j € I]1, Jy].
By Lemma 5, we have

Azo + Bsat(Fxo)

€ co{Az; + BFxj, Av; + Bsat(Fz;) : j € I[1, Jy]}.  (66)

Then, (63) follows from (64)—(66) and the convexity of V.

Next, we consider the case where F'z; < 0 for some j €
I[1, Jy). Since Fx; > 0 does not hold for all j € I[1, Jy], we
can get an intersection of the set co{z1,z2,...,zz,} with the
half space F'zz > 0. This intersection is also a polygon and can
be denoted as co{y1,¥ys2,- ..,y }- Since Fxg > 0, we have
xo € co{y1,Y2,.--,ys, } and by Lemma 5, we have

AJZ’O + BS&t(F:C(])

€ co{Ay; + BFy,;, Ay; + Bsat(Fy;) : j € I[1, J1]}. (67)

We note that some y;’s belong to {z1,z2,..., 2}, others
are not. For those y; ¢ {z; : ¢ € I[L,Jo]}, we must have
Fy; = 0and y; € co{xz; : i € I[L, Jo]}. It follows from (65)
and the convexity of V, that for these y;, we also have

Vc(ij + Bij) <1
and
Ve(Ay; + Bsat(Fy;)) = Ve(Ay; + BFy;) < L.
In summary, we have

Ve(Ay; + BFy;) <1 V.(Ay; + Bsat(Fy;)) <1

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 50, NO. 6, JUNE 2005

Combining (67), (68), and the convexity of V., we obtain (63).
O

We finally consider the special case where both m = 1 and
J = 1.In this case, V. reduces to a quadratic function xTQ_lx
and the level set Ly, (1) reduces to an ellipsoid £(Q~1). Ac-
cordingly, the conditions in Theorem 3 can be transformed into
LMIs by introducing the new variable Y = H(Q. For contin-
uous-time system, it was shown that the corresponding condi-
tion is necessary and sufficient for the contractive invariance of
an ellipsoid [15]. The counterpart result for discrete-time system
is established in Appendix A and summarized as follows.

Theorem 4: Assume m = 1. Given Q@ = Q7 > 0. The
ellipsoid £(Q~1) is contractively invariant for (48) if and only
if there exists an H € R'*"™ such that

o) (A+ BF)Q
[Q(A + BF)T 0 } >0 (69)
o) (A+ BH)Q
[Q(A+BH)T 0 } >0 (70)
HQHT <1. (71)

V. ESTIMATION OF STABILITY REGION WITH ACI LEVEL SETS
A. Conditions for ACI Level Sets

We return to the system with a sector condition

vt = Az + By(Fux,t) (72)

where 1; € co{¢i, d;}.i € I[1,m], and ¢;, ¢; are given piece-
wise linear concave/convex functions. We would like to estimate
the stability region using ACI level sets of V. which is composed
from .J matrices Q; = Q]T > 0.

Section III transforms the problem of verifying the absolute
contractive invariance of a level set into one of verifying its con-
tractive invariance for an array of saturated linear systems

T = A,z + Bysat(F,x), q€I[,K]. (73)

Conditions for the contractive invariance of a level set of V, for
each of the above systems are presented in Theorem 2 for the
general case. Putting all these conditions together, we obtain the
condition of ACI for a level set Ly, (1) as follows.

Theorem 5: If there exist H, € R™*™ and Ay > 0,
S Nk = 1,q € I[LK), i € I[1,2™], j,k € I[1,.J],
such that (74) and (75), as shown at the bottom of the page, hold,
where hy ¢ is the th row of H,. Then, Ly, (1) is absolutely con-
tractively invariant.

In what follows, we consider the case m = 1, when B
has only one column and ) is a scalar function. Let the two
boundary functions ¢ and gZ be given as in (16) and (17), where

j eIl Jq]. (68) éhas N1 bends andéhas N5 bends. So, we have K = N+ N>
J
&, Ak (Ao + B DiFa £ DPHDIQ | S ek, ier,2m], jer, ]
Qj(Aq+Bq(Din+Di_Hq))T Qj
(74)
hgoQihl, <1, q€lI[l,K],  Le€l[l,m], j€I[1,N]

(75)
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saturated linear systems in (73). The matrices of each system is
given as follows. For g € I[1, N]

ko1 — kg1

C

Ay =A+kyBF By,=cyB F,= F

ql

and for ¢ € I[Ny + 1, Ny + No]

Aq =A + kq—Nl,QBF7 Bq = Cq—Nl,ZB7
koo — kq—
Fq — 02 q Nl’ZF.

Cq—Ny,2

It is easy to verify that Ay + ByF, = A + ko1 BF for ¢ €
I[I,Nl] and Aq + Bqu = A + kg2BF for q € I[Nl +
1, Ny + N,]. Combining Lemma 1 and Theorem 3, we have
the following result.

Theorem 6: Assume that m = 1. If there exist H,; € R'*"
and oy e, agjns Bagn 2 0, 2oy auje = 1 Y0 age = L,
S Byjr = Log € I[1, K], 4, k € I[1, J] such that (76)~(79),
as shown at the bottom of the page, hold. Then, Ly, (1) is ab-
solutely contractively invariant.

We finally consider the special case wherem = 1 and J = 1.
For this case, the level sets of V. reduce to ellipsoids. Using
Theorem 7, the necessary and sufficient condition for the ACI
of an ellipsoid can be obtained.

Theorem 7: Assume that m = 1. Given Q = Q7 > 0. The
ellipsoid £(Q ') is ACI if and only if there exist H, € R'*",
q € I[1, K] such that

Q (A+ ko1 BF)Q

| Q(A + ko BF)T Q |7 (80)
[ Q (A + ko2 BF)Q ]

| QA + ko BF)" Q |7 &1
[ Q (Aq + B‘IH‘I)Q-

_Q(Aq—i—Bqu)T | >0, q € Il,K]

(82)

H,QH] <1, q € I[1, K].

(83)

Proof: The sufficiency follows directly from applying
Theorem 6 with J = 1. We prove the necessity. The ACI of
the ellipsoid implies that for each p € (0,1], £(Q71, p) is
contractively invariant for

2t = Az + Bo(Fz). (84)
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When p is sufficiently small, ¢(Fz) = ko Fx for all z €
E(Q™1, p). Hence, £(Q~1, p) must be contractively invariant
for

2T = Az + ko1 BF . (85)

By linearity, £(Q~!) must also be contractively invariant for
(85). This proves (80). For ¢ € I[1, Nq], we have

vt = A,z + Bysat(F,x) = Az + B¢?(Fx)

ko1 — kg1 u) .
qu

By Lemma 2, we have ¢?(u) € co{koiu,$(u)}. Hence, the
contractive invariance of £(Q~1) for (86) follows from its con-
tractive invariance for both (84) and (85). Applying Theorem 7
to (86), there exists H, satisfying (82) and (83). Similar argu-
ments can be applied to ¢ € I[Ny + 1, N1 + Ny]| by using the
contractive invariance of £(Q 1) for 2+ = Az + Bd(Fz). O

(86)

where

¢ (u) = kqu + cq1sat <

B. Optimization of ACI Level Sets

We recall that the set Ly, (1) is characterized by the matrices
Qj, j € I[1,J]. By the definition of V. and using Schur com-
plement, we have

1 xT

Lv.(1)={zeR":Iyelst. |, ¥ >0
c ’YQ =

To obtain better estimation of the stability region, we would
like to determine an ACI level set Ly (1) as large as possible.
Typically, we are given a set of reference points z, € R",
p € I[1,N] and would like to determine an ACI set so that
it contains aur,, p € I[1, N] with « as large as possible. When
it specifies to the level sets of V., we would like to determine
matrices ()}, j € I[1, J] satisfying the conditions of Theorems
5—7 and further more, it satisfies

T
p

1 ox J
J >0, >0, =1
azp Wil | T e = z_:lfypj

j=1 I=
with « as large as possible. For the case m = 1, this objective
can be formulated (by applying Theorem 6) into the optimiza-
tion problem shown in (87) at the bottom of the next page. Sim-
ilar optimization problem can be formulated based on Theorem

- ]
Z e AHRBRCH S0 e, (76)
| Qj(A + ko1 BF)T Q; ]
@4 ]
o e (A keBRQ o e 77
| Qj(A + ko2 BF)™ Q; i
; ]
& Q@ (At Balli)Qi | oK), G e, ) (78)
Qj(Aq + Bquj)T Qj |
HyQ;HT <1, qel[lK], jelll,J]] (79)
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5 for the case m > 1. To simplify computation, we can intro-
duce new parameters Y, ; := H,;Q;, ¢ € I[1,K], j € I[1,J].
Then, items d) and e) in the optimization problem can be re-
placed with

J
kZI BajrQr AqQj + BeYy;

Q; AqT + quBqT Q;
qelIl, K], jelll,J]

1 Y,

e

) [Yq§ Qj

The resulting optimization problem has BMIs as constraints.

In our computation, we again used the path-following method

in [12] and it also turned out to be very effective. Before

starting the path-following algorithm, we solved (87) under the

assumption that all ();’s are equal to (). In this case, all the

constraints are LMIs. We then assign this optimal @) to each

Q;, pick random vy j1°s, a2;1’S Bgji’s and 7yp;’s satisfying f)

and g), and then start the path-following algorithm. Based on

our computational experience, all the initial values set up this
way lead to the same final solutions.

We note that if we let J = 1 in (87), then g) is gone and we
obtain an optimization problem to maximize the ACI ellipsoids
with respect to x,,’s. In this case, all the constraints are LMIs.
Similar LMI problem can be derived for the case m > 1.

d)

>0,

g€ 1L,K], jellL,J].

C. Numerical Examples

The following two examples illustrate that using ACI level sets
of V. with J = 2 to estimate the stability region can improve sig-
nificantly on what can be achieved by using ACI ellipsoids.

Example 2: Consider a second order system with one non-
linear component

zt = Az + Btan™!(Fx)
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where

0.8 0
A‘[o 1.2}

B= {_0068] F=[05 1].

As in [13], we use the linear function % (u) = u and a piece-
wise linear function 1) to bound tan~!(u), where 1 is ob-
tained by connecting a finite number of points on tan~!(u) in-
cluding the origin. Here, we select six points (u, tan=*(u)), u =
0,1,2,3,5,8. The resulting piecewise linear function 92 (u) has
the form of (7) with N = 5

(ko, k1, ko, k3, ka, ks)
— (0.7845,0.3218, 0.1419, 0.0622, 0.0243, 0)

(617 C2,C3,Cy4, 05)
= (0.4636,0.8234, 1.0625, 1.2517, 1.4464).

We choose the reference point as 7o = [0 1]%.

We first consider quadratic functions (J = 1). The maximal
« such that az is inside an ACI ellipsoid is «; = 3.6009.

Next, we consider V, which is composed from two quadratic
functions (J = 2). The maximal « such that azg is inside an
ACI Ly, (1) is ap = 5.0970. (The maximal « such that auzg is
inside the true stability region is 5.693, as detected by simula-
tion). For verification, the two matrices defining the optimal V.
is given as follows:

0r - 61.9296 —20.4315
L= 12204315  25.3023
Qs — 26.7952  5.2779

27 | 5.2779  26.1436 |

The resulting invariant level sets by using different Lyapunov
functions are compared in the left box of Fig. 3, where the
outermost boundary is the optimal Ly, (1) for zo. It can be
seen that Ly, (1) is the convex hull of two ellipsoids (thin solid
curve). The ellipsoids plotted in dashed lines are the maximal

sup «
Qj,Hgj,15k,Q25k,895k:Vpj
M1 ozxg
s.t. a) J >0, pelIl,N
QTp Z Vi@ [ ]
L J=1
roog
b) k; k@ (A+kanBRIQ; | o 11, J]
L Qi(A+ ko1 F)T Qj
T
o | X @ ArkeB)Qil oo g
| Qj(A+ koo F)T Qj
r J
d) k; Fait Qi (A +BH3)Qi S e I1,K], jelI[1,J]
_Qj(Aq + Bquj)T QJ'

e) HyjQiH; <1,
HQ;=Q7 >0,

J J J J
DY =1, Y =1 > Byr=1 Y =1
k=1 k=1 k=1 j=1

g€ I[l,K], jel[l,J]

A1k @24k Bajks Yoj = 0,

p € I[1,N], q € I[1,2™], j,k € I[L,J]

(87)
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-8 -6 -4 -2 0 2 4 6 8

Fig. 3. (Left) ACI level sets. (Right) Next-step maps from 0Ly, .

ACI ellipsoids with respect to zg and z; = [1 0], respec-
tively. To verify that the resulting level set Ly, (1) is actually
invariant, we plot the image of its boundary under the next-step
map x — Az + Btan~!(Fz) in the right box of Fig. 3 (see the
thin solid lines). As a comparison, we also plot the images of the
boundary under the map  — Axz+ B (Fx) (dash-dotted) and
the map « — Az + Bo(Fz) (dashed), respectively. Since 19
is very close to tan~", the dashed curve and the thin solid curve
are very close.

Example 3: Consider a second order system with two non-
linear components

T = Az + By(Fx)

1 —0.04 0 1
A_[l 1 ] B_[0.5 0.5}

po [ 02727 —0.2242
= | =0.5097 —0.1563

where

and 11 (u1) € co{sat(u1),2u1}, ¥a(uz) € cofsat(uz),2us}.
The eigenvalues of A are 1+;0.2 and the eigenvalues of A+ BF
are 0.65 + j0.3841. If we let B; and B> be the two columns of
B and let F; and F5 be the two rows of ', we obtain four vertex
systems

vt =(A+2BF)x (88)
2T = (A + 2B F))x + Bosat(Fyr) (89)
7 =(A+ 2By Fy)x + Bysat(Fyx) (90)
xt = Az + Bsat(Fz). 1)

We take the reference point as zg = (1) . We would like to

determine an ACI set such that it contains axg with « as large as
possible. If we optimize over all the ACI ellipsoids, the maximal
ais ap = 10.1473. If we optimize over ACI level sets of V.
with J = 2, the maximal « is «s = 19.0170. Plotted in the left
box of Fig. 4 are the optimized ACI ellipsoid (dashed line) and
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ACI Ly, (1) (thick solid line). Also plotted in this box in thin
solid lines are the two ellipsoids £ (Ql_l) and £ (Q3 1) whose
convex hull is Ly, (1). For verification, Q1 and @5 are given as
follows:

Q01 = 47.1064 —92.8231
1= 1-92.8231 356.9252
Qs = 40.9330  —21.3000
27 1 —21.3000 372.7298 |-

To demonstrate that this level set Ly (1) is indeed abso-
lutely contractively invariant, we computed the images of
the boundary of Ly, (1) under the four next-step maps corre-
sponding to the four vertex systems (88)—(91). These images
are plotted with thin solid curves in the right box of Fig. 4. As
can be clearly seen, all these images are within the level set
Ly, (1).

As a matter of fact, we can also use V. to determine a re-
gion of instability using numerical simulation. The idea is to
generate the “worst switching” among the four vertex systems
so that at each point z, T is chosen as the one which maxi-
mizes V.. By doing this, a diverging trajectory can be potentially
produced. Fig. 5 plots a diverging trajectory produced this way
(dashed—dotted line). The initial state is [0 24.5]7 (marked
with “*”). A nearly closed trajectory is also produced under the
worst switching strategy (see the curve in thin solid line). The
region outside this nearly closed curve is deemed unstable. Also
plotted in Fig. 5 is the same ACI level set as in Fig. 4. We notice
that there is some gap between the estimated stability region (the
ACI set) and the deemed region of instability. The true region
of instability could include some points inside the nearly closed
curve and the real stability region must be larger than the ACI
set.

We note that with different switching strategies (possibly the
worst case with respect to different Lyapunov functions), dif-
ferent regions of instability can be detected. The true region of
instability for the system with sector condition will be the union
of all these.
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Fig. 4. (Left) ACI level sets. (Right) Next-step maps from L+, (1).

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 50, NO. 6, JUNE 2005

20 T T T T

15¢ 1

30 T

20

10

-10

Fig. 5. Region of instability and a diverging trajectory.

VI. CONCLUSION

We used composite quadratic Lyapunov function to enhance
absolute stability analysis of systems with a piecewise linear
sector condition. The composite quadratic Lyapunov function
was introduced in our recent work [16] for stability analysis of
saturated linear systems. Its properties have been further studied
in [10], [17], and [20], and great potential has been demon-
strated in the stability analysis of linear differential inclusions
and saturated linear systems. Inspired by recent development
in continuous-time systems, this paper first establishes stability
conditions through composite quadratic Lyapunov functions for
linear difference inclusions and saturated linear discrete-time
systems. These results are used to establish conditions for ab-
solute stability through a connection to saturated linear sys-
tems. With these conditions, the problem of estimating the sta-
bility region is formulated as optimization problems with bi-

0 5 10

linear matrix inequalities which can be effectively solved with
the path-following method in [12]. As illustrated by numer-
ical examples, the stability region estimated by the composite
quadratic Lyapunov function can be significantly larger than
those by quadratic functions. The composite quadratic functions
can also be used to generate the “worst switching” among a
group of vertex systems for the purpose of detecting a poten-
tially diverging trajectory.

APPENDIX
FOUR EQUIVALENT STATEMENTS ABOUT INVARIANT
ELLIPSOIDS

Proposition 1: Given an ellipsoid £(P, p) and a row vector
F € R™™, Assume that

(A+ BF)'P(A+BF)-P <0. 92)
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The following four statements are equivalent.
a) The ellipsoid is contractively invariant for

" = Az + Bsat(Fz). 93)
b)  There exists a function f : R — [—1, 1] such that the
ellipsoid is contractively invariant for

vt = Az + Bf(z). (94)

c) The ellipsoid is contractively invariant for
T = Az + Bsat(Fox) Fo=—(BT"PB)"'BTPA. (95)
d) There exists an H € R*™ such that

(A+ BH)'P(A+ BH)-P <0 (96)
and E(P, p) C L(H).

We notice that Theorem 4 follows from the equivalence of a)
and d). Let Q = P/p, then by using Schur complement it can be
shown that (69) and (70) are equivalent to (92) and (96). Also,
HQHT < 1isequivalent to £(P,p) C L(H).

Statement a) in Proposition 1 is about the invariance of an el-
lipsoid under a given feedback law. Statement b) is about the
existence of a bounded feedback law to make the ellipsoid in-
variant. In statement c), the feedback law v = sat(Fpz) maxi-
mizes the convergence rate with respect to the function V(z) =
T Pz. Statement d) is about the existence of a feedback law
linear inside the ellipsoid to make it invariant. There is no direct
way to verify a), b), or ¢). The significance of Proposition 1 lies
in the fact that all of them can be verified through d) which is
numerically tractable.

The equivalence of a) and b) was established in [14] (see also
[19]) and the equivalence of b) and c¢) was established in [14, p.
258]. It is also clear that d) implies b) and hence a) and c). In
what follows, we will show that c) is equivalent to d).

Define

pr =sup{p > 0: E(P, p)is contractively invariant for (95)}

and
Py = Sup p 97)
H
st. (A+BH)"P(A+BH)-P <0 (98)
HP'HT < 1. (99)
P

Note that HP~YHT < (1/p) is equivalent to £(P, p) C L(H).
Since there exists an H satisfying (98) (actually, if we let H =
F), the “<” in (98) can be replaced with “<”. Hence, the afore-
mentioned optimization problem can also be written as

(p(’;)_1 = ml}n HP'HT

P (A+ BH)T

St \ayBH P!

> 0. (100)

To prove Proposition 1, it suffices to show the following.
Lemma 6: p} = pj.

795

Proof: It is evident that p > p% (note that b) and c) are
equivalent). If there exists an 2 € R™ \ {0} such that

(Az + Bsat(Fyx))T P(Az 4+ Bsat(Fox)) — 2T Pz =0
then p} < oo and

Tpy

= min w
z€R"™\ {0}

s.t. (Az 4 Bsat(Fox))! P(Ax + Bsat(Fyr))

—zTPz =0. (101)

To show p} < p}, it suffices to consider the case where p; < oo
and to construct an o € R™ such that wngg = p} and z
satisfies (101).

For clarity, we divide the proof into three steps.

Step I: Transformation of the optimization problem and nor-
malization.

Denote

P (A+ BH)T
P—l

and define

Si(a):={H e R¥" : W(H) > al}
S2(B) = {H e R"": HP 'HT < p}.

Since S1(«) is convex and Sa([3) is strictly convex (any point
between two distinct boundary points is not on the boundary),
(100) implies that S1(0) and Sy ((p;;)_l) has a unique inter-
section H, with Apin(W(H,)) = 0, where Apin(-) denotes
the smallest eigenvalue of a matrix. Furthermore, for all H €
S, ((p:;)—l) \{H,},wehave H ¢ S1(0), i Amin(W(H)) <
0. It follows that

0= max Amin(W(H))
st. HP'HT < (p)~"

and the previous problem has a unique optimal solution H,.
Without loss of generality and for simplicity, we assume that

P = I and p}; = 1. Otherwise, we can make it so with a state

transformation 7 = (P/p;"l)(l/Z) . Thus, we have

0 = max Auin(W (H)) (102)

st. HHT <1 (103)

where

B I (A+ BH)T
W(H) = A+ BH I

Step 2: The eigenvector of W (H,).

Let H, be the unique optimal solution to (102). Then,
Amin(W(H,)) = 0. Suppose that the multiplicity of the
zero eigenvalue of W(H,) is p and let X € R"*P span the
eigenspace of the zero eigenvalue. Then

W(H,)X = 0.
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We claim that p = 1. Here, we need to resort to eigenvalue
perturbation theory (see, e.g., [30]) to prove this claim. Let H =
H,+EAH, where A H represents the direction of perturbation.
As k is increased from 0, Ap,in (W (H, + kA H) increases with
a slope greater than ¢ if and only if

XT OW (H,. + kAH)
ok
‘We note that, for a fixed AH

OW (H. + kAH) 0 (BAH)T
T _ T
X ok X=X"1pan 0

X >el.

X.

Let Hy be such that W (Hj) > nl for some n > 0 (such Hy
exists by assumption, e.g., Hy = F). Consider AH = Hy—H,.
Then for & € (0,1),

W(H, + kAH) =W((1 — k)H, + kHy)
=(1— k)W (H,) + kW (Ho) > knl.

Hence, we must have

T 0 (BAH )T
X [BAH 0 X >nl. (104)
Since both B and AH are of rank 1, the matrix
0 (BAH)T has at ( " . lue. F
BAH 0 as at most one positive eigenvalue. For

(104) to be true, X can only have one column, i.e., p = 1.

The optimality of the solution H, means that A;,,(W(H))
cannot be increased by varying H in a neighborhood of
H, along any direction which keeps it within the constraint
HHT < 1,ie,

) Anin(W(H,. 4+ kAH)) cannot be increased for & > 0

or k < 0if AH is tangential to the sphere surface
HHT =1at H,;

2)  Amin(W(H. + EAH)) cannot be increased for & > 0

if AH points inward of the sphere HHT < 1 from

H,.
Partition X as X = Zl ] , where v1,v2 € R". By the eigen-
2
value perturbation theory, items 1) and 2) reduce to

1 OW (H. + kAH)

X =20 BAHv, =0

ok
if AHH,T =0 (105)
OW (H, — kH,
XT%X = —20fBH,v; <0. (106)

For (105), we note that Apin(W (H. + kAH)) cannot be in-
creased for either £ > 0 or k < 0, hence the derivative has to
be zero. For (106), we recall that there is one direction AH =
H, — H, which makes A, (W (H, + kAH)) strictly increase.
Hence, vd BH,v; # 0.

Combining (105) and (106), we see that v2T B # 0 and vy
must be proportional to H,” . For simplicity, we take v; = H,”

Recall that X = U1
V2

zero eigenvalue of W (H,), we have

v

is an eigenvector corresponding to the

=0
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from which we obtain

vy = — (A+ BH,)H,"
H" =(A+ BH,)"(A+ BH,)H,".

(107)
(108)

Step 3: Construction of xg.
From (106) and (107), v; = H,” and H,H,” = 1, we have
—(B"B)'BTAH,” >1 = FyH! > 1. (109)

Let 2o = H,”, then H,zo = z} 2o = 1 and sat(Fozo) =
1 = H,xy. It follows from (108) that
(AIO + BS&t(F(]JZ'()))T(AJZ'O + BS&t(F()IC(]))
=23 (A+ BH,)"(A+ BH.)zg
H.(A+ BH,)T(A+ BH,)HY =1 = 21 Pxy.

Recall that we have assumed PP = I and p}; = 1. This shows
that there exists an zg such that xOTPa:O = 1 and z satisfies
(101). It follows that p7 < 1 = p3. O

From the proof of Lemma 6, we see that at the optimal solu-
tion H,, the matrix

P (A+ BH,)T
A+ BH, p1

has a single eigenvalue at 0. This is because B has only one
column.
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