
16.360 Lecture 1 

 Units and dimensions 

• Six fundamental International System of Units 

Dimensions Unit symbol 
Length meter m 
Mass kilogram kg 
Time second s 
Electric Current Ampere A 
Temperature Kelvin K 
Amount of 
substance 

mole mol 

• any other dimension can be derived from the fundamental dimensions, e.g.: 
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 Electromagnetic spectrum  
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 Electromagnetic bands and applications  
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Electric field 
• Electric forces on point charges, Columb’s law  
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16.360 Lecture 2 

Magnetic field by constant current 

r 

I B =  
2πr 
µI 

φ ∧ 

µ = µr µ0,  

µr:  relative magnetic permeability  
µr =1 for most materials 

= 
2πr 
I 

φ ∧ 

H =   
µ 
B 
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 Traveling wave 

y(x,t) = Acos(2πt/T-2πx/λ),  

φ(x,t) = 2πt/T-2πx/λ,  y(x,t) = Acosφ(x,t), 
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 Traveling wave 

y(x,t) = Acos(2πt/T+2πx/λ),  
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Velocity =  0.6λ/0.6T 
               = λ/T 

Vp = dx/dt 
      = - λ/T  

Phase velocity:  
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• Phasor 
VR(t) 

Vs(t) VC(t) 
i (t) 

Vs(t) = V0Sin(ωt+φ0), 

VR(t) = i(t)R,  

VC(t) =  i(t)dt/C,  

Vs(t) = VR(t) +VC(t), 

V0Sin(ωt+φ0) =  i(t)dt/C + i(t)R,  Integral equation,  

Using phasor to solve integral and differential equations  
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• Phasor 

Z(t) = Re( Z e jωt ) 

Z is time independent function of Z(t), i.e. phasor 

Vs(t) = V0Sin(ωt+φ0) 

) j(φ0 - π/2) = Re(V0 e jωt 
e 

jωt 
e = Re(V  ),  

V = V0 e    j(φ0 - π/2) ,  
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• Phasor 

i(t) = Re( I e jωt ) 

),   = Re(I jωt 
e 

i(t)dt =   Re( I e jωt )dt 

jω 
1 

V0Sin(ωt+φ0) =  i(t)dt/C + i(t)R,  

time domain equation:  

phasor domain equation:  
jωt 

e  Re(V  )  Re( I e 
jωt ),   )/C +   = Re(I jωt 

e jω 
1 
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• Phasor domain 

Back to time domain:  

V  + I R  ,     =  I 
jωC 

1 

I  =   V  
R + 1/(jωC) 

=  
R + 1/(jωC) 

V0 e    j(φ0 - π/2) 
,  

i(t) = Re( I e jωt ) =  Re (  jωt 
)  R + 1/(jωC) 

V0 e    j(φ0 - π/2) 

e 



16.360 Lecture 3 

• An Example : 

VL(t) 

Vs(t) = V0Sin(ωt+φ0), 

VR(t) = i(t)R,  

VL(t) =  Ldi(t)/dt,  

Vs(t) = VR(t) +VL(t), 

V0Sin(ωt+φ0) =  Ldi(t)/dt + i(t)R,  differential equation,  

Using phasor to solve the differential equation.  

VR(t) 

Vs(t) 
i (t) 
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• Phasor 

i(t) = Re( I e jωt ) 

),   = Re(I 
jωt 

e 

di(t)/dt =   Re(d I e jωt )/dt 

jω 

V0Sin(ωt+φ0) =  Ldi(t)/dt + i(t)R,  

time domain equation:  

phasor domain equation:  
jωt 

e  Re(V  )  Re( I e 
jωt ),   )L +   = Re(I 

jωt 
e jω 
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• Phasor domain 

Back to time domain:  

V  + I R ,     =  I jωL 

I  =   V  
R + (jωL) 

=  
R + jωL) 

V0 e    j(φ0 - π/2) 
,  

i(t) = Re( I e jωt ) =  Re (  jωt 
)  R + (jωL) 

V0 e    j(φ0 - π/2) 

e 
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• Steps of transferring integral or differential equations to linear  
equations using phasor. 

1. Express time-dependent variables as phsaor. 
2. Rewrite integral or differential equations in phasor domain. 
3. Solve phasor domain equations 
4. Change phasors variable to their time domain value 
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• Electromagnetic spectrum. 

Recall relation:   λf = v.  

•    Some important wavelength ranges:  

1. Fiber optical communication: λ = 1.3 – 1.5µm. 
2. Free space communication: ~ 700nm – 980nm. 
3. TV broadcasting and cellular phone: 300MHz – 3GHz.  
4. Radar and remote sensing: 30GHz – 300GHz   
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• Transmission lines 

1. Transmission line parameters, equations 
2. Wave propagations 
3. Lossless line, standing wave and reflection coefficient  
4. Input impedence 
5. Special cases of  lossless line 
6. Power flow 
7. Smith chart 
8. Impedence matching 
9. Transients on transmission lines 
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1. Transmission line parameters, equations 

Vg(t) VBB’(t) VAA’(t) 

A 

A’ B’ 

B 

L 

VAA’(t) = Vg(t) = V0cos(ωt),  

VBB’(t) = VAA’(t-td) = VAA’(t-L/c)  
            = V0cos(ω(t-L/c)),  

VBB’(t) = VAA’(t) 

Low frequency circuits: 

Approximate result 
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1. Transmission line parameters, equations 

Vg(t) VBB’(t) VAA’(t) 

A 

A’ B’ 

B 

L 

VBB’(t) = VAA’(t-td) = VAA’(t-L/c)  
             = V0cos(ω(t-L/c)) 
             = V0cos(ωt- 2πL/λ), 

Recall:  ƒλ=c, and ω = 2πƒ  

If λ>>L, VBB’(t) ≈ V0cos(ωt) = VAA’(t),  

If λ<= L, VBB’(t) ≠VAA’(t), the circuit theory has to be replaced.   
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• Transmission line parameters 

Vg(t) VBB’(t) VAA’(t) 

A 

A’ B’ 

B 

L 

• time delay 

VBB’(t) = VAA’(t-td) = VAA’(t-L/vp), 

• Reflection:  the voltage has to be treat as wave, some bounce back  

• power loss: due to reflection and some other loss mechanism,  

• Dispersion: in material, Vp could be different for different wavelength 
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• Types of transmission lines 

• Transverse electromagnetic (TEM) transmission lines 

B 

E 
E 

B 

a) Coaxial line b) Two-wire line c) Parallel-plate line 

d) Strip line e) Microstrip line 
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• Types of transmission lines 

• Higher-order transmission lines 

a) Optical fiber 

b) Rectangular waveguide c) Coplanar waveguide 
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• Lumped-element Model 

• Represent transmission lines as parallel-wire configuration 

Vg(t) VBB’(t) VAA’(t) 

A 

A’ B’ 

B 

∆z ∆z ∆z 

Vg(t) 
R’∆z L’∆z 

G’∆z C’∆z 

R’∆z L’∆z 

G’∆z 

R’∆z 

C’∆z 

L’∆z 

G’∆z 
C’∆z 
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• Transmission line equations 

• Represent transmission lines as parallel-wire configuration 

V(z,t) 
R’∆z L’∆z 

G’∆z C’∆z V(z+ ∆z,t) 

V(z,t) = R’∆z i(z,t) + L’∆z ∂ i(z,t)/ ∂t + V(z+ ∆z,t),     (1)  

i(z,t) i(z+∆z,t) 

i(z,t) = G’∆z V(z+ ∆z,t) + C’∆z ∂V(z+ ∆z,t)/∂t + i(z+∆z,t),  (2)  
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• Transmission line equations 

V(z,t) = R’∆z i(z,t) + L’∆z ∂ i(z,t)/ ∂t + V(z+ ∆z,t),     (1)  

V(z,t) 
R’∆z L’∆z 

G’∆z C’∆z V(z+ ∆z,t) 

i(z,t) i(z+∆z,t) 

-V(z+ ∆z,t) + V(z,t) = R’∆z i(z,t) + L’∆z ∂ i(z,t)/ ∂t  

- ∂V(z,t)/∂z = R’ i(z,t) + L’ ∂ i(z,t)/ ∂t,    (3)   

Rewrite V(z,t) and i(z,t) as phasors, for sinusoidal V(z,t) and i(z,t): 

V(z,t) = Re( V(z) e 
jωt 

), i (z,t) = Re( i (z) e 
jωt 

), 
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• Transmission line equations 

V(z,t) 
R’∆z L’∆z 

G’∆z C’∆z V(z+ ∆z,t) 

i(z,t) i(z+∆z,t) 

Recall: 

di(t)/dt =   Re(d i e jωt )/dt ),   = Re(i 
jωt 

e jω 

- ∂V(z,t)/∂z = R’ i(z,t) + L’ ∂ i(z,t)/ ∂t,   (3)   

- dV(z)/dz = R’ i(z) + jωL’  i(z),    (4)   
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• Transmission line equations 

• Represent transmission lines as parallel-wire configuration 

V(z,t) 
R’∆z L’∆z 

G’∆z C’∆z V(z+ ∆z,t) 

V(z,t) = R’∆z i(z,t) + L’∆z ∂ i(z,t)/ ∂t + V(z+ ∆z,t),     (1)  

i(z,t) i(z+∆z,t) 

i(z,t) = G’∆z V(z+ ∆z,t) + C’∆z ∂V(z+ ∆z,t)/∂t + i(z+∆z,t),  (2)  
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• Transmission line equations 

V(z,t) 
R’∆z L’∆z 

G’∆z C’∆z V(z+ ∆z,t) 

i(z,t) i(z+∆z,t) 

- i (z+ ∆z,t) + i (z,t) = G’∆z V(z + ∆z ,t) + C’∆z ∂ V(z + ∆z,t)/ ∂t  

- ∂ i(z,t)/∂z = G’ V(z,t) + C’ ∂ V(z,t)/ ∂t,    (5)   

Rewrite V(z,t) and i(z,t) as phasors, for sinusoidal V(z,t) and i(z,t): 

V(z,t) = Re( V(z) e 
jωt 

), i (z,t) = Re( i (z) e 
jωt 

), 

i(z,t) = G’∆z V(z+ ∆z,t) + C’∆z ∂V(z+ ∆z,t)/∂t + i(z+∆z,t),  (2)  
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• Transmission line equations 

V(z,t) 
R’∆z L’∆z 

G’∆z C’∆z V(z+ ∆z,t) 

i(z,t) i(z+∆z,t) 

Recall: 

dV(t)/dt =   Re(d V e jωt )/dt ),   = Re(V 
jωt 

e jω 

- ∂i(z,t)/∂z = G’ V(z,t) + C’ ∂ V(z,t)/ ∂t,   (6)   

- d i(z)/dz = G’ V(z) + jωC’  V(z),    (7)   
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V(z,t) 
R’∆z L’∆z 

G’∆z C’∆z V(z+ ∆z,t) 

i(z,t) i(z+∆z,t) 

- d i(z)/dz = G’ V(z) + jωC’  V(z),    (7)   

- dV(z)/dz = R’ i(z) + jωL’  i(z),    (4)   

• Telegrapher’s equation in phasor domain  

Take d /dz on both sides of eq. (4)  

- d²V(z)/dz² = R’ di(z)/dz + jωL’  di(z)/dz,   (8)   
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- d i(z)/dz = G’ V(z) + jωC’  V(z),    (7)   

- dV(z)/dz = R’ i(z) + jωL’  i(z),    (4)   

• Telegrapher’s equation in phasor domain  

substitute (7) to (8)  

d²V(z)/dz² = (R’ + jωL’) (G’+ jωC’)V(z),    

- d²V(z)/dz² = R’ di(z)/dz + jωL’  di(z)/dz,   (8)   

d²V(z)/dz²  - (R’ + jωL’) (G’+ jωC’)V(z) = 0,   (9)   

or  

d²V(z)/dz²  - γ²V(z) = 0,     (10)   

γ² = (R’ + jωL’) (G’+ jωC’),    (11)   
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V(z,t) 
R’∆z L’∆z 

G’∆z C’∆z V(z+ ∆z,t) 

i(z,t) i(z+∆z,t) 

- d i(z)/dz = G’ V(z) + jωC’  V(z),    (7)   

- dV(z)/dz = R’ i(z) + jωL’  i(z),    (4)   

• Telegrapher’s equation in phasor domain  

Take d /dz on both sides of eq. (7)  

- d² i(z)/dz² = G’ dV(z)/dz + jωC’  dV(z)/dz,   (12)   
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- d i(z)/dz = G’ V(z) + jωC’  V(z),    (7)   

- dV(z)/dz = R’ i(z) + jωL’  i(z),    (4)   

• Telegrapher’s equation in phasor domain  

substitute (4) to (12)  

d² i(z)/dz² = (R’ + jωL’) (G’+ jωC’)i(z),    

d² i(z)/dz²  - (R’ + jωL’) (G’+ jωC’) i(z) = 0,   (9)   

or  

d² i(z)/dz²  - γ²i(z) = 0,     (13)   

γ² = (R’ + jωL’) (G’+ jωC’),    (11)   

- d² i(z)/dz² = G’ dV(z)/dz + jωC’  dV(z)/dz,   (12)   
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• Wave equations  

d² i(z)/dz²  - γ²i(z) = 0,     (13)   

d²V(z)/dz²  - γ²V(z) = 0,     (10)   

γ = α + jβ, 

α = Re   (R’ + jωL’) (G’+ jωC’) , 

β = Im   (R’ + jωL’) (G’+ jωC’) , 



16.360 Lecture 4 

• Summary  
• Transmission line parameters 
• Types of transmission lines 
• Lumped-element model 
• Transmission line equations 
• Telegrapher’s equations 
• Wave equations  
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• Next lecture 

• Wave propagation on a Transmission line  
• Characteristic impedance 
• Standing wave and traveling wave 
• Lossless transmission line 
• Reflection coefficient  
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• Today:  
• Wave propagation on a Transmission line  
• Characteristic impedance 
• Standing wave and traveling wave 
• Lossless transmission line 
• Reflection coefficient  
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• Wave equations  

d² i(z)/dz²  - γ²i(z) = 0,     (13)   

d²V(z)/dz²  - γ²V(z) = 0,     (10)   

γ = α + jβ, 

α = Re   (R’ + jωL’) (G’+ jωC’) , 

β = Im   (R’ + jωL’) (G’+ jωC’) , 

V(z) = V0    (14)   

Solving the second order differential equation  

+ e -γz + - 
V0 e γz 

i(z)  =  I0    (15)   + e -γz + - 
I0 e γz 
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• Wave equations  

V(z) = V0    (14)   + e -γz + - 
V0 e γz 

i(z)  =  I0    (15)   + e -γz + - 
I0 e γz 

where: 

+ V0 
- V0 and are determined by boundary conditions. 

+ I0 
- I0 and are related to  - V0 

+ V0 and by characteristic impedance Z0. 
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recall:  

- dV(z)/dz = R’ i(z) + jωL’  i(z),   (4)   

V(z) = V0     (14)   + + - 
V0 e γz 

i(z)  =  I0     (15)   + e -γz + - I0 e γz 
e -γz 

e -γz γV0 
+ 

e γz γV0 
- - = (R’ + jωL’)  i(z),              (16)   

i(z) =    
(R’ + jωL’) 

γ 
e -γz (V0 

+ e γz V0 
- - ) 

I0 
+ = 

(R’ + jωL’) 

γ 
V0 

+ I0 
- = 

(R’ + jωL’) 

-γ 
V0 

- (17) (18) 

• Characteristic impedance Z0 
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• Characteristic impedance Z0 

I0 
+ = 

(R’ + jωL’) 

γ 
V0 

+ 

I0 
- = 

(R’ + jωL’) 

-γ 
V0 

- 

(17) 

(18) 

= 
(R’ + jωL’) 

γ 

+ 
Z0 ≡ 

Define characteristic impedance Z0 

I0 + 
V0 

= 

γ =  (R’ + jωL’) (G’+ jωC’)   

(R’ + jωL’) 
(G’+j ωC’) 

recall: 
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• Summary: 

γ =  (R’ + jωL’) (G’+ jωC’)   

+ 
Z0 ≡ 

I0 + 
V0 = 

(R’ + jωL’) 
(G’+j ωC’) 

V(z) = V0     (14)   + + - 
V0 e γz 

i(z)  =  I0     (15)   + e -γz + - I0 e γz 
e -γz 

(19) 

(20) 
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• Example, an air line : 

solution: 

R’ = 0 Ω, G’ = 0 /Ω,  Z0 = 50Ω, β = 20 rad/m, f = 700 MHz   

L’ = ? and C’ = ?   

Z0  = 
(R’ + jωL’) 
(G’+j ωC’) = 

jωL’ 
j ωC’ = 50Ω 

γ =  (R’ + jωL’) (G’+ jωC’)   = jω L’C’ 

γ = α + jβ, 

β = ω L’C’ = 20 rad/m 
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• lossless transmission line : 

 =   (R’ + jωL’) (G’+ jωC’)   

γ = α + jβ, 

If R’<< j ωL’ and G’ << jωC’,  

γ  =   (R’ + j ωL’ ) (G’+ jωC’)   

= jω L’C’ 

α = 0 

β = ω L’C’ 
lossless line  



16.360 Lecture 5 

• lossless transmission line : 

α = 0 

β = ω L’C’ 

lossless line  

Z0  = 
(R’ + jωL’) 
(G’+j ωC’) = 

jωL’ 
j ωC’ 

Z0  = 
L’ 
C’ 

β = 2π/λ λ = 2π/β = ω L’C’ 
1 

Vp = ω/β = 
L’C’ 
1 
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• For TEM transmission line : 

Vp = 
L’C’ 
1 

L’C’ = µε 

= 
µε 
1 

β = ω L’C’ = ω µε 

= 
µrεr 

c 

Z0  = 
L’ 
C’ 

• summary : 

V(z) = V0      + + - 
V0 e jβz 

i(z)  =  I0        + e -jβz + - I0 e jβz 
e -jβz 

= 
µrεr 

c 
Vp = 

L’C’ 
1 

β = ω L’C’ = ω µε 
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• Voltage reflection coefficient : 

Vg(t) VL 

A 

z = 0 

B 

l 

ZL 

z = - l 

Z0 Vi 
i(z)  =      

V(z) = V0    + + - 
V0 e jβz 

- 

e -jβz 

e -jβz + V0 
Z0 e jβz - V0 

Z0 

VL = + = - 
V0 

+ 
V0 V(z) z = 0 

- 
+ V0 

Z0 

- V0 
Z0 

i(z) z = 0 iL = = 

ZL = VL 

iL 
= + - 

V0 
+ 

V0 

- 
+ V0 

Z0 

- V0 
Z0 

+ 
V0 

- 
V0 

= ZL Z0 - 
ZL Z0 + 



16.360 Lecture 5 

• Voltage reflection coefficient : 

- 
V0 

+ V0 
= ZL Z0 - 

ZL Z0 + 
Γ ≡ 

• Current reflection coefficient : 

- i0 
+ i0 

= -  Γi ≡ 
- 

V0 
+ V0 

=  - Γ  

• Notes : 

1. |Γ|≤ 1, how to prove it? 
2. If ZL = Z0, Γ= 0. Impedance match, no reflection from the load ZL.  
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• An example : 

A’ 

z = 0 

A 

Z0 = 100Ω 
RL = 50Ω 

CL = 10pF 

f = 100MHz 

ZL = RL + j/ωCL = 50 –j159 

= ZL Z0 - 
ZL Z0 + 

Γ  
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• Standing wave  
• Input impedance  

i(z)  =         

V(z) = V0      + + - 
V0 e jβz 

- 

e -jβz 

e -jβz + V0 
Z0 e jβz - V0 

Z0 

- 
V0 

+ V0 
with Γ = 

i(z)  =         

V(z) = V0 (              )   + + Γ e jβz 

- 

e -jβz 

(e -jβz + V0 
Z0 e jβz Γ ) 

|V(z)| = |V0| |                              | + e -jβz |Γ| e jβz + e jθr 

= |V0| [1+ | Γ|² + 2|Γ|cos(2βz + θr)]  + 1/2 
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• Standing wave  

i(z)  =         

V(z) = V0      + + - 
V0 e jβz 

- 

e -jβz 

e -jβz + V0 
Z0 e jβz - V0 

Z0 

- 
V0 

+ V0 
with Γ = 

i(z)  =         

V(z) = V0 (              )   + + Γ e jβz 

- 

e -jβz 

(e -jβz + V0 
Z0 e jβz Γ ) 

|V(z)| = |V0| |                              | + e -jβz |Γ| e jβz + e jθr 

= |V0| [1+ | Γ|² + 2|Γ|cos(2βz + θr)]  + 1/2 
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• Standing wave 

i(z)  =         

V(z) = V0 (              )   

- 

+ + Γ e jβz e -jβz 

(e -jβz + V0 
Z0 e jβz Γ ) 

|i(z)| = |V0| /|Z0||                                    | + e -jβz |Γ| e jβz - e jθr 

= |V0|/|Z0| [1+ | Γ|² - 2|Γ|cos(2βz + θr)]  + 1/2 

= |V0| [1+ | Γ|² + 2|Γ|cos(2βz + θr)]  + 1/2 |V(z)| 
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Special cases 

= |V0| [1+ | Γ|² + 2|Γ|cos(2βz + θr)]  + 1/2 |V(z)| 

1. ZL= Z0, Γ = 0 

= |V0|  + |V(z)| 

2.  ZL= 0, short circuit, Γ = -1 

|V(z)| 

|V0|  
+ 

-λ -3λ/4 -λ/2 -λ/4 

= |V0| [2 + 2cos(2βz + π)]  + 1/2 
|V(z)| |V(z)| 

2|V0|  + 

-λ -3λ/4 -λ/2 -λ/4 
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Special cases 

= |V0| [1+ | Γ|² + 2|Γ|cos(2βz + θr)]  + 1/2 |V(z)| 

3.  ZL= ∞, open circuit, Γ = 1 

= |V0| [2 + 2cos(2βz )]  + 1/2 
|V(z)| 

|V(z)| 

2|V0|  + 

-λ -3λ/4 -λ/2 -λ/4 
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• Voltage maximum 

= |V0| [1+ | Γ|² + 2|Γ|cos(2βz + θr)]  + 1/2 |V(z)| 

|V0| [1+ | Γ|], + |V(z)| max = when 2βz + θr = 2nπ. 

–z =  λθr/4π + nλ/2 

n = 1, 2, 3, …, if θr <0 

n = 0, 1, 2, 3, …, if θr >= 0 
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• Voltage minimum 

= |V0| [1+ | Γ|² + 2|Γ|cos(2βz + θr)]  + 1/2 |V(z)| 

|V0| [1 - | Γ|], + |V(z)| min = when 2βz + θr = (2n+1)π. 

–z =  λθr/4π + nλ/2 + λ/4  

Note: 

voltage minimums occur λ/4 away from voltage maximum,  
because of the 2βz, the special frequency doubled.   
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• Voltage standing-wave ratio VSWR or SWR 

1 - | Γ| |V(z)| min 

S ≡  |V(z)| max = 
1 + | Γ| 

S = 1, when Γ = 0,   
S = ∞, when |Γ| = 1,   
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• An example 

Vg(t) VL 

A 

z = 0 

B 

l 

ZL 

z = - l 

Z0 Vi 

Voltage probe 

S = 3, Z0 = 50Ω, ∆lmin = 30cm, lmin = 12cm, ZL=? 

∆lmin = 30cm,⇒ λ = 0.6m, 

S = 3, ⇒ |Γ| = 0.5,  

Solution: 

-2βlmin + θr = -π, ⇒ θr = -36º,  

⇒ Γ, and ZL.  
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• Input impudence 

Vg(t) VL 

A 

z = 0 

B 

l 

ZL 

z = - l 

Z0 Vi 

Zg 
Ii 

Zin(z) =  
V(z) 

I(z) 

= 
+ + Γ e jβz e -jβz V0 ( ) 
+ - Γ e jβz e -jβz V0 ( ) 

Z0 = 
+ (1 Γ e j2βz  ) 

 - (1 Γ e j2βz  ) 
Z0 

+ (1 Γ e -j2βl    ) 

 - (1 Γ e -j2βl    ) 
Z0 Zin(-l) = 
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An example 
A 1.05-GHz generator circuit with series impedance Zg = 10-Ω and voltage  
source given by Vg(t) = 10 sin(ωt +30º) is connected to a load ZL = 100 +j5-Ω 
through a 50-Ω, 67-cm long lossless transmission line. The phase velocity is 0.7c. 
Find V(z,t) and i(z,t) on the line.   

Solution:  

Since, Vp = ƒλ, λ = Vp/f  = 0.7c/1.05GHz = 0.2m.  

β = 2π/λ, β = 10 π. 

Γ = (ZL-Z0)/(ZL+Z0), Γ = 0.45exp(j26.6º) 

+ (1 Γ e -j2βl    ) 

 - (1 Γ e -j2βl    ) 
Z0 Zin(-l) = = 21.9 + j17.4 Ω  

 V0[exp(-jβl)+ Γexp(jβl)]  + 
= 

Zin(-l) + Zg 
Zin(-l) Vg 
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short circuit line 

ZL= 0, Γ = -1, S = ∞ 

Vg(t) VL 

A 

z = 0 

B 

l 

ZL = 0 

z = - l 

Z0 

Zg 
Ii 

Zin 
sc 

i(z)  =         

V(z) = V0            )   - e jβz 

+ 

(e -jβz 

(e -jβz + V0 
Z0 e jβz ) 

= -2jV0sin(βz) + 

= 2V0cos(βz)/Z0 + 

Zin = V(-l) 
i(-l) 

= jZ0tan(βl) 
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short circuit line 

Zin = V(-l) 
i(-l) 

= jZ0tan(βl) 

• If tan(βl) >= 0, the line appears inductive,  jωLeq = jZ0tan(βl),  

• If tan(βl) <= 0, the line appears capacitive,  1/jωCeq = jZ0tan(βl),  

l = 1/β[π- tan (1/ωCeqZ0)],  -1 

• The minimum length results in transmission line as a capacitor: 
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An example: 

tan (βl) = - 1/ωCeqZ0 = -0.354,  

Choose the length of a shorted 50-Ω lossless line such that its input impedance at 
2.25 GHz is equivalent to the reactance of a capacitor with capacitance Ceq = 4pF.  
The wave phase velocity on the line is 0.75c. 

Solution: 

Vp = λƒ, ⇒ β = 2π/λ = 2πƒ/Vp = 62.8  (rad/m)  

βl = tan (-0.354) + nπ, 
    = -0.34 + nπ,  

-1 
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open circuit line 

ZL= 0, Γ = 1, S = ∞ 

Vg(t) VL 

A 

z = 0 

B 

l 

ZL = ∞ 

z = - l 

Z0 

Zg 
Ii 

Zin 
oc 

i(z)  =         

V(z) = V0            )   + e jβz 

- 

(e -jβz 

(e -jβz + V0 
Z0 e jβz ) 

= 2V0cos(βz) + 

= 2jV0sin(βz)/Z0 + 

Zin = V(-l) 
i(-l) 

= -jZ0cot(βl) oc 
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Application for short-circuit and open-circuit 

• Network analyzer 

• Measure    Zin 
oc Zin 

sc and    

• Calculate Z0    

• Measure S paremeters    

Zin = -jZ0cot(βl) oc 
Zin = jZ0tan(βl) sc 

= Z0 Zin 
sc Zin 

oc 

• Calculate βl  

= -j Z0 
Zin 

sc 

Zin 
oc 
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Line of length l = nλ/2 

= ZL 

tan(βl) = tan((2π/λ)(nλ/2)) = 0,  

+ (1 Γ e -j2βl    ) 

 - (1 Γ e -j2βl    ) 
Z0 Zin(-l) = 

Any multiple of  half-wavelength line doesn’t modify the load impedance. 
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Quarter-wave transformer l = λ/4 + nλ/2 

= Z0²/ZL 

βl = (2π/λ)(λ/4 + nλ/2) = π/2 ,  

+ (1 Γ e -j2βl    ) 

 - (1 Γ e -j2βl    ) 
Z0 Zin(-l) = 

+ (1 Γ e -j π    ) 

 - (1 Γ e -j π 
   ) 

Z0 = (1 + Γ)  Z0 
(1 - Γ)  

= 
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An example: 

A 50-Ω lossless tarnsmission is to be matched to a resistive load impedance with  
ZL = 100 Ω via a quarter-wave section, thereby eliminating reflections along the feed line.   
Find the characteristic impedance of the quarter-wave tarnsformer. 

ZL = 100 Ω 

λ/4 

Z01 = 50 Ω 

Zin = Z0²/ZL= 50 Ω 

Z0 = (ZinZL) = (50*100) 
½ ½ 
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Matched transmission line: 

1. ZL = Z0 

2. Γ  = 0 
3. All incident power is delivered to the load.  
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• Instantaneous power 
• Time-average power 

i(z)  =         

V(z) = V0 (              )   + + Γ e jβz 

- 

e -jβz 

(e -jβz + V0 
Z0 e jβz Γ ) 

At load z = 0, the incident and reflected voltages and currents: 

V = V0 + i   =  
i + V0 

Z0 
i 

V = V0 
- r 

i   =  
- V0 

Z0 
r 
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• Instantaneous power 

+ 

i P(t) = v(t) i(t) = Re[V exp(jωt)] Re[ i  exp(jωt)]  
i i 

= Re[|V0|exp(jφ )exp(jωt)] Re[|V0|/Z0 exp(jφ )exp(jωt)]  + + + 

= (|V0|²/Z0) cos²(ωt + φ )  + +  

- 

r P(t) = v(t) i(t) = Re[V exp(jωt)] Re[ i  exp(jωt)]  
r r 

= Re[|V0|exp(jφ )exp(jωt)] Re[|V0|/Z0 exp(jφ )exp(jωt)]  + - + 

= - |Γ|²(|V0|²/Z0) cos²(ωt + φ + φr)  + +  
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• Time-average 

(|V0|²/Z0) cos²(ωt + φ )dt  + +  

Time-domain approach: 

Pav = 
i 

T 
1 

0 

T 
P (t)dt i = 2π 

ω 
0 

T 

 = (|V0|²/2Z0) + 

Pav 
r 

 = -|Γ|² (|V0|²/2Z0) + 

= Pav 
i Pav + Pav 

r 

 = (1-|Γ|²) (|V0|²/2Z0) + 

Net average power: 
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• Time-average 

Phasor-domain approach 

Pav 
r 

 = -|Γ|² (|V0|²/2Z0) + 

 = (1-|Γ|²) (|V0|²/2Z0) + 

= (½)Re[V  i*] Pav 

Pav = (1/2) Re[V0 V0* /Z0] 
i + + = (|V0|²/2Z0) 

Pav 
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Smith Chart 

Normalized admittance 

,
000

jbg
Y
Bj

Y
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Yy +=+==
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1
11

lj

lj
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in e

e
Z

y β

β

−

−

Γ+
Γ−

==

,
1
1)4/( Lin ylz =

Γ+
Γ−

== λ

z and y are directly opposite each other on  

http://faculty.uml.edu/xlu/16.360/smith1.pdf
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Parameter equations 

,ir
j je r Γ+Γ=Γ=Γ θ

)cos( rr θΓ=Γ )sin( ri θΓ=Γ iΓ

rΓ
1=Γ

BΓ. 
B rθ

Open 
Circuit load 

Short 
Circuit load 

Unit circuit 
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Normalized impedance 
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Parameter equations 

,1)
1

( 22 =Γ+
+

−Γ i
L

L
r r

r
,)1()1()1( 222

LL
ir xx

=−Γ+−Γ

rΓ

iΓ
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An example 

,25.0 jzL −=

Smith Chart 

Input impedance 

,)( ljlj
l

ree βθβ −− Γ=Γ=Γ

Smith Chart 

Wavelength toward generator (WTG)  

,
1
1

lj

lj

in e
ez β

β

−

−

Γ−
Γ+

=

http://faculty.uml.edu/xlu/16.360/smith1.pdf
http://faculty.uml.edu/xlu/16.360/smith1.pdf
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An example 

Smith Chart 

,50100 jZL −= find  Zin (-0.1λ) 

,2 jzL −=

,
1
1

Γ−
Γ+

=S Constant |Γ| circle, SWR Circle 

http://faculty.uml.edu/xlu/16.360/smith1.pdf
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Recall: 

Smith Chart 

,
1
1

Γ−
Γ+

=S

,LLL jxrz += ,0=LxIf  

,
1
1

1
1

+
−

=
+
−

=Γ
L

L

L

L
L r

r
z
z

,
1
1

r

r
Lr Γ−

Γ+
= ,LrS =

when 2βz + θr = 2nπ. 

|V0| [1 - | Γ|], + |V(z)| min = when 2βz + θr = (2n+1)π. 

|V0| [1+ | Γ|], + |V(z)| max = 

SWR, voltage maximum and minimum 

http://faculty.uml.edu/xlu/16.360/smith1.pdf
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Smith Chart 

An example 

A 50-Ω lossless line is terminated in a load ZL = (25+j50)Ω. Use the smith chart to 
find a) voltage reflection coefficient, b) the voltage standing-wave ratio, c) the 
distances of the first voltage maximum and first voltage minimum from the load, d) 
the input impedance of the line, given the line is 3.3λ, and e) the input admittance of 
the line.   

http://faculty.uml.edu/xlu/16.360/smith1.pdf
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• impedance matching 

Vg(t) 

A’ 

A 

Tarnsmission line 

ZL Z0 Zin 

Zg 
Ii 

Matching  
network 

Zin = Z0 
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• single-stub impedance matching network 

Vg(t) 

A’ 

A 

Transmission line 

ZL Y0 

M 
Zg 

Ii 

l 

d 

M’ 

Yin Yd 

Ys 
An example 

A 50-Ω transmission line is connected to an antenna with in a 
load ZL = (25-j50)Ω. Find the position and the length of the 
short-circuited stub required to match the line. 

Smith Chart 

http://faculty.uml.edu/xlu/16.360/smith1.pdf
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• Transient on transmission line 

Vg(t) 

A 

Tarnsmission line 

A’ 

ZL Z0 

Zg 
Ii 

If ω1, ω2,…, ωn are transmitted on the transmission line at the same time, each 
frequency has its own location of voltage distribution. The total voltage V(z) is the 
sum of all these Vωi(z).    

∑
=

=
n

i
i

zVzV
ω

ω
ω

1

)()(
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Step function and pulse function 

• step function U(t) 

U(t)  = 1, if t>=0; U(t) = 0, if t<0 

V(t)  = U(t) – U(t-t0),  

• single pulse function V(t) 
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• transient of a step function 
A 

Ii 
Vg(t) 

Tarnsmission line 

A’ 

ZL Z0 

Zg 

V1 

ΓLV1 ΓgV1 - 
+ 

+ 

V1 -  = ΓLV1 
+ 

V2 
+ 

V2 -  = ΓLV2 
+ 

= ΓgV1 
- 

V2 
+ 

V2 - V1 - V1 
+ + + + V = + … 
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V1 

ΓLV1 ΓgV1 - 
+ 

+ 

V1 -  = ΓLV1 
+ 

V2 
+ 

V2 -  = ΓLV2 
+ 

= ΓgV1 
- 

...2211 ++++= −+−+ VVVVV

...))(()( 1111 +ΓΓΓ+ΓΓ+Γ+= ++++ VVVV LgLLgL

...)1()1( 11 +Γ+ΓΓ+Γ+= ++ VV LLgL

...])(1)[1( 2
1 +ΓΓ+ΓΓ+Γ+= +

LgLgLV

]
1

1)[1(1
Lg

LV
ΓΓ−

Γ+= +
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• Bounce Diagram 
Γ= Γg Γ= ΓL 

T 

2T 

3T 

4T 

5T 

+
1V

LV Γ+1

gLV ΓΓ+1

2
1 LgV ΓΓ+

22
1 LgV ΓΓ+

32
1 LgV ΓΓ+
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• An example 

Z0 = 75Ω, εr = 2.1, Vg = ?, Zlf = ?, Lf = ? 

12µs 

6V 

3V 

t 

V 
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Basic Laws of Vector Algebra 

Scalars:  
e.g. 2 gallons, $1,000, 35ºC 

Vectors:  
e.g. velocity: 35mph heading south 
       3N force toward center 

AaA
^

=

A
Aa =

^
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• Cartesian coordinate system 

x 

y 

z 

A 

xA

yA

zA
^^^
zAyAxAA zyx ++=

222
zyx AAAA ++=

θ 

φ 
)cos(θAAz =

)cos()sin( φθAAx =

)sin()sin( φθAAz =
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• Vector addition and subtraction 
 C = B+A = A +B,  

 |C| = |B+A| = |A| +|B|,  

A 

B 

C 
A 

B 

C 
 head-to-tail rule  

 parallelogram  
rule 

A 

B 

D 

 D = A - B = -(B –A),  

A 

B 

D’ = (B-A) 

)()()()()(
^^^^^^^^^

zzxyxxzyxzyx BAzBAyBAxBzByBxAzAyAx +++++=+++++=

)()()()()(
^^^^^^^^^

zzxyxxzyxzyx BAzBAyBAxBzByBxAzAyAx −+−+−=++−++=
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• position and distance 

x 

y 

z 

A 

xA

yA

zA

B 

 D = A - B = -(B –A),  

)()()()()(
^^^^^^^^^

zzxyxxzyxzyx BAzBAyBAxBzByBxAzAyAx −+−+−=++−++=

222 )()()(|| zzxyxx BABABAD −+−+−=
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• Vector multiplication 

1. simple product 

2. scalar product (dot product) 

)()()(
^^^

zyx AzAyAxA ++=


)()()(
^^^

zyx kAzkAykAxAkB ++==


ABBAAB θcos=•


ABθ
ABθ )()()(

^^^

zyx AzAyAxA ++=


)()()(
^^^

zyx BzByBxB ++=


)]()()([

)]()()([)]()()([
^^^

^^^^^^

zzyyxx

zyxzyx

ABzAByABx

AzAyAxBzByBxAB

++=

++•++=•
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Properties of scalar product (dot product) 

CBABCAB


•+•=+• )(

BAAB


•=•

a) commutative property 

b) Distributitve property  

2AAA =•
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3. vector product (cross product) 

ABABnBA θsin
^

=×


A


B


ABABnBA θsin
^

=×


^
n

ABθ

ABBA


×−=×

a) anticommutative property 

b) Distributitve property  

CABACBA


×+×=+× )(

c) 0=× AA


,
^^^
zyx =× ,

^^^
xzy =×

,
^^^
yxz =×
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3. vector product (cross product) 

)()()(

)()(
^^^

^^^^^^

xyyxzxxzyzzy

zyxzyx

BABAzBABAyBABAx

BzByBxAzAyAxBA

−+−+−=

++×++=×


zyx

zyx

BBB
AAA
zyx

BA

^^^

=×




16.360 Lecture 13 

Example vectors and angles 
 In Cartesian coordinate, vector A is directed from origin to point P1(2,3,3), and 

vector B is directed from P1 to pint P2(1,-2,2). Find:  
 (a) Vector A, its magnitude |A|, and unit vector a 
 (b) the angle that A makes with the y-axis 
 (c) Vector B 
 (d) the angle between A and B 
 (e) perpendicular distance from origin to vector B 

 

B


A


332
^^^
zyxA ++=

 222 332 ++=A

22/)332(
^^^^
zyx

A
Aa ++==


)cos(
^^

AyyAyA θ=•


)32()32()21(
^^^

12 −+−−+−=−= zyxPPB


)cos( ABBABA θ=•


)180sin( 0
ABAd θ−=
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4. Scalar and vector triple product 

a) scalar triple product 

b) vector triple product 

)()())()()( BACACB
CCC
BBB
AAA

BACCABCBA

zyx

zyx

zyx 
×•=×•××•−•=××

)()()( BACACBCBA


×•=×•=×•

zyx

zyx

zyx

CCC
BBB
AAA

CBA =×• )(


CBACBA


××≠×× )()(

)()()( BACCABCBA


•−•=××
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Example vector triple product 

2
^^^
zyxA +−=

 ^^
zyB +=



?)( =×× CBA


?)( =×× CBA


^^^

^^^^^^

223
302
110 zyx
zyx

CCC
BBB
zyx

CB

zyx

zyx +−=
−

==×


^^^

^^^

062
222
2113)( zyx
zyx

CBA +−=
−−
−=××



32
^^
zxC +−=
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• Cartesian coordinate system 

x 

y 

z 

dl 

xl

yl

zl

^^^^^^
zdzydyxdxzdlydlxdlld zyx ++=++=



θ 

φ 

dydzxdldlxsd zyx

^^
==



dxdzydldlysd zxy

^^
==



dxdyzdldlzsd yxz

^^
==



dxdydzdv =
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• Cartesian coordinate system 

x 

y 

z 

xss
 directions of area 
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• Cylindrical coordinate system 

z 

x 

y 

),,( 111 zrP φ

^
r

^
φ

^
z

^^^
zr =×φ

^^^
rz =×φ

^^^
φ=× rz

0
^^
=× rr 1

^^
=• rr

zr AzAArA
^^^

++= φφ


222
zr AAAA ++= φ



1R


1

^

1

^

1 zzrrR +=
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• the differential areas and volume 

^
φφ drdzsd =



^
rdzrdsd r φ=



^
zdrrdsd z φ=



z 

x 

y 

dr φrd

drdzrddv φ=
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Example: cylindrical area 

z 

x 

y 

5 

3 

30 
60 

∫∫∫ ⋅==
3/

6/

3

0

60

30

35
π

π

φφ ddzrdS

^
rdzrdsd r φ=
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• Spherical coordinate system 
^^^
φθ =×r

^^^
R=×φθ

^^^
θφ =×R

0
^^
=× rr 1

^^
=• rr

φθ φθ AAARA R

^^^
++=



222
φθ AAAA R ++=





16.360 Lecture 14 

• differential volume in Spherical coordinate system 

φθφθθ

φθ φθ

dRRddRR

dldldlRld R

sin
^^^

^^^

++=

++=


φθθφθ ddRRdldlRsd R sin2
^^

==


φθθθ φθ dRdRdldlsd R sin
^^

==


φθφ θφ dRdRdldlsd R

^^
==



φθθφθ ddRdRdldRdldv sin2==
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• Examples 

(1) Find the area of the strip 

∫ ∫∫ ==
60

30

360

0

2 sin φθθ ddRSdS R



(2) A sphere of radius 2cm contains a 
volume charge density θρ 2cos4=v

Find the total charge contained in the 
sphere 

∫ ∫∫

∫ ∫∫

∫ ∫∫∫∫∫

=

=

==

100/2

0

260

0

2
180
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• Cartesian to cylindrical transformation 

,22 yxr +=

),(tan 1

x
y−=φ

),cos(φrx =

),sin(φry =
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• Cartesian to cylindrical transformation 
),cos(ˆˆ φ=• xr ),sin(ˆˆ φ=• yr

),sin(ˆˆ φφ −=• x ),cos(ˆˆ φφ =• y

,cosˆsinˆˆ φφφ yx +−=

),cos(ˆ)ˆˆ(ˆˆ φ==•+=• axybxaxr

),sin(ˆ)ˆˆ(ˆˆ φ==•+=• byybxayr

,sinˆcosˆˆ φφ yxr +=

,sinˆcosˆˆ φφφ −= rx

,cosˆsinˆˆ φφφ += ry
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• Cartesian to cylindrical transformation 

),cos(ˆˆ φ=• xr ),sin(ˆˆ φ=• yr

),sin(ˆˆ φφ −=• x ),cos(ˆˆ φφ =• y

,sincos φφ yxr AAA +=

,ˆˆˆ zAyAxAA zyx ++=


,ˆˆˆ zAArAA zr ++= φφ


,cossin φφφ yx AAA +−=

,sincos φφ φAAA rx −=

,cossin φφ φAAA ry +=
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• Cartesian to Spherical transformation 

,222 zyxr ++=

),(tan
22

1

z
yx +

= −θ

),(tan 1

x
y−=φ

,cossin φθRx =

,sinsin φθRy =

,cosθRz =
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• Cartesian to Spherical transformation 

,ˆˆˆ bzarR +=

,sinˆˆ θ==• bzR

,cosˆˆ θ==• arR ,sinˆcosˆˆ φφ yxr +=

,cosˆsinsinˆcossinˆˆ θφθφθ zyxR ++=

,cosˆˆ θθ ==• cr,ˆˆˆ dzcr +=θ ,sinˆˆ θθ −==• cr

,sinˆsincosˆcoscosˆˆ θφθφθθ zyx −+=

,cosˆsinˆˆ φφφ yx +−=
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• Cartesian to Spherical transformation 

,ˆˆˆˆ edcRx φθ ++=

,sinˆˆ θ==• bzR

,cossinˆˆ φθ=• xR

,sinˆcosˆˆ φφ yxr +=

,sinˆcoscosˆcossinˆˆ φφφθθφθ −+= Rx

,cosˆˆ θθ ==• cr,ˆˆˆ dzcr +=θ ,sinˆˆ θθ −==• cr

,sinˆcosˆˆ θθθ −= Rz

,coscosˆˆ φθθ =• x ,sinˆˆ φφ −==• ex

,cosˆsincosˆsinsinˆˆ φφφθθφθ ++= Ry
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• Distance between two points: 
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Gradient in Cartesian Coordinates 

Gradient: differential change of a scalar 
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Example of Gradient in Cartesian Coordinates 

Find the directional derivative of ,22 zyxT += along the direction 2ˆ3ˆ2ˆ zyx −+

and evaluate it at (1, -1,2). 
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Gradient operator in cylindrical Coordinates 
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Gradient operator in cylindrical Coordinates 
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Gradient operator in Spherical Coordinates 
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Properties of the Gradient operator 

,)( VUVU ∇+∇=+∇

,)( UVVUUV ∇+∇=∇

,)( 1 VnVV nn ∇=∇ −
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Flux in Cartesian Coordinates 

,sdEfluxTotal 
•= ∫
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Flux in Cartesian Coordinates 
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Definition of divergence in Cartesian Coordinates 
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Properties of divergence 

,)( 2121 EEEE
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If  No net flux on any closed surface.  
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Divergence in Cylindrical Coordinates 
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Divergence in Cylindrical Coordinates 
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Divergence in Spherical Coordinates 
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Divergence in Spherical Coordinates 
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Divergence in Spherical Coordinates 
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Circulation of a Vector  
,ldBnCirculatio
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Circulation of a Vector  
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Curl in Cartesian Coordinates 
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Vector identities involving the curl 
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Curls in Rectangular, Cylindrical and Spherical Coordinates 
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Laplacian Operator of a scalar 
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Laplacian Operator of a vector 
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Maxwell equations 

,vD ρ=•∇
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,ED
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µ= ε: electrical permittivity; µ:magnetic permativity  
ρv: electric charge density per unit volume; J: current density per unit area.  

,vD ρ=•∇


,0=×∇ E


,0=•∇ B


,JH


=×∇

Electrostatics Magnetostatics 

E: electric field intensity  
D: electric flux intensity  
H: magnetic field intensity  
B: magnetic flux intensity  
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,vD ρ=•∇


,0=×∇ E


Electrostatics 

Volume charge density 
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Electric field due to a charge distribution 
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Gauss’s law 
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Electrical scalar potential 
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Electrical potential due to point charge 
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Electric field as a function of Electrical potential 

Poison’s equation 
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,
ε
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,
ε
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ε
ρvV −=∇ Poison’s equation 

,02 =∇ V Laplace’s equation 
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Electrical properties  of material 

• conductor 
• dielectric  
• semiconductor 
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 Conductors 

Electron drift velocity Eu ee


µ−=

Hole drift velocity Eu hh


µ=

Conducting current 
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Point form of Ohm’s law 
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 Resistance 
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 Joule’s law 

,hhee lFlFW ∆+∆=∆

General form 
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 Dielectrics 

Electrical field induced polarization 
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 Dielectrics 

,0 PED


+= ε

P: electric polarization field 

For homogeneous material: 

,0 EP e


χε=

,000 EEEPED e


εχεεε =+=+=

),1(0 eχεε +=

),1(
0

er χ
ε
εε +==Relative permittivity: 

Electric susceptibility 

Dielectric breakdown 
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 Electric boundary condition  
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 the tangential component is continuous 
across the boundary of two media. 
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 Electric boundary condition  
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,21 ssDsD snn ∆=∆−∆ ρ


 the normal component of D changes, the 
amount of change is equal to the surface 
Charge density. 

,21 snn DD ρ=−
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 Dielectric-Conductor boundary 
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 Conductor-Conductor boundary 
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 Capacitance 
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 Electrostatic Potential Energy  

,ldWldFdW ee


•∇=•−=,

2
1 EDWe


•=

,eWF −∇=


 Image Method 

 Any given charge above an infinite, perfect conducting plane is electrically  
equivalent to the combination of the give charge and it’s image with conducting 
plane removed.  
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Magnetic forces and Torques 
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Magnetostatics 
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Magnetic forces on a current-carrying conductor 
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Magnetic torques on a current-carrying conductor 
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The Biot-Savart Law 
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Gauss’s Law for Magnetism 

,vD ρ=•∇


Ampere’s Law 
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For any vector A  
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Vector Magnet Potential 

,HB


µ=

,0µµµ r=

,A 0)( =×∇⋅∇


,AB


×∇≡,0=•∇ B


,JH


=×∇ ,)( JA


µ=×∇×∇

Define: ,0=⋅∇ A


,)()( 22 JAAAA


µ=−∇=∇−⋅∇∇=×∇×∇

,2 JA


µ−=∇

with 

Vector Poison’s equation ,'
'4 '
dv

R
JA

v∫=




π
µ



16.360 Lecture 22 

Magnetic boundary conditions 
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Inductance 
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Magnetic filed in a Solenoid 
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Self Inductance 
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Magnetic Energy 
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Static field  
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Dynamic Field  
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Faraday’s Law 
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Electromotive force 
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Stationary Loop in a Time-varying Magnetic field 
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Lenz’s law 
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,)(∫∫∫ •×∇=•
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An example:  

,sin)3ˆ2ˆ(0 tzyBB ω+=


Faraday’s law, differential form ,
t
BE
∂
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(a) The magnetic flux link of a single turn  
of the inductor. 
(b) The transformer emf,. 

(c) The polarity of the emf. 

(d) The induced current. 
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Example II  

,3.0ˆ tzB −=


Determine the voltage drops across the  
two resistors 
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The ideal Transformer properties: 
• µ = ∞  
• I = 0 in the core. 
• The magnetic flux is confined within the core  

• I = ?, with applied voltage of V1and with RL  
• V2, and I2=?  

Questions: 
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Voltage transformer: 

Power relations: 
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Current transformer: 

,222 IVP =

Impedance transformer: 

,/ 111 IVR = ,/ 222 IVR = ,)( 2

2

1

2

1

N
N

R
R

=

,)( 2

2

1
Lin R

N
NR =



16.360 Lecture 24 

Moving conductor in a static magnetic field: 
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Another way to look at it: 
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Next lecture: 

• The electromagnetic generator  
• Moving conductor in a time varying magnetic field 
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The electromagnetic generator  
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Moving conductor in a time-varying magnetic field 
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Displacement current 
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• Ampere’s law in static electric field 
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• Ampere’s law in time-varying electric field 

• proof of Ampere’s law: 
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' Displacement current density 
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Displacement current 
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• Ampere’s law in time-varying electric field 
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• Boundary conditions for Electromagnetic 
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 Maxwell equations  boundary conditions 
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• Charge-Current continuity Relation  

 charge current continuity equation 
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 steady state integral form 
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iI  Kirchhoff’s current law 
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• Free-charge dissipation in a conductor  
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• Electromagnetic Potentials  

 Electrostatics: ,VE −∇=
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• Retard Potentials  
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• Time-Harmonic Potentials  
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• Time-Harmonic Potentials  

,
~~

EjH


ωε=×∇ ,
~~

HjE


ωµ−=×∇

• example  

,)()(
~

22
~

EEEE


µεω−=∇−⋅∇∇=×∇×∇

,0
~

2
~

2 =+∇ EE


µεω

,0=⋅∇ E  if no free charge, trans-wave, why?  

,)'( '
0

~~
jkReERE −=


,22 µεω=k

   ),10sin(10ˆ),( 10 kztxtzE −=


 find k?  
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