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SPECTRAL ESTIMATORS THAT EXTEND THE MAXIMUM
ENTROPY AND MAXIMUM LIKELIHOOD METHODS*

CHARLES L. BYRNEt AND RAYMOND M. FITZGERALD}

Abstract. The theory of best linear approximation in weighted L? spaces is used to obtain a general
procedure, the PDFT, for linearly reconstructing the Fourier transform from sampled data. The PDFT can
be used either directly to reduce sidelobe structure and to extrapolate the data or indirectly to obtain high
resolution spectral estimators. The direct and indirect PDFT include as special cases many of the commonly
used spectral techniques, including Burg’s maximum entropy method, Capon’s maximum likelihood method,
the spectral estimators based on bandlimited extrapolation, the eigenvalue/eigenvector methods for detecting
sinusoids in noise (Pisarenko method, Schmidt’s MUSIC, eigenvector power beamforming), and the best
linear unbiased estimator (BLUE) for regression coefficients. By exploiting their relationship to the linear
PDFT, these nonlinear techniques can be analyzed in terms of linear approximation theory. In addition to
providing a unifying formulation for many different spectral estimators, the PDFT approach provides new
techniques which expand the class of available high resolution spectral estimators.

1. Introduction. Using the theory of best linear approximation in Hilbert space
we develop a general class of high resolution spectral estimators that contains, as
special cases, several of the well-known linear and nonlinear methods, including Burg’s
maximum entropy (MEM) estimator [1],[4],[5],[25], the maximum likelihood method
(MLM) of Capon [11], [25], the bandlimited extrapolation procedures of Cadzow [9],
Papoulis [28], Kolba and Parks [24], and others, and the eigenvalue/eigenvector
techniques of Pisarenko [30], Schmidt [33] and Bienvenu [2]. The recent tutorial article
by Kay and Marple [23] summarized concisely most of the modern spectral estimators.
In this paper we provide a common mathematical framework within which many of
these techniques can be analyzed and extended.

In [23] it was noted that most modern spectral estimators are based on models
that involve a small number of parameters. As we shall see, these same estimators can
also be based on linear approximation in weighted L* spaces. The weights reflect the
user’s prior information about the spectrum to be estimated and his objectives in
estimation. Because the sampled data are always insufficient to specify the unique,
correct spectrum and because no estimator will reconstruct equally well all the charac-
teristics of the spectrum, it is essential that prior knowledge and the aims of the user
play a role in the design of the estimators employed. The approximation theoretic
approach we present in this paper provides the user with the opportunity to participate
in the design of the estimator, so that it will have the properties appropriate for his
or her application.

The basic problem to be solved is the following. We observe the function x(¢) at
the “times™ ¢, - -, tn. From the data, x(r;) - - - x(ty), we must either reconstruct
(estimate, approximate) the Fourier transform (FT) of x(t), which is defined by

(1) X(w)EJ. x(t) e dt,

or, equivalently, we must extrapolate and interpolate the unobserved values of x(1).
Clearly the data fails to determine X(w) and x(t) uniquely, and our success in
reconstructing from the data will depend in large part on the effective use of prior
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information in the design of the estimator. For example, suppose we know that X(w)=0
for |w| > w, and our data are x(nA), n=1,- -, N, for some sampling interval 0 < A=
]/ w,. Because we can write X (o) as

A ‘2 x(nA) e, lw| = /A,
@ X(w)={ n=
0, |w|=> /A,

it is reasonable to consider the discrete Fourier transform (DFT) estimator of X (w),
which is defined by
]\r N
A Y x(nA)e™, |w|=7/A,
(3) Xprr(w) = n=1
0, lw| > 7/ A.

If it should happen that A< m/aw,, then the DFT does not vanish, as X (w) does, for
wo< |w| = m/A. Can we find a better estimator for X (w)? In particular, can we find

one that does vanish off of [—wg, we]?
Consider as an estimator of X (@) the function of the form

N
Z a, einAm’ lwl = wos
(4) XBI.,(w) = 4qn=1
0, \w| > wy,
which is consistent with the data. That is, choose a;,* -+, an SO that
“o ) d
(5) x(”A)zj Xpi{w) emmmuﬂ_’ n=1,---,N.
~wp 2

This bandlimited (BL) estimator has the important approximation theoretic property
that the coefficients that minimize the mean square error on [—wg, o], given by

N 2
X(w)— Y a,e™| do,

n=1

(6) error = '[
—wg
are precisely the ones that satisfy (5). This BL estimator of X (w) is essentially the
Fourier transform estimator determined by the various bandlimited extrapolation
procedures of Cadzow [9], Papoulis [28], Kolba and Parks [24] and others [7], [16].
When the sampling rate is Nyquist (so that A= 7/ we), then X = Xprr. When the
sampling rate is above Nyquist (so that A< ) wy), then the DFT estimator wastes
degrees of freedom approximating zero on wo = |w| = 7/ A. By using the band [—wo, w]
in the definition of the approximation error, we release those degrees of freedom and
make it possible to better reconstruct X (w) where it is known to be supported.
In practice the assumption that X (@) = 0 for |w| > wy is usually too strict. Roundoft
error and other perturbations quite easily introduce out-of-band components to which
the BL reconstruction is very sensitive. In addition, the equations that must be solved

for the parameters d;, -, an

) x(mh) = E o sin (mA—nl)e,

n=1 a(mA—nA)
involve a matrix that becomes ill-conditioned as /A — @, increases. In an attempt to
stabilize this BL method we are led to consider a general technique for the linear
estimation of the FT. This technique, which we call the PDFT, provides a framework
for a unified treatment of linear and nonlinear spectral estimators.

3 m=1!-l.1N7
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Most high resolution spectral estimators, such as MEM and MLM, are based on
a knowledge of autocorrelation, rather than time series, values. That is, the data,
r(m), m=0,---, M, are samples of the autocorrelation function, defined by

(8) r(r)=J | X ()’ e dw/2m,

and the problem is to reconstruct the power spectrum, R (w) = | X (w)|?, from these data.

Frequently the problem is posed in a stochastic context. The autocorrelation
function, r(¢), is defined to be the expected value of the product, x(s+t)x(s), and
x(r) is viewed as a realization of a zero mean, weakly stationary random process [26]
(overbars are used to indicate complex conjugates). For the purposes of this discussion,
however, the deterministic interpretation will suffice.

We rarely observe r(m) directly. In practice r(m) is usually estimated from
measurements of x(f). An alternative to dealing with estimates of the autocorrelation
lags is to replace r(0),- -, r(M) with an equivalent set of parameters—reflection
coefficients in the Burg algorithm, for example [6]—and to estimate these parameters
from the x(f) data. Because it provides an extrapolation of the data, the PDFT can
be used to improve the autocorrelation estimates which are then used to estimate the
spectrum.

The PDFT is a linear Fourier transform estimator and, equivalently, a linear
extrapolator of the data. When used directly it provides essentially a ‘‘numerator-type”’
estimator, i.e. one whose parameters appear in the numerator. Such estimators are
uscful for suppressing sidelobe structure and enhancing the less prominent features
and for improving autocorrelation estimates. As we shall see, it is also possible to use
the PDFT indirectly to obtain a large class of “‘denominator-type” high resolution
spectral estimators. These indirect PDFT estimators (IPDFT) include as special cases
Burg’s MEM and the various eigenvalue/eigenvector techniques for detecting sinusoids
in noise. The maximum likelihood (MLM) estimator will be shown to be a special case
of calibrated or normalized PDFT spectral estimators and the best linear unbiased
estimate of regression coefficients (BLUE) will be derived as a limiting case of PDFT
amplitude estimation. We discuss first the direct PDFT.

For completeness we include a brief sketch of both the maximum entropy method
and the maximum likelihood method in Appendix A. These topics are treated rather
completely in [12], [19]. Appendix B contains an iterative algorithm for inverting the
matrices that arise in the PDFT development.

2. The direct PDFT. In discussing the BL estimator of the Fourier transform we
showed how the prior knowledge that X(w) was supported on a subinterval of
[—#/A, w/A] could be employed to design an optimal estimator. To form the BL
estimator we may employ our prior knowledge about the general shape of | X (w)| by
writing (4) in the form

©) Xo(@)=P(@) T a, e,

n=1

where P(w)=1 for |w|=w, and P(w) =0 for |w|> w,. That is, the prior knowledge
that X(w) vanishes off of [~wy, wy] is here incorporated in the function P(w). This
technique is readily extended by allowing P(w) to be a more general estimate of | X ()|
in accordance with what is known a priori. In particular, by making P(w)=1 for
|w] = wy and P(w) =0 small, but not zero, for wy=|w|= /A, we obtain an estimator
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which has the desirable properties of Xg, but which is considerably more stable than
Xg:. For simplicity, let us assume from now on that A=1, so that the data are
x(1),- -+, x(N) and we have that X (w) =0 for || > .

Having chosen P(w) = 0 to share with | X (w)| whatever broad features are known
a priori, we take as our FT estimator the data-consistent function of the form

N N

(10) Xpprr(@)=P(@) ¥ a, e, lw|= 7.
n=1

With p(t) defined by

’ it A0
(11) P(f)ﬂj ﬁP(w) e

the requirement of data consistency leads to the set of equations
N

(12) x(m)= Y a,p(m-—n), m=1,-"-,N,
n=1

which determine the parameters a,, n=1,"" , N. As with X, this PDFT Fourier
transform estimator is optimal in an approximation theoretic sense. The coefficients
a,,- - ,ay that minimize the weighted error,

2

X(w)—Plo) E a,e™| P Y w) do,
1

n=

(13) error = J,

are precisely those satisfying (12). The appearance in (13) of P~'(w) is significant. As
P(w) takes on the prominent features of | X (w)], the weighting by P !(w) directs the
sensitivity to error toward the less prominent components of X {w). This sensitivity to
the less obvious features suggests a role for the PDFT in computerized tomography

as discussed in [8].
Taking the inverse FT of Xpper(w) gives the data extrapolation as

N
(14) xpper(t) = 21 a,p(t—n),

which can be used to improve estimates of the autocorrelation function.
The biased lag-product estimate of r(m), for [m|=N—1, given by

N=|lm

(15) Hmy="% x(n+m)T0),

n=1

is closely related to the DFT estimator of the Fourier transform. From (3) we have that

N-1 N=|m]| o )
(16) | Xper(@)P= T ( Y X(n+m)x(n)) e,

m=—N+1 n=1

which leads to the use of 7(m) as an estimator for r(m). It is well known that F(m)
is not always a good estimator for r(m) and that the use of 7(m) can degrade the
performance of high resolution techniques such as MEM. For this reason several
authors have published MEM algorithms that use reflection coefficient estimates
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instead of autocorrelation estimates [6], [27], [35]. Instead of trying to bypass the
use of autocorrelation estimates, we can try to improve them. One possibility is to
use (14) to increase the number of time series values used in the biased lag-product
estimates (15).

The PDFT estimator in (10) is the Fourier transform of the extrapolated time
function in (14). The use of extrapolation procedures is not new and an extensive
study of this subject can be found in [20]. The PDFT estimator (10) is closely related
to Jain’s mean-square extrapolation filter (MSEF), although the use of a prior weighting
function to derive the autocorrelation function is not considered in [20].

The autocorrelation function, p(#), in (11) can be used to define a kernel, K (s, ) =
p(s—1), for a reproducing kernel Hilbert space (RKHS). The analysis of such spaces
and their uses in estimation and detection have been discussed by Parzen [29] and
Kailath [22].

The use of windowing techniques to analyze the MEM and MLM estimators has
recently been reported by Durrani and Arslanian [15]. A “windowing” interpretation
of the direct and indirect PDFT methods appears feasible, but we do not consider it here.

We conclude our discussion of the direct PDFT with an example taken from the
Rome Air Development Center (RADC) 1979 Workshop on Spectrum Estimation.
The data consist of 32 complex, equi-spaced samples of a time series x(#) corresponding
to a signal from a Doppler radar corrupted by low-Doppler clutter. The clutter spectrum
is known to be supported on [—/3, 7/3] and the targets (sinusoids) that are present
are known to be at frequencies outside the clutter band, but within [—ar, «]. Figure 1
gives the magnitude of the DFT estimator for the 32 data values and indicates the
clutter region between the dotted lines. The three actual targets (indicated by arrows)
are located at w =—1.84, —1.15 and +2.46 and have amplitudes of 0.0873, 0.2184,
and 0.1203 respectively. A prior P(w) was chosen (indicated in Fig. 2) and the PDFT
spectrum was calculated (Fig. 3). The effect of the PDFT on sidelobe background is
the most obvious feature.

Because the direct PDFT is essentially a “numerator-type” estimator, Xpppr(w)
does not exhibit the highly resolved peaked structure familiar to users of MEM. In
order to obtain such high resolution and yet retain the flexibility associated with the
choice of the weighting function, P(w), we consider next an indirect application of the
PDFT method.
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FIG. 1. Magnitude of DFT; 32 complex samples, || =« (linear scale). Clutter region between lines; 3
targets indicated by 1.
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F1G. 2. Prior weight function, P(w) =0.01+ Gaussian (mean 0.0, standard deviation 0.3), |w| = 7 (linear
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FiG. 3. Magnitude of PDFT, 32 complex samples, |w| = m, prior as in Fig. 2 (linear scale).

3. The indirect PDFT high resolution estimators. We assume now that the data,
r(m), |m| = M, are exact or estimated autocorrelation values and that the problem is
to estimate R{w), the FT of r(t). We could select a function P(w)Z0 as a prior
estimate of R(w) and use the PDFT directly to obtain the estimate

M .
(17) RPDFT{w)=P(w) ) a,e™,

n=—M

with a_png - -+, dp Chosen to make Rpprr(@) consistent with the conjugate symmetric
autocorrelation data. This estimator is necessarily real, but it may be negative for some
values of @. Unless P(w) itself is highly structured, Rpprr(w) will not provide the sort
of resolution desired in many applications. To obtain such resolution the polynomial
in (17) must somehow be put into the denominator.

Let us switch the roles of R(w) and P{w) and imagine that R(w) is a prior
weighting function which is being used to reconstruct P(w) from samples of p(1). If
the ““data” consist of M +1 contiguous values of p(), then the matrix involved in this
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PDFT is known. For example, if M =2K and the “data’ are p(—K), - -+, p(K), then

the system of equations to be solved for a,, n=—K, -+, K is given by
K
(18) p(m)= z a”r(m-“n), m:_Ks' ' 'sK-
m=—K

The resulting PDFT estimate of P{w) will be

K
(19) Prprr(@) = R(w) > anemm

n=—K

Since it is R(w) that we really want, we solve (19) for R(w) and replace Ppper(@) by
the known P(w) to get as the estimator of R(w)

(20) R‘(w)zP(w) E a, e™

n=—K

This estimator is necessarily real, although the polynomial has been observed to take
on negative values (in a high signal-to-noise environment the polynomial sometimes
has a zero at or near frequencies of sinusoidal components.) This is not necessarily
bad, however, for it indicates that the polynomial can be used to locate the frequencies
of sinusoids in noise. We shall take up this topic again when we discuss the relation
between the PDFT and the eigenvalue/eigenvector techniques.

The “data” set used above to estimate R(w) is redundant in that it is conjugate
symmetric. Suppose we take the “data” to be just the values p(0), p(1),- - -, p(M).
Solving the system

(21) p(m)= E a,rim—n), m=0,1,-++, M,

n=0

for a,, n=0,1, -+, M, we obtain the PDFT estimator

M .
(22) Poprr{w)=R(w) ¥ a,e™

n=0

This function approximates not only P(w) itself but also every other function consistent
with the data p(0),- - -, p(M). In fact, as M -0, Ppper(@) converges, not to P(w),
but to a function having the same causal part as P{w). (The causal part of P(w) is the
function P'(w)=Y._,p(n)e™™, |w|=n) Consider therefore the causal part of
Ppper(@) given by

M
(23) P;D!--'l'(“))=R+(‘U} E’g ay emw"‘GJr(w),

where G'(w) is defined by

G (@)= ar(D)+a,(r(2)+r(1) €'
+ o Fay(r(M)+r(M—-1)

(24)

) e -+ (D) MV,
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This G*(w) can be computed from the data and (21). Solving for R™(w), the causal
part of R(w), we obtain

(25) R"(W):(P;DFT(CU)GWCU))/ E‘o a, e,

Replacing Piorr(w) with the known function P'(w) we obtain the indirect
PDFT(IPDFT) estimate of R"(w) as

N

(26) Ripper(@) = (P (@)~ G (0)) / L e

n=

The IPDFT estimafe for R(w) itself is then
(27) Ripprr(w) =2 Real (R;TPDFT(CU)) —r(0).

If the polynomial EHM:{, a,z" has all its zeros outside the unit circle (minimum phase),
then Ripppr(w) is causal (is equal to its causal part) and Rpppr(e) is consistent with
the autocorrelation data, r(m), |m| = M. The minimum phase condition holds whenever
the real part of E’,‘LU a, ¢ does not change sign on [—, w|([34, p. 123]). The IPDFT
estimator is real, although not necessarily nonnegative. In particular applications
Rpper(w) is frequently both nonnegative and consistent with the data. For discussion
of a closely related minimum phase problem see [32].

If we select as our prior weight function P(w)=1 for |lw|=7 and Plw)=0
otherwise, then we can show that

2

M .
(28) Ripprr{@) = ao/ Y a,e™
n=0
The equations (21) are then the same ones that occur in the derivation of the MEM
estimator [25] and indeed for this particular weighting function we have that
RIEDFT(“)) = Ryem(®). Table 1 indicates the mean square €rror terms that are minim-
ized in DFT, PDFT, MEM and IPDFT spectrum estimation.

TABLE 1
Mean square error terms.
N . N \
f|R(k)— T ae™ [Zdk fl:—{%— T a,e" |2 Pik) dk
n=-N n=-N
(DFT) (POFT)
i
| N ikn |2 P (k) N i =
—— - Y ae Rik)dk | T2 = ¥ ape 2R (k)dk
-“ R(k) 0 " | f R(k) EO n |
(MEM) (IPDFT)

To illustrate the use of the IPDFT we consider once again the RADC problem |
discussed earlier. From the 32 complex samples we estimate 7(m), |m| = M, using the
biased lag-products estimates (15), for M =11. Figure 4 is the DFT of r(m), [m|=11,
in dB scale (0 dB is 2500.0 throughout). Figure 5 is the prior weighting. Figures 6 and
7 show MEM and IPDFT. The IPDFT involves both numerator and denominator.
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Fi1G. 4. DFT of biased lag-product estimates, F1G. 5. Prior weight function of Fig. 2 (dB scale).
m=0,---,11, |w|= 7 (dB scale, 0 dB =2500).
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FiG. 6. MEM estimate, same data as Fig. 4 FiG. 7. IPDFT estimate, same data as Fig. 4,
(dB scale). prior as in Fig. 2 (dB scale).
The improvement over MEM is reminiscent of the advantage obtained through the
use of ARMA models in [10], [13] and the IPDFT can be viewed as a computationally
simpler alternative to ARMA.

If our goal is to obtain a reconstruction of R(w) that presents a good overall
picture of R(w) then it helps to take P(w) as close to R(w) as possible. In the extreme
case, in which P(w) equals R(w), the polynomial reduces to unity and Rpppr(w)=
R(w). }udgmg from the reported success of MEM in reconstructing spectra, it appears
that even a noncommittal choice of P(w) can lead to a useful estimate. At times,
however, a good overall picture of R(w) is not our primary concern. Consider for
example the problem of detecting and localizing sinusoids in noise and of estimating
their amplitudes. In the detection problem resolution is important. The choice of P(w)
can be made to involve not only our prior knowledge of R(w) but also our goals in
estimation. A full discussion of the use of the IPDFT for high resolution estimation
requires a brief sketch of the eigenvalue/eigenvector approaches for the detection and
localization of sinusoids in noise. This is the topic of the next section.

4. IPDFT and eigenvector analysis of sinusoids in noise. Because most modern
spectral estimation methods are based on models that involve a small set of parameters,
errors arise either because the parameters are poorly estimated or because the model
itself is inappropriate. Not surprisingly, the methods that are best able to resolve two
closely spaced sinusoids are those that are based on a model of sinusoids in noise. Such
methods have been presented under a variety of names. Generally they are eigen-
value/eigenvector methods, and are usually associated with the names Pisarenko [23],
[30], Schmidt [33] and Bienvenu [2] (see also [3], [21]).



434 CHARLES L. BYRNE AND RAYMOND M. FITZGERALD

The function x(¢) being measured is taken to be

J

(29) x()= ¥ Aje e+ (1),
j=1

where B;= A, e" is the complex amplitude, A; is the amplitude, 6; is the phase, o, is
the angular frequency (— = w; = ), and 7 (1) is one realization of a zero mean, weakly
stationary noise process with autocorrelation r,,(¢). We assume here that the 6, are
independent random variables uniformly distributed on [, 7], although more in-
volved models can be and sometimes are employed. The autocorrelation function for
the process x(¢) is then given by

——— J .
(30) ro ()= E{x(t+5)x(5)}= T |A]* e™r+ry, (1)
j=1
With the matrix notation Ry =[ru(n—m)], Ryp=[ry,(n—m)], §=[S,.,1=[e"",
and A=diag{A,, -, A}, where m,n=0,---, M and j=1,--,J, and with *
denoting conjugate transpose, we have
(31) R, =SAA*S*+R,,.

Typically J« M +1 so that SAA*S* with rank J, is singular. Consequently there are
M +1—17 linearly independent solutions y to the matrix equation YR,,= yR,,, or
equivalently, the matrix Q = R,,R -1 has M +1—J mutually orthogonal eigenvectors
corresponding to the eigenvalue A = 1, which repeats M +1—J times. Because SAA*S*
is nonnegative definite we can show that A =1 is the largest eigenvalue of Q. For this
reason the nonzero eigenvectors satisfying yR.. = yR,,, are called the “largest” eigen-
vectors of Q. It follows that yYSAA*S*=0 or ySAA*Sy* =0, so that y§ =0 for each

largest eigenvector y. With y=(yo, y1." " "> ya) We then have
M .
(32) 0=3% yme™,
m=0
for each j=1, - - -, J. This means that the z-transform (32) of each largest eigenvector
y has zeros at precisely the sinusoidal frequencies, wj, j=1,--,J.

In practice R, must be estimated from data and R,, must be approximated by
the user. Frequently R,, = oI is chosen, even though the success of the method in
the presence of colored noise depends heavily on the choice of a good estimate for
R,,,. Eigenvalues of 0O=R,,R -1 are then calculated. Because of the approximations
involved, the largest eigenvalue may not repeat. One does count on the largest M +1—J
cigenvalues clustering visibly, however, in order to make it possible to estimate J.
Once J is determined, the M +1—J largest eigenvectors are then calculated from Q.
Theoretically the zeros of their z-transforms indicate the sinusoidal frequencies. In
practice the magnitudes squared of the M+ 1—J z-transforms are averaged to add
stability to the procedure. In array processing this is called “eigenvector beamforming”
[17].

The largest eigenvalue of Q=R,,R,} can be computed using any of several
variants of the power method. Starting with any vector v one calculates vQ, vQ?, etc.
Ignoring certain technicalities ([14, p. 192]) we can say that this sequence of vectors
converges to a largest eigenvector y of O, corresponding to largest eigenvalue A.
Because yO = Ay we get A = yQy*/yy*. If our initial choice of v was good, that is, if
v itself is close to y, then vQ or v0Q? should estimate y quite well, or at least, the
z-transforms should begin to indicate sinusoidal frequency locations. We relate this
technique to the IPDFT.
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In computing the Rpper spectral estimator we solve the system of equations (21),
which, using p=(p(0),---,p(M)), a=(ag," -, ay) and R=[R,,]=[r(m—n)],
m,n=0,---, M, we can write as p = aR. The vector a whose z-transform appears in
the denominator of the IPDFT is then @ = pR ', If x(¢) has the form (29) then R = R,,.
For the z-transform of a to provide a good indication of the locations of the w, it is
necessary that a be close to y, a largest eigenvector of Q=R,, R,.. If a=0v0Q for
some v then p=vR,,,. The task then is to select p of the form p = vR,, corresponding
to a v that is close to y. If we are only interested in detecting sinusoids within a
particular frequency band, it is necessary that v “mimic” y only to the extent of having
its z-transform relatively small near the frequencies of interest. One way to do this is
to select V(w)=0 to be relatively small in the frequency band of interest, larger
elsewhere. Let v=(v(0), v(1), -, v(M)) be samples from v(t), the inverse FT of
V(w). Choose R,,, to estimate, as best we can, the noise correlation matrix and take
p=0vR,,. If a=pR™" then a represents one further step along the iteration sequence
converging to y. If @ does not provide the desired resolution, we can iterate again,
setting v =a, p'"'=v'"R,,, a'V=pR""; generally we can have v'*'=a* ", p*® =
v"“R,,, and a=p"'R™". The z-transform of a’*’ should begin to resolve the
sinusoids after a small number of iterations, if the initial v is chosen as described above.

To illustrate this method, exact autocorrelation values corresponding to unit
amplitude sinusoids at @ =1.26, 1.33 were considered, for m =0, - - -, 14. The value
of r(0) was increased by 10% to increase the stability of the matrix inversion. The
reciprocal magnitude of the z-transform of a™ was calculated for k=1,2, 3, 4. Figure
8 displays the results. The prior noise matrix was taken as 0.1] and v was selected
initially to correspond to 0= V(w)=1.1—-(1.5)/4(1.3,0.25), an inverted Gaussian
centered at 1.3 with standard deviation of 0.25. The two frequencies are resolved at
k =2 and improvement is rapid as k increases. The MEM estimator failed to resolve
the two sinusoids.

SLINN AHVYHLIYY-3TIVOS 4VaANIT

1.2 126 133 14w
FIG. 8. Iterative IPDFT, d(w)=1/|T)% a,e™|, a=pR™* k=1,2,3,4, 1.2= w = 1.4 (linear scale).

As with any high resolution method, there is a price to pay. The above analysis
depends heavily on our knowing R,, well. If our guess of R,, is bad the eigen-
value/eigenvector method can produce completely erroneous answers, whereas the
IPDFT, because it is less committed to the specific model of (24), can still produce
reasonable estimates.
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If, in the eigenvalue/eigenvector method described above, we take R,, =1 and
we use all M+ 1 orthogonal eigenvectors of R7', instead of the “largest” M +1 —J,
weighting each z-transform by its corresponding eigenvalue, we obtain Capon’s MLM
estimator. In the next section we rederive the MLM as a calibrated or normalized
PDFT spectral estimator.

5. The PDFT, minimum weighted leakage and the MLM. In this section we
develop a Fourier transform estimator we call the minimum weighted leakage (MWL)
estimator. We then relate it to the PDFT method and to Capon’s maximum likelihood
estimator of the power spectrum ([11], [25]).

First let us return to the problem of estimating X () from x(1),--- , X(IN).
Suppose we decide that for each w the estimate X (@) of X(w) should be a linear
combination of the data values. That is, we seek an estimate of the form

. N
(33) X(w)= 21 b, (w)x(n).

The PDFT is such an estimator. Now let us hold @ fixed and try to determine what
set of coefficients by(w), -+, bn(@) is best to use. If we are mainly concerned with
sinusoids and, in particular, with estimating the power in each sinusoidal component,
and if we want to eliminate as much “leakage” as possible from the presence of power
at one frequency into the estimate of the power at another frequency, then the MWL
is a reasonable approach.

For each frequency —7 = a = 7 write

(34) Rw)= 3 blw) e ™
n=1

Because of the way we define the FT, a delta-function at frequency a corresponds to
the sinusoid e ™. Consequently X, () is the value of the FT estimate at frequency
@ when the data comes from the sinusoid ¢ " As the conditions which determine
the optimal set of coefficients, b(w)=(b(w), -, by(w)), select

1) X, (0)=1,
(35) .
2) J |X,(w)|?W(a) da/27 is minimized,

where W (a) is an arbitrary nonnegative function of our choosing. The quantity DAQ (w)]
we term ‘‘leakage” in the estimator. Ideally, if a # o, then Xa(w) would be zero. A
nonzero value indicates the effect of a sinusoidal component at a on our estimate of
X(w). The aim in 2) is to weight the “leakage” from each frequency o according to

its severity (at least as far as we can determine it a priori) and then to minimize over
all &. We rewrite (35) as

N N o ™ .
2') y ¥ b(w)bm(w)[ Wi(a) e """ ™ da/24 is minimized.

(37) w(t)=J’w W(a) e " da/2m,
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and with the matrix notation

W=[Wn,m]:[w(n“m)], m’nzl,...’M

and
Sm — (eim’ eme’ cee ein),

(36) becomes

1) b(w) - S* =
(38)

21 b(w) - W+ b(w)* is minimized.
The solution is given by
(39) blw)=AS, W, 1=b(w)S* =5, W'§*
so that
(40) ' b(w)=S,W /S, W 1§%
The optimal estimate of X(w) is then
(41) Xuwi(®) =X () = b(w)x” = xb(w)7,
where x=(x(1),- -, x(N)). This estimator we call the minimum weighted leakage
estimator (MWL).

ertlng XMWL(w) as
S,W T W(w)S,WixT

(42) Ko (0) = ()

S. W~ 1S”‘ Wi(w)S, W~ ISﬁ

we see that Xywi(w) is related to the PDFT. The numerator, W(w)S, W 'x7, is the
PDFT estimator corresponding to the data vector x and prior weighting function
P{w)= W(w). The denominator is the same, except that x” is replaced by S%. This
means that the denominator is a PDFT corresponding to different data at each frequency
. The MWL estimator is simply a normalized PDFT estimator, in which at each
frequency @ the PDFT estimate of X(w) is divided by what the PDFT estimate of
X(w) would have been, if the data had come from the sinusoid e ™ instead of from
x(1).

Next we apply the MWL to the problem of estimating R (w) from r(m), |m|= M.

Take the data vector to be x=(r(0), r(1), -+, r(M)), take S,=(1,¢e™, -, ™),
and choose a suitable weight function, W(w). As seen m (38) not all of W(w) actually
enters the calculation of the MWL. Only the values w(0), w(1), - - -, w(M) are involved

in the present problem. In that case, let us take as W(w) the actua] spectrum R (w).
Surely the actual spectrum will serve as a reasonable weighting of leakage. The MWL
estimator that results is

(43) Rywi(w)=1/5,(RT)7'SE,

which is the maximum likelihood spectral estimator of Capon (MLM), [11],[25]. The
MLM is, in general, not consistent with the data, is smoother than MEM, and is an
estimator of the power in spectral peaks [1], [25]. We see that the MLM, as a special
case of MWL, is a normalized PDFT estimator, based on the choice of the true spectrum
as the weight function. The MLM does not have the resolving capability of MEM or
the eigenvector methods, because the normalization causes a smoothing that reduces
resolution. The MLM is related to the eigenvector/eigenvalue method in yet another
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way, as noted above. If, instead of taking only those eigenvectors corresponding to
the largest eigenvalue of Q we take M +1 orthogonal eigenvectors and R,, =1 and
we average the magnitude squared of the z-transforms, weighted according to the
square of the corresponding eigenvalue, we get the reciprocal of (43). This is nothing
more than diagonalizing (R") '. As we mentioned earlier, MLM is designed to estimate
well the power in sinusoidal components. The PDFT can also be used for this purpose,
and in that regard, is related to the best linear unbiased estimator (BLUE) of regression
coefficients. We discuss this briefly in the next section.

6. The PDFT and unbiased estimation in regression. Once the number and
locations of the sinusoidal components have been determined we want to estimate the
amplitudes of those components, i.e. the B;= A;e”i of (29). For this purpose let us
choose as our prior weighting function

(44) Plw)=2m i (e +w)+eN(w),

~ilw

where 278(w + w;) corresponds to the sinusoid e ™, N (w) is our prior estimate of
the noise spectrum, and & > 0 is an arbitrary scale factor. If p(?) is the inverse FT of
N(w), then the inverse FT of P(w) is given by

J

(45) p(=1 e"itep(t),

=
and the matrix P=[p(n—m)] can be written as
(46) P=FF*+¢N,

where N =[p(n—m)] is the noise autocorrelation matrix, and F is the N by J matrix
whose n, j entry is e . The PDFT estimate of X(w) now becomes

N
(47) Xeper(w) =P(w) ¥ a,e™,
n=1

where
a=xP '=x(FF*+eN) '

Thus

XpL)FT(w)=(27T i: 6(m+m,-)+z—:N(w))( g: a, einm)
(48) Jj_ N n=1 i}
cae$ (£ e twspre( § anem )i
j=1 \n=1 et

A reasonable choice for the complex amplitude estimate is then

(49) B=A;e" =27 ¥ a,e "
n=1



SPECTRAL ESTIMATORS AND ENTROPY, LIKELIHOOD METHODS 439

The vector A of complex amplitude estimates is then A =2ma - F or
A=2ax(FF*+eN) 'F
(50)
=2mxN YFF*N '+¢&l) 'F.

An easy calculation shows that

(51) (FF*N '+ el) 'F=F(el + F*N'F)™",
so that
(52) A=2mxN'F(F*N'F+el)™".

As £/0, A approaches the vector
Ay=2mxN 'F(F*N'F)™,

which is the best (minimum variance) linear unbiased estimate (BLUE) of the ampli-
tudes [31, p. 181]. We may not want to take the unbiased estimator, corresponding
as it does to & 0. The e represents our estimate of the relative level of the noise, and
if we have a reasonable estimate that is not 0 we can use it in (52) to obtain a biased
estimate of the amplitudes. In choosing a biased estimate we deliberately acknowledge
the presence of noise and attempt to estimate its level. The BLUE is designed to
provide the exact answer when noise disappears entirely. There is noise, however, and
if we can estimate the SNR, the biased estimate will have smaller variance.

7. Conclusion. We have used the theory of best linear approximation in weighted
L? spaces to obtain the PDFT method for linearly estimating the Fourier transform
from finite samples. Special cases of this method are the DFT and the bandlimited
extrapolation techniques of Cadzow, Papoulis, Kolba and Parks and others. Using the
PDFT indirectly, on autocorrelation data, we rederive and considerably generalize the
MEM technique of Burg and the eigenvalue/eigenvector approaches to sinusoids in
noise. Using the PDFT directly on autocorrelation data and calibrating the result gives
the MWL estimator, a special case of which is the maximum likelihood method of
Capon. When used to estimate the amplitudes of known sinusoids, the PDFT provides,
in the limit as € |0, the BLUE estimate from the theory of statistical regression, and
for larger &, approximating the true reciprocal SNR, a biased amplitude estimate.

By relating well-known nonlinear spectral techniques to the PDFT we facilitate
the analysis of these techniques in terms of approximation theory and provide a much
broader class of estimators from which to choose. Because the high resolution spectral
estimators are nonlinear functions of the autocorrelation data, much of what is known
concerning the behavior of these estimators has come from the study of mathematically
tractable special cases (one or two sinusoids in white noise) and from numerical
simulations. By basing the choice of spectral estimators on the user’s prior knowledge
and primary goals, rather than on the selection of models, the task of the would-be
user is simplified and the design of an estimator (or estimators) appropriate for the
problem at hand is made easier.

Appendix A. MEM and MLM. The MEM spectral estimator of R(w), given
data r(0),- -, r(M), is that nonnegative function Rygm(w) for which the entropy
integral,

™

entropy = J‘ log Ryem(w) do,
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is maximized, subject to the constraints

r(m)= J Ryem(@) e ™ do /2, m=—M, -, M

=T

From the calculus of variations it follows that Rypam(w) equals the Ripprr{@) of (28).

The MLM estimator of R(w) is derived in a different manner. For each fixed
value of @ we seek a linear filter b(w) = (bg, by, * * +, b,,) that will pass undistorted the
component with frequency w, while optimally suppressing all other components.
Viewing R(w) as the spectrum of the process to be filtered, we then minimize total
output power, b(w)R"b(w)*, subject to b(w). SE =1. The resulting optimal filter is
b(w)=S,(RT)"'/S,(RT)'S* and the minimum output power is then the estimate
of R(w),

RMLM(W) = 1/Sw(RT)VlS$-

Appendix B. Recursive computation of PDFT. Having chosen the weight func-
tion P(w), we must determine the coefficients a;, - - -, an in (10) by solving system
(12). The special properties of the matrix involved can be exploited to greatly reduce
the computational burden. The algorithm we use is similar to others in the literature
and is based on the recursive formulac associated with orthogonal polynomials, as
discussed in [8].

Suppose we find complex polynomials,

falz)=bG +biz+: - +byz",

with b, =b">0 for n=0,1,- -, and satisfying the orthogonality conditions,

r fule")fn(e) P(w) dw/2m = {1’ men

_ 0, m#n.

Then using

N  N-1 )

Z a, emw_euu z an+1 emw

n=1 n=0
and

N-1 ) N-1 .

nw __
Y oa,m e =L cufule”)
n=0 n=0

we have that for some choice of coefficients, ¢g,* ", ¢n—1, the PDFT estimator (10)
can be written

XPDFT(“)):EW Z Cnfn(eiw)P(w)? lu)|§7‘r
n=0

The coefficients ¢, do not depend on the number N, and the coefficients £} do not
depend on the data x(1),- -+, x(N) and can be computed recursively.



SPECTRAL ESTIMATORS AND ENTROPY, LIKELIHOOD METHODS 441
If we denote by f7 (z) the function z"f,(1/z), f} (0)=b,, we have [18]

bufus1(2) = byir 2fu(2) + fura (0)f3 (2),

and

bnf,:Jrl (Z) = bn+lf:r|1: (Z)+fn+!(0)zfn(z)-

For

An =le e“f.(e")P(w) dw/2m

—ar

we have, using (11},

A=Y bip(k+1), n=0,1,-".
0

k=
It follows that

i+l=bi/(1ﬁbi|)‘n|2)a n.ﬂ_‘.‘o,l,,_,,
where b3|A,|*<1 if and only if the (n+1) by (n+1) matrix with entries p(m—
k), m k=0,1,---,n, is invertible.
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