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The ill-posed problem of restoring object information from finitely many measurements of its spectrum can be
solved by using the best approximation in Hilbert spaces appropriately designed to include a priori information
about object extent and shape and noise statistics. The procedures that are derived are noniterative, the linear
ones extending the minimum-energy band-limited extrapolation methods (and thus related to Gerchberg-Papoulis
iteration) and the nonlinear ones generalizing Burg’s maximum-entropy reconstruction of nonnegative ohjects.

1. INTRODUCTION

We consider the restoration of object information from finitely
many measurements of the object’s spectrum, with particular
emphasis on the design of new linear and nonlinear methods
that incorporate a priori information. The linear methods
extend the minimum-energy reconstruction of band-limited
functions, which is the limit of Gerchberg-Papoulis iterative
extrapolation in the discrete-data case. The nonlinear
methods apply to the reconstruction of nonegative objects and
include Burg's maximum-entropy method (MEM) as a par-
ticular case.

Even in the absence of noise the finiteness of the data
implies that there are infinitely many mathematically per-
missible solutions to the reconstruction problem.! This in-
herent ambiguity is overcome by using a priori knowledge to
reduce the class of allowed solutions and to design appropriate
optimality criteria that lead to useful reconstruction
models.

Because inverse problems of the sort that we consider are
ill posed,? the discrete formulations typically involve ill-
conditioned systems of linear equations. Restoration
methods based on solutions of these systems are often sensi-
tive to noise. Some form of regularization, involving a com-
promise between fidelity to the data and smoothness in the
restored object, is usually needed.®* Although our primary
concern in this paper is the ambiguity that is due to finite data,
stability in the reconstruction is essential and, as we shall
show, regularization is included in the methods that we
offer.

The purpose of this paper is to demonstrate the feasibility
of incorporating @ priori information in reconstruction
through the use of suitably designed Hilbert spaces. By using
optimal approximation in these spaces we are able to derive
linear and nonlinear adaptive reconstruction procedures that
include, and considerably extend, several procedures already
in the literature. We assume throughout that the user has
available a priori information about the object. Our goal is
to derive flexible models that can incorporate such prior in-
formation. The origin of the information or its correctness
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is not discussed. It is important to note that these are not
simply procedures to clean up noise or to undo systematic
distortion; the a priori information need not be derived from
noise statistics or analysis of the imaging system.

2. LINEAR RESTORATION MODELS

The (one-dimensional) object function o(x) is related to the
image i(v) by the imaging equation

i) = | o)s(y, 2)dx, (2.1)

where s(y, x) is the system point-spread function. We assume
from now on that o(x) = 0 for |x| > X (finite object support)
so that the infinite integral in Eq. (2.1) can be replaced by a
finite one. If the imaging system is spatially invariant and
ideal diffraction limited we have

in[Q(y —
i) = [ ot L= )

w(y —x)
where [—(1, ] is the passband of the system. The properties
of the eigenvalues and eigenfunctions of Eq. (2.2) have been
studied thoroughly.® The eigenfunctions ¢, (x) are the pro-
late spheroidal wave functions for  and X5 and the associ-
ated eigenvalues 1 > Ag > A; > ...> 0 tend to zero rapidly for
n > 20X /m. The object function can be expanded as

dx, (2.2)

« X
olx) = 2 At [f 1(y)bn (y)dyl ¢nlx),  (2.3)
n=0 -X
from which it is clear that slight errors in measuring i(y) can
lead to large changes in the restored object function.
In principle, because o(x) has finite support, its spectrum
or Fourier transform,

X
O(w) = J‘_Xo(x)exp(—ixw)dxﬂvr, (2.4)

is analytic and can be analytically continued beyond [, Q]
to provide higher resolution. The behavior of the eigenvalues
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is a statement of the difficulty of achieving stable continuation
with continuous data. For finite data no such unique con-
tinuation exists, and one must employ models. Let us assume,
for the remainder of Section 2, that the data are O(mA), m =
1,...,M, forsomefixed A,0 < A<d=x/X. IfA<d,then
the sampling rate is above the Nyquist rate.

From the Shannon sampling theorem we know that, for | x|
=X,

olx)=d i O(nd)exp(indx), (2.5)

n=—w

so that

Ow =d 3 0(ng) SX (@ = nd)], (2.6)

ne—c 7w — nd)
To recover o(x) in Eq. (2.5) we need to solve Eq. (2.6} for the
0(nd). Useof w=mAinEq.(2.6),foreachm=1,..., M,
leads to an underdetermined linear system of equations in the
unknowns O(nd):

= sin[X(mA — nd
OmA) =d 32 O(nd) SXmAZRD] 5 g

e w(mh — nd)
If we arbitrarily decide to set O(nd) = 0 for all n except n =
1,..., M and to solve the resulting linear system for the re-
maining values, O(nd),n = 1, ..., M, we have the method of
Harris.” If, instead, we seek the solution having the least
energy [minimum L2(—X, X) norm of the restored object],
we find that we must solve the system of equations

M sin[X(m —n)A]

O(mA) = a,——— 2.8
(ma) El w(m — n)A 28)
m=1,...,M. Oncethe a, are determined, the estimator of
o(x) can be written in closed form as
M
8(x) = p(x) 3 apexp(inix), (2.9)
n=1
where
1, |x| = X
= . 2.10
P& {0, |x| > X 2.10)

We find it convenient to define r(a, b, x) = 1 fora <|x| < b
and 0 otherwise, so that Eq. (2.10) becomes p(x) =r(—X, X,
x). If, instead of solving Eq. (2.8), we merely use a, = O(nA),
n=1,...,MinEq.(2.9), with p(x) as in Eq. (2.10), we have
the discrete Fourier transform (DFT) estimator of o(x). The
estimator [Eqgs. (2.8)-(2.10)] is the closed-form limit of
Gerchberg’s® and Papoulis’s? iterative extrapolation.!® As
is well known, this estimator is unstable; because the model
requires the restored object to vanish off [-X, X], any
broadband noise in the data can cause spurious oscillation.
Because Harris’s model has even more energy, it too is un-
stable. Some examples will help to illustrate this point.

In Fig. 1 (and subsequent figures) the object to be recon-
structed is the nonnegative function shown in the background.
The object contains a small flat component (amplitude is
0.0001) extending from —m to 7 that is not visible, so X = .
Our A is 1 and the complex data are O(m),|m| < 6. Figure
1 shows the DFT estimate of o(x). In Fig. 2 we see the in-
stability caused by the small [—, 7] component when the
support of o(x) is mistakenly chosen to be [~1.8, 1.8]. To
convince ourselves that it is not the matrix inversion that is

Byrne et al.

1.00
AL

0.80

AMPLITUDE

0.80

0.40

20

o
S
I

3.20 -2.u0 -1.80 0. 80 1.60 2.40 3. 20

0 -0.00

ABJECT
Fig. 1. DFT of O(n),|n| < 6 for the object shown in background.
Object alse has rectangular component of amplitude 0.0001 on [—,
]

at fault we modify the data, removing the [—, 7] component.
This amounts to changing O(0) from 0.3459333 to 0.3458333.
Figure 3 is the restored object from the modified data, using
the same support as in Fig. 2. The problem is to achieve the
improvement of Fig. 3 (over Fig. 1) without modifying the
data. Can we regularize the method to avoid the spurious
features of Fig. 27

The algebraic form of estimator (2.9) suggests that the p(x)
be used to incorporate more general a priori information than
simply a guess of the support of the object. Indeed, we must
use more than that if we are to improve on the DFT while
avoiding the oscillations that are due to error in estimating
the actual object support. Let us modify the p(x) in Eq. (2.10)
as follows: For some positive e take

() 1+e |2 =X
x:
p €, X <|x| <w/A

or plx) = r(=X, X, x} + er(—w/A, w/A, x). Thisplx)isa
more-realistic @ priori estimate of the object that produced
the data we have measured. Our estimate of o(x) is now Eq.
(2.9), with p(x} as in Eq. (2.11) and the a,, chosen so as to make
Eq. (2.9) data consistent.

In Fig. 4 we see the resulting estimate of o(x), using Eq.
(2.11) with X = 1.8 and ¢ = 0.0001. The reconstruction within
[—1.8, 1.8] is as good as in Fig. 3; the procedure has been reg-
ularized to ensure stability against noise. This method has
been shown to be equivalent to a form of Miller regulariza-
tion!'! (see Ref. 12). Note that the estimator is invariant to
a change of scale; multiplying p(x) by a positive constant has
no effect. Consequently only relative amplitudes are ex-
pressed in p(x). Itisnot the case, therefore, that e = 0.0001
is the correct noise level or that near-perfect estimation of this
noise is required. This € is not correct with regard to the ratio
of maximum amplitudes in and outside [—1.8, 1.8], and it is
not correct with regard to the jumps in the object that occur
at +7/2. In fact, the behavior of this estimator is roughly
unchanged over a wide range of e.  When ¢ is very big (so that

(2.11)
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1 + ¢ and e are about equal), the estimator looks like the DFT.
If € is nearly equal to machine zero, the behavior of Fig. 2
reappears. The behavior shown in Fig. 4 is typical whenever
these two extremes are avoided.

We can do more with the p(x) in Eq. (2.9) besides including
a regularizing component. Any other information about the
general shape of 0(x) can be included to free degrees of free-
dom for the polynomial factor of Eq. (2.9) to describe the less
prominent features. Let us then permit p(x) in Eq. (2.9) to
be any positive function and find the a, for which Eq. (2.9)
is data consistent. The equations that we must solve are

M
OmA)= ¥ a, fp(x)exp{i(m —n)Ax|dx. (2.12)
n=1

The resulting estimator from Eq. (2.9) is optimal in mini-
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Fig. 2. Linear restoration from O(n), |n| < 6 using p(x) = r(—1.8,
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mizing the weighted error
error = | |o(x) — 6(x)|2p~Hx)dx, (2.13)

where the integral is taken over the support of p(x), which we
always take to contain the true support of o(x). The ap-
pearance in Eq. (2.13) of the reciprocal weighting suggests an
increase in sensitivity to less prominent features. This shows
up in Figs. 5 and 6.

In Fig. 5 we use the same estimator as in Fig. 4, except that
we take X = w/2. This additional a priori information about
the location of the abrupt jumps leads to a somewhat better
reconstruction of the low-contrast detail. If we then include
in p(x) the large box in the middle, we see improvement in the
positioning of the smaller box on the left-hand side and a
better estimate of the 0.5 amplitude level at the base on each
side of the large box.
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Fig. 6. Linear restoration frem O(n), |n| =< 6 using plx) = 0.5
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(2.9).

The linear procedures just described are for the recon-
struction of o (x) from spectral values. But the basic idea of
using a priori information to select appropriate Hilbert spaces
within which to reconstruct from linear functional data has
a variety of applications.!?

The matrix inversion required by Eq. (2.12) would seem to
prohibit the use of this method for multidimensional recon-
struction or for any problem involving large data sets.
However, recent work!4 suggests that fast Fourier transform
and convolution techniques can be applied to provide ap-
proximate solutions to Eq. (2.12) in such cases and that the
resulting estimates are reasonable.

When the object o(x) is nonnegative there are available
additional, nonlinear techniques for reconstruction. Many
of these methods come from power-spectrum analysis of time
series or from information theoretic analysis of probability
distributions and stochastic inference. In Section 3 we
present an adaptive nonlinear reconstruction procedure that
includes Burg’s MEM as a particular case.

3. NONLINEAR RESTORATION MODELS

We make the assumption from now on that o(x) is nonnega-
tive for all x and that the data values are O(mA), |m| = M.
This is a physically reasonable constraint in many cases, and
the value of a positivity constraint on the resulting recon-
struction has been discussed by numerous authors (e.g., Frie-
den'®). The importance of the Burg MEM!5-18is that it is the
only known noniterative method that provides a necessarily
positive reconstruction of o(x) consistent with the data above.
The key word here is necessarily. As we demonstrate shortly,
MEM is but one member of a large class of adaptive nonlinear
reconstruction methods that frequently—but perhaps not

without iteration. In addition, these methods permit inclu-
sion of @ priori information through a weighting function, in
much the same way as in Section 2. These methods are de-
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rived without using stochastic assumptions, through Hilbert
space approximation, and, consequently, a nonstochastic
justification for MEM estimation is obtained in the pro-
cess.

Burg’s MEM takes, as the estimator of o(x), the function
&(x) for which the entropy integral

A
H= J' log 6(x)dx 3.1)
—xfA
is maximized, subject to the data constraints
A
O(mA) = f , 6(x)exp(—imAx)dx/2w, (3.2)
—w/A

|m| < M. The resulting estimator has the form

M ‘ 2
G(x) = cp S cmexp(imAx)] (3.3)
m=0
where the coefficients satisfy
M 1 n=0
" e 0nA —mA) =41 . (34
Z emOlnd —ma) {o, net. oM 84

The MEM estimator is necessarily positive throughout [—7/A,
w/A] and is data consistent.

When the object o(x) is (exactly or nearly) supported on a
smaller portion of [—7/A, w/A], that is, when the data are
over-sampled, MEM has a tendency to produce spurious
features. In Fig. 7 we have the MEM reconstruction of the
same object used earlier. The object is nearly supported on
[—7/2, /2], so that the oversampling is only by a factor of 2.
This tendency of MEM to produce spurious features has
convinced a number of users that H is not the entropy to be
used and that the Shannon entropy is to be preferred (see Ref.
15). As we show helow, however, it is possible to generalize
MEM in such a way that a priori information about object
concentration, for example, can be included. The resulting
estimators do not exhibit the spurious oscillation, and yet,
because they are nonlinear, they are capable of providing a
high degree of resolution of sharply peaked objects. We begin

L40

20

L 00

AMPLITUDE
0. 80 |

0.60

.40
h

, 20
h

—

J

13,20 2,40 -1.60 -b.80

-0.00 0.80 1.60 2.u0 3,20
OBJECT

Fig. 7. MEM restoration from O(n),|n| < 6.
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our discussion of these nonlinear models with an approxi-
mation theoretic rederivation of MEM.

Let us assume that o(x) is sufficiently well behaved!® that
its reciprocal admits a factorization, for [x| < 7/A, of

o~ x) = |h(x)? (3.5)
where
hix) = i H,, exp(inAx) (3.6)
n=0

is the restriction to z = exp({Ax) of a function that is analytic
and without zeros inside and on the unit circle|z| = 1. Itcan
then be shown that a constant ¢ exists so that, forn =0,1, 2,

wlA
0= f [0-1(x) = ch(x)]o(x)exp(—inAx)dx. (3.7)
—w/A

Therefore ch(x) is the orthogonal projection of 0=x) onto
the subspace of L spanned by [exp(indAx),n =0,1,2,.. ],
where by L we mean the Hilbert space whose inner product
is given by

/A
(f.g) = f_ REIORIGNS (3.8)

with * denoting a complex conjugate. Let us then compute
the polynomial

qulx) = % cmexplimAx) (3.9)

m=0

for which the error

/A
error = j‘ /m|o‘1(x) — gprix)|2olx)dx (3.10)
is minimum. This polynomial gas(x) can then be viewed as
an estimate of ch(x). The equations to be solved are easily
seen to be Eq. (3.4). The estimate of o(x), which is obtained
by using Eq. (3.5), is Burg’s MEM estimate [Eq. (3.3)].

If we have a priori information about o(x) in the form of a
weighting function p(x), we can incorporate it in our estimator
by modifying the error in Eq. (3.10) to read

/A
error = J"_ m‘lp(x)o‘]{ac) — garlx)|2o(x)dx. (3.11)

The polynomial gar(x) is the orthogonal projection of
p(x)o~1(x) onto the subspace of L spanned by [exp(inAx),
n=0,1,...,M]. The coefficients of gp(x) must then sat-
isfy

M T,
S enO(MA — mA) = f " piv)exp(—inAx)dy = P(nA).
m=0 —r/A
(3.12)

The task now is to relate gar(x) to o(x) to get our estimator of
the true object.

As M grows, qu (x) converges to ¢ (x), the orthogonal pro-
jection of p(x)o~'(x) onto the subspace of L spanned by
[exp(inAx),n =0,1,...]. Because

afA
0= f [pix)o~Hx) — q(x)|exp(—inAx)o(x)dx
—7/A

= jﬂf [p(x) — g(x)o(x)]exp(—inAx)dx (3.13)
—miA
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forn=0,1,2,...,itfollows that p(x) and g(x)o(x) have the
same causal parts, where the causal part of p(x) is

plx)T=A i‘ P(nA)exp(inAx). (3.14)

n=0

By viewing gas(x) as an estimate of g(x), we can treat the
causal part of gas(x)o(x) as an estimate of the known function
plx)*.

From a simple calculation involving the Fourier series we
obtain the causal part of gpr{x)o(x):

[gar(x)o(x)]* = gmix)olx) + jlx), (3.15)
with
J(x) = c10(=A) + c2[0(=24) + O(—A)exp(iAx)]

++CM{0(—MA)+
+ O(—A)exp[i(M — 1)Ax]}. (3.16)

By solving for a(x)* in Eq. (3.15) and by replacing [qas(x)
o(x)|* with p(x)* we obtain our estimate of o(x)*:

(@) = [plx)* —j0))/gulx). (3.17)
Qur estimate of o{x) is then
4(x) = 2 Rel6(x)*] — O(0). (3.18)

If the analytic function
M
f(z) = 3 cpe™, (3.19)
m=0

obtained by extending g, (x) to the complex plane, has all its
zeros outside the unit circle, then the reconstruction in Eq.
(3.18) is data consistent. The MEM estimator is a particular
case of Eq. (3.18) obtained by choosing p(x) = 1, |x| < n/4,
p(x) =0,|x| > w/A. Asis well known, the f(z) in the MEM
case always has its zeros outside the unit circle; hence it is al-
ways data consistent.

Returning to our examples, we have in Fig. § the recon-
struction given by Eq. (3.18) using an a priori weighting
function that is concentrated within [—#/2, 7/2]. The spu-
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rious features of MEM (Fig. 7) have been removed. We see
from Fig. 7 that the MEM does a good job of indicating the
object support. By incorporating support (or better, con-
centration) information in the p(x), we improve the recon-
struction of the other features. Figure 9 is based on a p(x)
that includes a further concentration within [—#/6, 7/6].

4, COMMENTS AND CONCLUSIONS

We have described two general restoration schemes that in-
corporate a priori knowledge of object shape and extent.
Both procedures are noniterative and are based on optimal
approximation in suitably designed Hilbert spaces. The
adaptive nature of these methods suggests their use in a suc-
cession of reconstructions in which information gained at a
previous step is incorporated in the next reconstruction. The
linear procedure presented extends the minimum-norm
band-limited extrapolation technique and so is related to
Gerchberg—Papoulis iteration, whereas our nonlinear methods
contain and considerably extend Burg’s MEM.

The linear procedures offered here are easily extended to
higher dimensions and to other sorts of linear functional data.
Recent work on simplifying the computation involved suggests
that this extension can be made practical. The nonlinear
method does not extend so easily. A nonlinear procedure for
multidimensional reconstruction is being developed by the
authors.

In a number of cases of practical importance the data
available do not include phase information (e.g., structure
determination from x-ray, optical, and electron scattering).
This additional ambiguity is related to the location of complex
zeros of the spectrum and is an active area of research.20.21
The use of a priort information, such as known object features,
to recover the phase appears crucial. The methods presented
here offer a possible solution to this phase problem, since the
phase of the spectrum of an a priori estimate can be combined
with the known intensity data to provide a good initial guess
for some iterative procedure, such as that of Fienup.22

Byrne et al.

The methods presented here have been applied to real and
simulated data, such as Fourier transforms of projection data
taken over limited angles. The application of these tech-
niques to data compression also appears promising.?
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