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Abstract. The discrete Poisson transformation involved in finite Poisson mixtures arises
in many applications, for example in relating observed fluctuations in photon counts to
unobserved fluctuations in the number of molecules present, in the analysis of egg counts
in zoology, of plankton abundances in fisheries research, of death notice frequencies or
of comet frequencies to name a few. The binomial transformation, in addition to its
many applications, serves to approximate the Poisson transformation.

Procedures such as the maximum likelihood method (MLM) and the moment method
(MM) are frequently used to invert these transforms. For the limited data case we
consider here, the low signal-to-noise ratio in the data necessitates some modification
of existing methods. We propose a filtering procedure based on regularized Fourier
transform estimation, followed by high-resolution eigenvector-based spectral estimation.

Examples are given which compare this approach with MM and MLM. We find improved
performance in the estimation of parameters for the discrete model, particularly for the
cases of low data set size and reduced signal-to-noise ratios.

1. Introduction

The Poisson transformation of the non-negative function F'(w), w > 0 is the infinite
sequence {f,} given by

fa :/ Fw)e “w™ /n!dw n=20,1,2,.... €]
0

A problem arising in a wide variety of applications is the estimation of the function
F(w) from noisy estimates of finitely many of the {f,}. Often the F(w) is a
probability density function (PDF), so has integral equal to one. In that case {f,}
15 also a probability distribution. A random variable X governed by the distribution
{f.} would be said to have a compound Poisson distribution, with compounding
density F'(w). Typically one would observe T independent instances of X and would
use the observed frequencies of occurrence of the integers n (n = 0,1,...,N) as
estimates of the f, . From such data one attempts to recover F'(w).

In this paper, we consider the case of discrete F(w); here we have F(w)
supported on a discrete set {w; }, and having the form

F(w) = erja(w—wj) ()
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where §(w) is the Dirac delta and the F; are positive. We assume that the support
of F(w) is finite, so that

J
fo =) Fe“iw/n! n=0,1,2,.... ?3)
i=1

The goal is to estimate J, the {w;} and the {F}}.
The binomial transform associates with the non-negative function B(6), 0 € 8 <
1, the finite sequence

Here M is predetermined and fixed; we shall use the notation b, instead of b}, the
dependence on M being understood.

As in the case of the Poisson mixture, we consider the case of finitely supported
B(6): we assume B(6) has the form

J
B(6)=>_ B;6(6-9,) )

i=1

for some integer J, positive { B;} and {6,} in [0, 1]. Our objective will be to estimate
J, the {0,} and the { B;} from noisy estimates of the {b,}.

Once the {w,;} are determined, the coefficients {F}} are found by constrained
maximum likelihood (see section 4 for details). Other types of mixtures are also
considered in the literature; we refer the reader to [1,2] and the references given
there.

In [3] Qian uses the discrete Poisson mixture model (3) to relate observed
fluctuations in photon counts to unobserved fluctuations in the number of fluorescent
molecules present. In this case the w; are integral multiples of a fixed known mean
intensity (w; = jA) and the F; are sought.

The problem of estimating f'(w) in the case of a compound Poisson mixture has
been considered by Byrne et a/ in [4] and by Bertero and Pike in [5]. In [5], the
singular value analysis of the linear operator in equation (1) and the signal-to-noise
ratio are used to estimate the function F(w) (see also Bertero [6]). Assume it known
that the data were generated from a finite Poisson mixture as in equation (3); in this
case, using the approach in [5, 6] to estimate the Foand w;,j=1,....J will not
take advantage of the prior information we have on the process which generated the
data. The techniques we propose are designed to specifically address the finite Poisson
mixture problem. The Fourier transform plays a major role in our approach; high-
resolution methods (maximum entropy, Capon’s minimum variance method, MUSIC
and other eigenvector methods) typically involve exploitation of algebraic properties
of certain matrices formed from the data. The key questions we try to answer are as
follows. Which matrices should be used and how? How sensitive is the estimation to
noise in the data?

Titterington et a/ [2] and Everitt and Hand [1] treat the subject of finite mixtures
from a statistical perspective and provide a thorough overview of that literature.
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A number of methods have been proposed to solve the problem of inverting
the Poisson and binomial transforms, for both the continuous and the discretely
supported cases (see [1,2,5,6]). Two approaches, the method of moments (MM) and
the maximum likelihood method (MLM) are discussed in some detail in [1, 2].

The method of moments consists of two separate steps: first one estimates from
the data several of the moments

v, = /oo Flw)w™dw (Poisson) ©6)
0

or
1
Uy :/ B(6)0™do (binomial) @)
0

second, the estimates {V, } replace the {v,,} in the so-called moment equations and
the parameters are determined from the solution to these equations, in a manner to
be discussed below. In our approach we use the first step, but not the second.

As we shall see, the estimated moments {V,, } can be quite inaccurate, particularly
for large m. Proceeding to the second step as if they were exact estimates of
the v,, is risky. We shall instead employ a filtering process based on regularized
Fourier transform estimation, followed by high-resolution eigenvector-based spectral
estimation.

The maximum likelihood method is a general approach to parameter estimation.
Its desirable properties are asymptotic, that is, they hold in the limit, as the size
of the data set goes to infinity. For moderately sized data sets, the signal-to-noise
ratio in the data can be low; the MLM does not adequately deal with the presence of
noise in the data. In addition, the MLM requires a computationally expensive iterative
maximization scheme, which is usually slow to converge and dependent on starting
values. Our approach is non-iterative, and explicitly filters the data to reduce the
effects of noise.

Comparisons will be made between our approach and the MM and MLM, using as
examples the various binomial and Poisson mixture problems set forth in Everitt and
Hand [1].

2. The data

2.1. Finite Poisson mixture probability

We assume that we have T independent samples {X,}, ¢t = 1,...,7, of a
non-negative integer-valued random variable X with Prob(X = n) = f,, n =
0,1,2,....

From the {X,} we calculate Y, = proportion of the {X,} having the value n,
for n = 0,1,..., N, where N is the highest value of n observed. Each Y, is
then an estimate of f,,, with mean value (expectation) E(Y,) = f, and variance
var(Y, ) = f,(1 - f.)/T. We define the relative error in Y, as

rel error(Y,) = [var(Y;,)]"/?/ mean(Y,).

It follows that the rel error(Y,) is \/(1/f, — 1)/v/T. We see then that the relative
error in Y, is greater when f, is smaller. Because the relative error varies inversely
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with /T, going from T = 100 to 7 = 10000 reduces the relative error by only a
factor of 10.

Writing Y, = f, + (Y, — f,) we have Y, = signal plus noise, where f, is the
(non-random) signal component and Y, — f, is the random additive noise. The mean
of the noise is zero, since E(Y, — f,,) = 0, but the variance is that of Y, itself. We
see therefore that the noise is related to the signal; we do not say ‘correlated with
the signal’ since the signal is deterministic.

2.2. Finite binomial mixture probability

Assume that the data { X, } are T independent samples of a random variable X taking
values in {0,1,..., M}, with Prob(X = n) = b,,. As in the Poisson case, we define
Y, to be that proportion of the T samples whose value is n, for n = 0,1,..., M.
The Y, then serve as estimates of the b, .

The mean of Y, is E(Y,) = b, and the variance is b,(1—b,)/T. As in the

Poisson case the relative error is /(1/b, — 1) /V/T.

With Y, = b, + (Y, — b, ) = signal + noise, we see that the noise (Y, — b, ) has
mean zero, but variance the same as that of Y, , so the noise is once again related to
the deterministic signal, with the relative error increasing as f, decreases.

In both the Poisson and the binomial case each noise term is related to the signal
term for that n». Hence the noise is non-additive white noise.

Defining the signal-to-noise ratio (SNR) as the reciprocal of the relative error, we
have that SNR decreases as the signal decreases, so the SNR is related to signal level
and varies with n.

3. Estimation techniques

3.1. Maximum likelihood estimation: finite Poisson mixture

We discuss the maximum likelihood (MLM) estimation of the parameters of the finite
Poisson mixture probability; the binomial case is essentially the same.
Given the T independent samples { X}, the likelihood function is defined to be

T J
L(J e L {FD =[] D) Fewi /X! ®)
t=1j=1
and the log likelihood function as
T J
LU ;1 ) = S log (1 FremrwX/x,1). ©
t=1 j=1
The maximum likelihood method is to select those J, {w;} and {F}} for which LL

is maximized.
We can rewrite LL as follows

N J
LL(J,{w; 1, {F,}) = T S Y, log <Z F]-e"”fw}’“/n!) .
i=1

n=0
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The Kullback-Leibler distance between non-negative sequences {g, } and {h,} is
defined as

KL({g,},{hn}) = D _[9, 108(9n/Pr) + by — 94] (10)

it is non-negative and equals zero if and only if g, = h,, for each n [7].

We see then that maximizing LL is equivalent to minimizing KL({Y,},{f,}),
with f, defined by (3). The ML estimate of the parameters attempts to fit the noisy
data {Y,,} as closely as possible to the {f,} modelled by (3).

Typically an upper bound on J is imposed or some sort of penalty for high J is
added to LL; information-theoretic criteria for selecting .J are also used [8,9].

Actually maximizing LL as a function of the parameters requires iterative schemes.
One such scheme is the ‘expectation maximization’ (EM) algorithm (see [10]).

3.2. Moment method: finite Poisson and binomial mixtures

The first step of the moment method (MM) is to estimate the moments, given by

J
vy = D Fjwl m=0,1,2,... (11)
for the Poisson case, and for the binomial case by

Vo =

M~

B6"  m=0,1,...,M. (12)
1

.
1

For the Poisson case one uses the ‘factorial moment estimators’ (see [1,2])

T
V=T X,(X,~Dx-x(X,-m+1) (13)

t=1

with the sum actually only over those X, > m. For the binomial case one uses

1SR X(X, - x-x (X, —m 4 1)
Vm_T;M(M-nx...x(M_mH) (14)
where, again, the sum is actually over those X, > m.

The second step of the MM uses the solution 8 = (8;,8;,...,08,;_1)" of the
linear system Z3 = ¢, with Z the J by J matrix whose entries are Z,, , = v,, 4,7,
m,n = 1,...,J, and ¢ the J by 1 vector whose entries are ¢, = —V;_ . _q,
m = 1,2,...J. Substituting the estimates V for the v,, as needed, we obtain an

estimated solution 8. The true 3 has the property that the polynomial
Bz) = By+ Prz o+ By’ T4 2 (15)

has for its zeros the values z = w, in the Poisson case and z = ej in the binomial
case.
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From the estimate of 3 we form an estimate of 3(z) and estimate the parameters
from the zeros of this polynomial. This is the moment method.

In practice the zeros may not lead to feasible estimates: the zeros could be
non-real or negative or not in [0, 1] for the binomial case. This is due, in part, to
inaccuracies in the V, as estimates of the v, but also to the way in which the
method relies on inaccurate estimates; the equations Z3 = ¢ are solved as if they
held exactly, even though the V are used in place of the v,,.

To find J components using MM it is necessary to have estimates of v,, for
m = 0,1,...,2J — 1. If J is also to be estimated it will be necessary to employ
more than 2.J moment estimates. As we shall see, the V, can be quite inaccurate,
particularly for larger m; in the next section we illustrate this point with an example
of a mixture of J = 4 Poisson distributions in which V, is less than 50% of vy If
the higher moment estimates are used at all their sizable noise content must be dealt

with.

3.3. Inaccuracies in the V. as estimates of the v,,

3.3.1. Poisson case. From (1), (3) and (11) it follows that
= nl
vm:n;nmfn m=0,1,2,.... (16)

We can rewrite (13) as

N
V., = Z nn=1)x--x(n—-m+1)Y,
N n! .
=ZWYTL m=0,1,...,N. 17

Therefore, not only do the V,, have Y in place of f,_, but the infinite series (16)
is truncated at n = N. The value N is determined by the data, not by examining
the convergence of the infinite series (16); in an example we consider later, the next
term omitted (n = N + 1) is larger than the Nth term, so the V, is less than half
of v, in that case.

The V,, place most weight on the Y, with higher n. In the Poisson case it is
typical for the Y, for n near N to be very small, and therefore highly unreliable.
The V,, for m smaller are the more reliable, since they use the larger Y, with n
nearer to zero.

The moment method requires {V,,, m = 0,1,...,2J —1}. The reliability of the
V,, for m near 2J — 1 depends on the w;; if all the w; are small, then the V), for
larger m are bad estimates.

3.3.2. Binomial case. From (4), (5) and (12) and the identities

i an[(ﬂnd)O”(l—G)M'n} =™ ogmEM (18)

n=m
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where
nn—1)x - x(n—m+1)
= <n< 9
SN E M) x - x (M—m+1) SnsM 19
it follows that for m =0,1,..., M
M
-_—Z nn=1Dx---x{(n-m+1) b,.. 20)
—~ M(M-1)x--x(M-m+1)

We can rewrite (14) as follows

M
_ nn-1)x---x(n—-m+1)
Vm_"f; TY)M(M—I)X X (M =m+1) @1
or
_ nn—1)x--x(n—m+1)
Vi = Z M(M —1) x x(M—m+1)Y“' (22)

So we see that V estimates v, simply by replacing each b, with the estimate Y.

How small the Y,, are, and consequently how reliable, depends on the locations
of the 6;. For m near M the V,, rely on the Y, with n near M. If all the 6; are
near zero, these Y,, are small, hence unreliable. If all of the 9]. are near one these
Y, for n near M become more reliable. In general these Y, with n larger are more
reliable with respect to information about 6; near one and less reliable about the 6;
near Zzero.

3.3.3. Example. Consider a Poisson mixture with J = 4, F; = F, = F; = 0.2,
F, =04, w, =05, w, =15, wy =3.0 and w, = 5.0 (see [1, p 101]). Then

oo

vg*:Zn(n—l)w-(n—S)fn

n=9
=9 fy + 10! fip +

Even though fy, is about half of f; in this case 10! fy, is five times 9! f,. In simulations
with T' = 200 (as in [1]) we obtained estimates Y, = 0.0150 and Y}, = O for f, and
fip respectively. Consequently the sum for the estimator Vj stopped at 9! Y;; the next
omitted term is five times larger than 9! f, in the true infinite series. The estimate
V, differs from the true vy by at least 50%.

3.4. Data reversal for the binomial mixture

The moment estimates V, emphasize the counts Y, for n nearer to M. When the
binomial parameter 6 is near zero the b, for n small are larger than for n near M.
Observed count data, Y, , will be similarly skewed, with those Y, for n nearer to M
being nearly zero; this is particularly evident when the sample size T is small. As a
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result the calculated moments V,, weight more heavily precisely the more unreliable
Y, , the smaller ones with the most relative error.

When there are several §; in the mixture the moments will contain more accurate
information about the 6. near one, and less accurate information about the 6]- near
zero. We can avoid this imbalance in estimate accuracy through a two step process
that estimates the two groups of ¢, separately.

In the first step we process the Y, as described above, letting Y, serve as our
estimate of b, in the moment caiculations. The 6, so estimated should be more
accurate if they are in (1/2,1), and less so in (0,1/2). We accept those in (1/2,1)
but not in (0,1/2), and proceed to step two.

In step two we let b,,_, be estimated by Y, . In effect we switch the definitions
of ‘success’ and ‘failure’ in the binomial trials. Previously a value of Y; = 14 meant
that out of T repetitions of M trials we had 6 successes 14 times. Now we view these
6 as failures and say that there were M — 6 successes. Each 6, is converted into
1— 6, by this switch in interpretation of the data, so those 6, in (0,1/2) now show
up as values 1~ 6, in (1/2,1). Thus we estimate the 6, in (0,1/2) and (1/2,1)
separately.

3.5. Fourier transform methods

The functions F(w) and B(6) can be viewed as power spectra having Fourier
transforms

f(z) = / F(w)e™ dw (23)
0
and
1 .
b(z) = / B(6)6™? do. 24)
0
One approach to recovering the F'(w) or B(6) is to estimate values of f(z) or b(z)

from the data and then to employ high-resolution power spectral estimates.
Expanding e in a Taylor series we get

f(x):go(ix)m/o F(w)w™ dw /m! (25)
and
00 1
b(z) = Z(ix)m/ B(6)60™do/m). (26)
m=0 0

From (1) and (4) we sce that we have estimates of

fn =/{; Flw)e ™w™dw/n!

and
b‘n.

)

- /1 B(O)(1— 0YM-"g™dg.’
0
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In each case there is an unwanted term in the integrand, if we are to use (25) or
(26).
From (6), (7), (25) and (26) we have

[« o]
f(z) =) (iz)"v,/n! 27)
n=0
and
oo
b(z) = (iz)"v,/n!. (28)
n=0
So we can estimate f(z) or b(z) from the moment estimates V, .
For the binomial case we have V, , m = 0,..., M, while for the Poisson case,
for m = 0,1,..., N. In either case we would be using truncated power series to

estimate f(z) or b(x). The rate of convergence of these series may pose a problem.
If the 6, in the binomial case are well distributed within (0, 1) we will have nearly
M wusable V,; on the other hand, it is more common in the Poisson case to have
fewer usable V_ .

We shall consider next the approximation of a Poisson mixture by a binomial;

then 0; = w; /M and the 6; are clustered near zero, with few usable V, .

3.6. Poisson mixture approximated by binomial mixture

We can approximate a finite Poisson mixture by a finite binomial mixture, for suitably
chosen M. The binomial parameters are then found as above and transformed to
obtain the Poisson parameters.

From (4) and (5) we have

J .
b, = bM = @j) S LB, (1-0,)7")(1 - 0,)M o7 29)
i=1
or
J
b () M7 SoUB,(1= 0) e 01, ) (30
j=1

With 8; = w; /M we then have

(ot i
b & R > [B;(1—w; /M)~ "e"*w} [nl, (31)
j=1
If M is large enough and w; is small enough so that (1—w,/M)~™ is nearly one,
at least for n = 0,1,... N we have (compare (3))
b, ~ f, =) Bje w7 /nl (32)

j=1
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note that for 0 < n < N and M > N we have (M)nIM—" ~ 1.

Therefore, given estimates of £, for n = 0,1,..., N we select M > N and
view the f, as b} for that M. The w; become 6, = w; /M, so the 6, are now
clustered near zero, not spread throughout (0,1). If we have an a priori upper bound
L on the support of F(w) then the 6; lie in (0, L/M). We reverse the data, viewed
as binomial, so that the interval of support becomes (A, B) = (1—- L/M,1). The
values A =1—- L/M, B =1 are then used in the Fourier transform estimation step
we discuss next.

3.7. Estimating f(x) and b(x) from moments

We begin with the problem of estimating f(z) from finitely many moments v,,
m =0,1,..., N, The case of b(x) will be similar.
First, we seek a linear estimator of F(w) of the form

N
Flw)y=Y a,w" 0<wg L (33)

where we assume F'(w) = 0 for w outside [4, B]. Matching moments we get, for
m=0,1,...,N

B N B
v, = / Flw)w™dw = Z an/ whw™ dw (34
A n=0 A4
or
N
V= T, 0, m=0,1,...,N. (35)
n=0

The entries T, ,, are

B m+n+l _ Am+n+1l
Tin =/ Wrwmdw = B A . (36)
’ A m+n+1
The matrix T = [T,, ] is positive definite but typically ill-conditioned. To

regularize the solution of the system we can increase the main diagonal by adding
el to T before inversion (where e is a small positive quantity). Using e > O leads
to a solution F'(w) that does not exactly match the moments. When the inaccurate
V,, are used in place of v, relaxing the moment matching criterion is good and
acknowledges the errors in V. This estimation procedure therefore permits prior
information about the support of F(w) to be included in the filtering of the noisy
V.., (see [11, 12]).
Once we have £'(w) we estimate f(z) for suitable values of «. The F'(w), being
a linear estimate of F'(w), may not resolve the various discrete components, SO may
not be an adequate reconstruction of F'(w) for our purposes. We usc F(w) only to
estimate f(x), then apply high-resolution methods. The point of view we adopt is
that F'(w) is a smoothed version of F(w), capable of providing decent estimates of
f(&) for z nearer to zero (low-frequency information) but lacking high-frequency
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information. The role of high-resolution estimation is to extract the parameter
estimates by supposing a discrete F'(w) and looking for its points of support.
The estimation of f(x) is as follows

B .

f(z) = /A F(w)ee dw (37

or

~ N B . -~

= izw ,n g 0)=V,. 38
f(z) g}an/}leww f0) =, (38)

Let

B

S = SLIRLY: N 39
" /A eTYwm dw 39

Then from integration by parts we have, for « % 0
- 1 n  iBx n AT n
Sn_—i;(B v — Ae )—ESH_I. (40)

Starting with S, = L (¢/B® — e'4%), we obtain the S, recursively. So we have

N
fley=>"a,s, f(0) =v,. (41)

The formula for estimating b(z) is exactly the same. In the binomial case N = M,
but in either case it is not necessary to use all the available moment estimates V,;
higher indexed V,, may be dropped, so that the N in (33) may be replaced by a
smaller value.

We use formula (41) for f(z) (or b(x)) to estimate f(x) (or b(z)) at certain
values of z. In the Poisson case (the binomial is identical), if the support of F(w)
is known to be within [A, B] then the Nyquist sampling rate is A = 2= /(B — A).
We calculate f(kA) for k= 1,2,..., K from (41) and take f(0) = V, = 1. Then
Ff(=kA) = f(kA) since F'(w) is real-valued. These estimates f(kA), |k| < K are
then used as input to high-resolution estimates for F'(w); in this paper we consider
eigenvector-based methods [13].

We shall want the estimates f (kA), |k| € K to be non-negative definite, which
will happen whenever F'(w) is non-negative, although this is not necessary. If £'(w)
iS not non-negative, then it may still happen that for K sufficiently small the values
{f(kA),|k| < K} can be made part of a non-negative definite sequence. This is all
we need.

The binomial mixture is handled similarly. With no prior knowledge that the {6;}
are clustered within a subregion of (0,1) we let A = 0, B = 1 and proceed as above.

If the binomial problem arises as an approximation to a Poisson mixture problem,
then, as we saw earlier, the data reversal is performed, so that the new B(#) then
has support (A, B) = (1— L/M,1). These values of A and B are then used in (36)
and (39).
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3.8. Eigenvector-based parameter estimation

Once we have f(kA), |k| < K, estimates of the Fourier transform of the non-
negative function F(w), we estimate the non-negative definite Toeplitz matrix R
whose entries are R, , = f((m—-n)A), m,n=1,..., K+ 1L

The method is based on the fact that the K + 1 by K + 1 matrix R has rank J
and can be expressed as

R=Y Fe;ef (42)
i=1
with e(w) = (1,exp(iAw),...,exp(iKAw))* and e; = e(w;).
Let uq,...,ug ; be orthonormal eigenvectors of R corresponding to the ordered
eigenvalues A\; > A 2> -+ 2 Agq > 0. Then (see [13])

Ap> A== Ak =0
and
u;c*'eij k>J+1 i=1, ,J
The function
K+1
Ulw)= > l|ufe(w) (43)
k=J+1

is then zero at precisely the values w = w;.

In practice we do not know R exactly; the entries R, , = f((m —n)A) are
replaced by the estimated values, f((m — n)A). The condition we need is that the
estimated matrix R so obtained be non-negative definite. In that case there should
be J essentially non-zero eigenvalues and K + 1 — J essentially zero ones. We then
calculate the w, for k£ > J 4 1 and proceed as before.

4. Examples and comparison of methods

In this section we investigate the performance of our techniques in both the binomial
and Poisson problem, for small and large sample sizes, and we compare our results
with those obtained by other methods.

4.1. Binomial problem

4.1.1. Four-binomial mixture; 200 observations. Here J = 4, T = 200, M = 30 and
we use the data given in [1, pp 92-3]. The true amplitudes of the components are
B, = B, = B; =0.2, B, = 0.4. The moments are calculated according to equation
(22), and their Fourier transform approximately evaluated according to equation (28),
at values of = a distance of 2~ /¢ apart, where £ = 15. With this choice of £, the
series in equation (28) converges very fast. In figure 1 we draw the graph of the
inverse of the estimator in equation (43) and expect peaks approximately at the 0,’s,
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S Figure 1. Graph of the inverse of the
i ) estimator in equation (43) for the four-
= B binomial mixture and 200 observations.

I

Table 1. Results for the four-binomial mixture with 200 observations.

True Value MM ML (True ML (MM Our
starting values) starting values) Method

;=01 0.067 0.09049 0.09088 0.08

6, = 0.2 0.177 0.21884 0.21968 0.19

;=106 0.569 0.60456 0.60518 0.58

6, =109 0.909 0.91217 0.91232 0.91

7 =1,...,4. Table 1 gives results of applying the MM, ML methods with initial values
for the parameters selected to be (i) the true values, (ii) the MM values, and our
method (see [1, pp 92-3].

We note that the Toeplitz matrix, in equation (42), very clearly has four dominant
eigenvalues in this example, so that we obtain a reliable estimator for J. In order to
use the MM or ML methods, one must assume a value for J. Our technique improves
on the moment method; the ML method works well here because the 9j ’s are well
separated but it evidently attempts to fit the noise in the data since it tends t0 move
away from the true starting values. We also note that reversing the data leads to the
same results.

4.1.2. Two-binomial mixture; 20 000 observations. In this example we generated 20 000
observations from a mixture of two binomials, with B; = 0.2, B, = 0.8, M = 30
and 6, = 0.2, 8, = 0.7. Figure 2 gives the graph of the inverse of the estimator in
equation (43), obtained by the same process as in the previous example, also with
£ = 15. We observe two very clear peaks, at 0.201 and 0.701—very accurate estimates
of 6, and 6,.

4.2. Poisson problem

4.2.1. Death notices data from The Times of London. Here the data give the numbers
of death notices of women 80 years of age and over, appearing in The Times, on
each day for three consecutive years (see [1, p 99]). In this example the sample
size T is 1096. In [1], the MM method was applied assuming that J = 2, yielding
w; = 1.102 and w, = 2.581. In [2, p 90] the ML method was used (with the EM
algorithm, and the MM estimators as starting values), again assuming that J = 2,



52 C Byrne et al

(Millions)

« -
SN NN
O RS U OO O N B Ll

D WS N

S . o sz s: e as s s = -+ ' Figure 2. Graph of the inverse of
the estimator in equation (43) for
the two-binomial mixture and 20000
observations.

>
G

27

yielding w; = 1.255 and w, = 2.66. A two-component Poisson mixture fits the data
much better than just one Poisson component (see [1, p 90]). In order to apply
our methodology to this data set, we reverse the data and view the reversed data as
approximately generated by a mixture of binomials with M = 9. Using a bound of 7
on the possible Poisson components, we are lead to search for binomial components
for the reversed data over the interval (1 — 7/9,1) of length 7/9. We then use the
estimator of the Fourier transform of the binomial moments given in equation (41)
and condition the T matrix in equation (36) (taken to be of size 6 x 6) by adding to
it 10~® times the identity matrix. This procedure yields three binomial components,
using a Toeplitz matrix of size 6 x 6; the corresponding Poisson components are found
to be w; = 3.132, w, = 2.124 and w; = 1.17. The amplitudes F}, F, and F; of
the three components are calculated by constrained maximization of the likelihood
function of the data, using a program based on grid searches (see [14, pp 712-
6], for details on grid methods). The amplitudes are found to be F; = 0.26495,
F, = 0.4935 and F; = 0.24155, yielding a log-likelihood function of —1990.23.
In order to decide whether a model with three components or a model with two
components is most appropriate, we calculate the likelihood of all submodels with
two components, and use an information criterion (see [8,9]) to help determine
whether the increase in likelihood justifies the choice of a larger model with three
components. An appropriate information criterion here is

BIC = log-likelihood —(1/2)x dimension of model x log T

where T is the number of observations (see [8,9]). To choose the best model we
maximize BIC. The results are shown in tables 2 and 3.

Table 2. Results for the three component model.

Poisson components Amplitudes log-likelihood BIC
wp = 3.132 Fy = 0.26495
wy = 2.124 Fy =0.4935  -1990.23 —2000.73

ws = 1.17 F3 = 0.24155
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Table 3. Results for various two component models.

Poisson components Amplitudes log-likelihood BIC
wy = 3.132 Fy = 0.08745

wy = 2.124 F, =0.91255 —1998.96 —2006.0
wy = 2.124 Fy = 0.87995

wy = 1.17 F, =0.12005 —1996.9 —2003.9
wy = 3.132 Fy, = 0.52951

wy = 1.17 F, =0.47049 -1998.8 —2005.8

The BIC criterion selects the model with three components, a reasonable option
if one keeps in mind that none of the amplitudes Fj, F, or F; seems to be close to
zero. In [1, 2] the possibility of a three-component Poisson mixture to fit this data set
was not explored. Figure 3 gives a graph of the inverse of the estimator in equation
(43).

& a 1.8 2.7 36 4.5 5.4 8.3 7.2
7 Figure 3. Graph of the inverse of the
e am 2 oa estimator in (43) for death data from The
es e Times (1096 observations). Amplitudes
cael A9 128 are shown in parentheses.

4.2.2. Three-Poisson mixture; 500 observations. Using data from [1, p 100] generated
from a mixture of three Poisson components with w; = 0.5, w, = 3, w; = 6 and
F, = F, = 0.3 and F; = 0.4, we apply the same methodology as in section 4.2.1,
with M = 15 for the approximating binomial mixture. The technique yields four
components, but one of the components has a very small amplitude of 4.5 x 10~3.
One can obtain three components by taking a smaller Toeplitz matrix in equation
(42), but too small a Toeplitz matrix risks distorting the estimated values for w;, w,
and w;.

The results are shown in table 4.

Our results improve on the moment method (see figure 4 for a graph of the
inverse of the estimator). Note that the relative strength of a component cannot be
inferred from the relative height of its peak.
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Table 4. Results for the three-Poisson mixture with 500 observations (including MM
results from [1, p 100], for comparative purposes).

True MM Our method Amplitudes
w; =05 0.143 0.705 0.2255
wy =13 2.921 2.625 0.4431
w3=6 7.165 6.555 0.3314
165 4.5 x 10-3
i
] I
P// | ; \/,/

Figure 4. Graph of the inverse of
the estimator in (43) for the three-
Poisson mixture with 500 observations.
Amplitudes are shown in parentheses.
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4.2.3. Three-Poisson mixture; 20 000 observations. In this example we generated 20 000
observations from a Poisson mixture with the same parameters as in section 4.2.2.
We obtain w; = 0.195, w, = 2.34, w; = 6.375 and w, = 1.32, with amplitudes
F, = 0.1915, F, = 0.382, F; = 0.3986 and the small F, = 0.0269 (see figure 5
for a graph of the inverse of the estimator). With so many observations one would
actually get better results by using (25) to estimate the Fourier transform of F'(w), in
(23), from estimates of the {f,}, and sampling the estimator at points = kA + i,
where k is an integer, and A = 2= /¢, with £ equal to a bound of the Poisson
components; we add i to counteract the effect of the e=* term in equation (1) (see
figure 6 for an illustration of the results). This latter technique fails dramatically as
soon as the sample size drops; this very fact is one of the motivating factors in using
binomial approximations to Poisson mixtures for low sample sizes. The benefits of
this approach become particularly apparent in the next example, in which the MM
fails, and the ML depends very much on initial values and requires many iterations,
while our method gives very reasonable results, even with a low sample size of 200.

4.2.4. Four-Poisson mixture; 200 observations. In this example we apply the same
methods as in the examples given in sections 4.2.1-3, with M = 9 for the
approximating binomials, to data from [1, p 101]. Here we have used a bound
of £ = 6 for the possible Poisson components. The results are shown in table 5.
Figure 7 shows a graph of the inverse of the estimator. Our results improve on both
the MM and ML methods.
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Table 5. Results for the four-Poisson mixture with 200 observations.

ML/EM True ML/EM Starting Our
True starting values values (1,2,4.5,6) MM method
w; =05 0.75 0.02 Fails due 0.612
wy =15 1.34 131 to complex 1.584
w3 = 3.0 3.37 4.10 roots 2.457
wq=35.0 5.08 4.87 5.724

5. Conclusions

When the data set size 7T is small the observed counts provide noisy estimates of
the moments, which cannot be accepted as exact, as the moment equations method
would have us do. By using the estimated moments to obtain a regularized estimate
of the Fourier transform of F(w) or B(0) we effectively filter the noisy moment
data. High-resolution eigenvector-based methods can then be used to obtain reliable
estimates of the number of components and their parameters.
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Figure 7. Graph of the inverse of the
estimator for the four-Poisson -mixture
TEE LAl zUr with 200 observations.

The maximum likelihood method attempts to fit the noisy observed frequencies

to the model of the probabilities. For low values of T the ML estimates are not as
good as those obtained via the Fourier transform approach presented here.
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