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A numerical solution to the problem of estimating the probability density of integrated intensity, P(W), given a

. measured histogram of photon counts is described. The solution has a minimum norm in a Hilbert space that is

- weighted according to'a prior estimate of P(W) and is stable by virtue of a simple but powerful method of regulari-
~ zation. ‘Additional stabilization is achieved by restricting the number of input photon-count frequencies. - .

1. INTRODUCTION i S :

A common problem in the measurement of photon-count
statistics is to infer the probability density function (PD")
of intensity from these of the photon counts. Let P(W),
where W = 0, be the PDF of integrated intensities, and let
p(n),wheren =0,1,2,. .. , be the PDF of photon counts re-
sulting from light dictributed by P{W). Inthe semiclassical
approximation, the two PDF’s are related through the Poisson

transform? by the relation

ﬁ(ﬁ)';"j; TmmevRAW. 1y

A hlstogmm of measured ':i;homniéﬁﬁﬁi probabilities.' is

modeled as

)= pln) +

where the term 7 is a zero mean and arbitrary variance—co- -

variance structured random error. Saleh? showed that an
analytic solution for P(W) given p(n) is possible in principle.
Solutions based on analytic methods have been proposed?34
and have been demonstrated to work when p(n) is known
exactly. When p(n) is estimated from a measured histogram
“and substituted into these formulas, even small sampling er-
rors cause wild fluctuations in the resulting estimates for
P(W). 1t will be shown that a more stable numerical estimate
of P(W) can be formed given the vector of y(n), a prior esti-
mate of the basis PDF Py(W), and its corresponding pho-
- ton-count PDF py(n). = iy P

2. HILBERT-SPACE FORMULATION

Inorder to con&derP(W)to be a member of %1 suitaﬁly déf’med :

Hilbert_spaqe, rewrite Eq. (1.1) as

P = {7 PODRAW) Wr/nt]e- WP

Her.e, P(W}ls a mémber of the Hilbert space G = L2(0, o,
Go™1), where Qo(W) =¢ WPo(W). The inner product of the
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SR, (1)

' fwd fﬁhctibns fIW) and g(W) inG 1'-", defined as
e = j; AW (WRI W, (2.9)

so that, with
gn(w) = PO{W) Wn/n!’
Eq. (2.1) is written as

p(n)=(P,g.)e, n=0,1,....

Let the transformation A; G - H = RN+ (the Euclidean
N + 1space) be that which associates with any P(W)in G the
vector p = [p(0), p(1),. .. » p(N)]T (T denotes the transpose
of the vector). The adjoint mapping isAT: H - G and as-
signs toeach h = [hg, by, . .. »hn]T in RN+ the function

. N o
ATh = Po(W) S h,Wn/n!. (2.3)
n=0 i
The data vector yisin H ,and there will be exact so]ﬁtions to
the equation

"y =Ag ~(2.4)

In particular, the minimum nerm solution g, given by Eq.
(A3)is : : : A
Znn = AT(AAT) 1y (2.5)

The transformation AAT associates with each h in H the
vector of data values y, and, in particular, the mth value is

m) = fo {Po(m z-h,.Wn/n:}ejW(Wm/mnde :

n=0

I

2 h, [f Pg(W)(W”‘*"/m!nf)e“WdW]
n=0 QO 3 : S P i

n=0

}17:\:’ Ay t(m + n)f/m!n!}po(m + n)l.

In matﬁx notation, this becomes
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4. NUMERICAL EXAMPLE

We used a computer simulation to determine if a negative

y = Poh (2.6)

where the mapping AAT is represen&ed by the matrix Py in

Fq. (2.6). Numencal ebtlnidteb of P{W) are obtained by expanential PDF can be estimated from its Poisson transform
taking B pair, the Bose-Einstein PDF; i.e., for . _
2.7 p(n) = un/(L+ p)n+t (4.1)
‘and Eq. (1 1) can be solved to obtain : e : i
(W) P (W hn W / L = (2.8) PO =1/p exp(wW/m (42)Fwto i
gmn "nt. .8 : : ;
2 ) Z = A sample of 10,000 counting intervals was simulated in a

* computer by using Eq. (4.1) and the parameter p = 4. The c
number of photon counts n was accumulated in a frequency 3
histogram shown in Table 1. The data fit was accomplished
by using a Bose-Einstein prior PDF with ¢ = 1. Tt follows
that the following matrices and functlonq are:

The matrix Po is frwuently it condxt}oned in practme so that
small changes inthe data ¥ produce large changes in the nu-
merical values of g..,- Stabili zatmn of the estlmate"s requires
use of regularization methodq : e - :

ST

= [p(n) + 7], i.e., the vector of sxmulated photon-

3. REGULARIZED SOLU'HON
= count probabilities,

As is discussed in Appendxx A the regnlarued solutlon of Eq. '
+n)t -
(2.6) compxommes ‘between an exact solution and one that Py= (m *+ n) ( .+ n}] [(m . ’:} ( )'?‘_f"], &
controls ‘!g}! T}uss solutxon gwen by Eq (Ai) is ' : e 2_ o A i
: Po(W) = e~ ket ‘

-+ (3.1)

-One cannnt ebtam numeric 11 values from Eq (3 1) since ATA
‘iz an infinite dimensional operator. - To obtain a solution in

terms of a possible matrix inversion, clear the inverse from Eq.
(3.1) and rearrange the terms to get

One sees that the reoularlzatmn mvolves only the addmg
of ¢ > 0 to the main diagonal of the matrix Py. Even a small
value of € (%10~4) is sufficient in some cases to stabilize [|gll.
So long as € is greater than the computing machine’s zero and

not so large as to dominate the other terms in the matrix (Po o I ' I ' i
+ €1), a stable solution should be obtained. Generally, the iy _ J [ f
regularized solution g, is not consistent with the data [i.e. it v;ﬂ ' ) [k
is not a true solution of the matrix equation (2. 4)} By using . ;.]
W - B —
Eqs. (3.2) and (3.3), one sees that, for 5 g 3 \g\‘\ 6 :
= (AAT)AAT + eD)ly, & ® o o y
g o : 3t - o b
only as ¢ — 0 does g, approach data consistency. o5 o 2
The regularization presented here is sometimes referred to e Tx ~rx -k
as Tychonov regularization® or as Miller regularization.® In L -
fact, the basic idea of involving a measure of the norm of the il :
solution in the function being minimized oecurs in a variety 8 i ; | : ) o Lo
of areas. This approach can also be viewed as an extension 0 ! 2. w ” 3 4 3
of the Hoerl-Kennard ridge regression estimator” to the case Fig. 1. Regularized estimates of P(W) from simulated Bose-Einstein e

of infinite dimensional regression. The use of the prior basis -

PDF Py(W) in the construction of G also has application in
problems of spectral estimation and signal processing.39

Equations (3. 3) and (3.4} were solved to obtain revuianzed

estimates of the intensity PDF g, (W). Figure I chows these

Table 1.

Summary of Photon-Count Simulation®

a Overflow counts, 3; total sample size, 10,000.

photon counts. Simulation parameters: - sample size, 10.000: u = 4.

Regularization parameters: uo = 1, & ©, 0.0001; X, 0.01; +,0.1. The

first 29 photon -count frequencies were used to compute Po.

g = (L/)AT(y —Ag,) Count Frequency Count Frequency Count Frequency

P = ATh= ' (3.2) 0 1984 12 140 24 13
B ) S ; 1 1602 13 98 25 6 i
To find b, again multiply Eq. (3.1) by (AT A + €I) and then 2 1280 14 100 26 5
by A. Because Py = AAT is inifertible,_it follows that - 3 1012 s 64 27 6
; e 4 832 16 52 28 2. i
= (Po +el)” ‘y (3.3) 5 647 17 44 29 0
i R 6 501 18 43 30 5 i
One obtams numencai estlmates by subatitutmv Eq. (3. 3) into 7 452 19 a7 P o i ;
Eq. (3.2) and, as in Eq (2 8) g '8 338 20 24 39 0 3
Hina 9 236 21 18 a3 3 :
gr(W) = Po(W)- z -h-,;gwn/n!. - (3.4) 10 228 22 16 M 2 %
=0 1199 23 13 L - ;

s s e

PR R




 inappropriate. -One advantage
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estimates for differing values of € on a logazithmic scale for the
intensity PDF and on a normalized scale for W. - Estimates
are defined as admissable if they are positive and less than ons.
For € = 0, there are no admissable estimates; however, one can
see that an admissible estireation is obtained for all values of
W by using e = 104 The exponentially increasing values of
€ generally improve the estimation until too large a value
biases the estimate of P{W) at the origin and at its tails.

5. DISCUSSION

‘Other approaches to the t:matmn of P(W), such as those of

Simar!® and of Tucker,! focus on the asymptotic properties

of the probability densi_'ty_ééti;haitors." For finite data these
estimators are di_'scret_ei'prbbabilities_ supported on a finite

number of points (about N/2).” These estimators are good (as
Simar shows) for cases in which the compounding PDF is es-
sentially a sum of point masses, i.e., a finite Poisson mixture.
For the problem considered in this paper, such estimators are
of Eq. (3.4) is that it is a con-

tinuous function of intensity. - Epuenily ‘ :

Finite sampling errors in estimating the photon-count
frequencies by y(n) are also an important consideration in
regularizing the Py matrix. - Matrix condition can be improved
by restricting the input photon counts only to reliable esti-
mates. Reducing the dimension of Pg, and hence also the
basis vector b, is not severe for smooth functions, such as the
exponential given in Section 4. This truncation, however,
may reduce the range of W/u over which accurate estimates
of intensity may be obtained.

The importance of matrix conditioning of Py is illustrated
in Figs. 2 and 3. When the correct prior parameter is used,
the resulting estimates are accurate only through a small range
of intensities for all values of ¢, as shown by Fig. 2. Further
conditioning of Py is still needed to obtain a satisfactory es-
timation. Thisis accomplished in Fig. 3, in which only rela-

 tive photon-count frequencies greater than 0.1 are used. This

suggests consideration of a measure for the condition of Py,
namely, the ratio of the smallest to the largest eigenvalue.
The conditioning measure would also aid in making the choice

for a minimum acceptable value fore.
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Fig.-2. Regularized estimates of P(W) from simulated Bose—Einstein
photon counts.  Simulation parameters: sample size, 10,000; ;2 = 4.

- Regularization parameters: py= 4, €0,0.0001; X, 0.01; +,0.1. The
first 29 photon-count frequencies were used to compute Py,

JOSA Communications

N R

GF T I T I L —
=1 _
*ZT;\ ' )
vl -
:5.: L
a -4
3 | _
-5L. .
- a
-6 -
: ~
-7 o 7
-8 L 1 ' I L 1 ,,_‘,:_,* I !
0 : | 2 3 4 1

; : : Wi . .
Fig. 3. Regularized estimates of P( W) from simulated Bose-Finstein
photon counts. Simulation parameters: sample size, 10,000; u = 4,
Regularization parameters: p, = 4, & 0, 0.0; X, 0.0001; +, 0.0005: A,
0.001. The first four photon-count frequencies were used to compute
Po. -

No positivity constraints have been applied, nor has the
integral of the estimated PDF been forced to equal one. This
leaves open the possibility of using Eq. (3.4) iteratively with
a succession of prior estimates Po(W), each obtained hy

. clipping the previous regularized estimate P.(W) to make it

positive and calling that a new prior estimate. Note that this
procedure should iterativel v discover a better basis for which
the resulting regularized estimate is more positive.

APPENDIX A

Let G and H be arbitrary (possibly infinite dimension al)
Hilbert spaces and the operator A: (§ — H be any continuous
linear transformation. For the vector hy, a fixed but arbitrary
member of H, the equation

Ag =h, (A1)

may have no solutions, one unique solution, or infinitely many
solutions. In general, one considers the minimum-norm
least-squares solution, defined as the unique g in G of mini-
mum norm among all g for all ||Ag — hy|, as minimum. De-
note this solution by Emnls- 'TWo special cases are impor-
tant. e

Casel. Aisonetoone. Thereisa unique g minimizing
Eqg. (A1) so that the minimum-norm least-squares solution
is the least-squares solution: ie., : - :

Emnts = s = (ATA)ﬁIAThD, (A2)

where AT is the adjoint transformation mapping H into G.

Case 2. Aisonto H. The transformation AT is one to
one, and there is at least one solution to Eq. (A1). The min-
imum-norm least-squares solution is now the minimum-norm
solution, or :

T =gmn=AT(AAT)__1hD- S (A3)

If small changes in hy produce large changes in the mini-
mum-norm solution g,,,;, then one can regularize by replacing
the minimum-norm solution with a least-squares solution to -_:
a slightly different problem, which is formulated below.




JOSA Communications

Assume that A is onto H so that Eq. (A1) has exact solutions.
Let K be the Hilbert space of ordered pairs k = (g, b}, that s,
K =G @ H. The inner productis

(kla kZ) = ((gly hl) (g.? h"))
= ﬂf(gh gz) '5' (1 y a}{h;, }1‘7)

S50

Ikl = s, mn° = aug 2+ (1 - e)inl2
Defme the tra.nsformatmn B. G—~K .by the equatlon
(g, Ag)

Then the adjomt transformatxo
relation ' :

4 @ satisfies the

BT{g, h) —ag+ JATh.

VleenaﬁxedhgmH Ietko (0 hp) Unlesshg =0, kgpisnot
.. in the range of B ’Fhen f'md a least—squares solutmn of the
" equation

From the abc-Jvé,_i\é IS e
= (BTB) 1B Tkp
= [(1 — ATA + oI} 31 = a)AThO

(ATA +eD)71AThy, e=af(1— o:) (A4)

The g, minimizes HBg - koll s0 gy, also minimizes the
quantity

(1= a)!lAg ho!|2 + ailgilz

The 1east squares solutmn of Eq. (A4) is called the regularued
_ solution in that a strict solution to Eq. (Al) is relaxed in order
to gain control over the quantaty Hgi Chieie
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