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Observe that the first integral represents the contribution to the
LF of the deterministic component and is classically implemented
by means of a matched filter. The second integral represents the
contribution due to the random fluctuations of the striated pattern
and can be implemented by an estimator-correlator device. Obviously,
when L, (1, 22) are zero (1.e., the patterns are deterministic), the
second term disappears, and the LF canonical form reduces to the
one reported in [5]. On the other hand, when the cross-sections are
zero-mean stationary signals, the LF does not depend on the offset,
and only the pattern orientations can be estimated.

For stationary cross-section deviations Awj (z) = wi(x) =] (x),
the covariance functions R, (@1, x2) depend on the arguments
difference only, and the optimal estimate AGoF‘(s, 1) can be eval-
uated by means of the Wiener filter. In particular, let S, (§) =
Fi{Kw,(s)} be the power density spectrum of Aw(x); then, the
power density spectrum S, (€) of Agw(s, 1) is

S, (€)
SEE

Then, since the whitened observation noise has a unitary power
density, the frequency response H°P'(£, v;) of the Wiener filter is

S (€)
Suw (&) + [EISR(E, )

The corresponding canonical form is illustrated in the scheme of Fig.
4.

Finally we observe that when n(x. ) is white, (16) implies that the
operator given by the filtered RT cascaded with the whitening filter
reduces to the unitary operator ’Iés‘n = IJ;’ERS‘(,\, where H;” is a
1-D filter whose frequency response is |€]*/2.,

The LP canonical form of Fig. 4 has been applied to both simulated
and field data. In the example of Figs. 5 and 6, the original synthetic
image of two stationary, zero mean, Gaussian planar waves and its
noisy version, respectively (SNR = —10 dB), are shown. The restored
image reported in Fig. 7 has been obtained by thresholding the
whitened projections and then applying the backprojection operator.
It is evident from Fig. 7 that the residual error lies along the same
directions of the detected waves.

As a real-word example we applied the LP to the imaging of
moving vehicles with linear arrays for classification at highway gates.
With reference to Fig. 8, the imaging system consists of a CCD
vertical array performing an auto scan of the vehicles while in motion
(see Fig. 9) and a CCD horizontal array providing a space-time image
employed for motion estimation (see Fig. 10) [S]. The vertical scan
geometry distortion produced by a variable speed is recovered by
resampling this scan according to the velocity estimated by the LP
(see Fig. 11). Concerning the LP performance, it is worthwhile to
mention that the field results obtained with the real-time prototype
implementing the processing scheme proposed in [5] for unknown
cross-sections that closely approximate the LP at high signal to noise
ratios evidenced that the reconstruction accuracy is adequate for
reliable vehicle classification.

Suw (€)= (23)

HPYE w) = 24)

1V. CoONCLUSIONS

In this correspondence, we investigated the structural properties of
the LP for random straight patterns. In particular, we have shown
that for any fixed value of their offsets and orientations, the RT
provides sufficient statistics for both signal detection and parameter
estimation. In the presence of Gaussian patterns, the RT is cascaded
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with a whitening filter and an estimator-correlator post processor,
whereas for non-Gaussian patterns, the optimal scheme requires more
complex statistics.
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Block-Iterative Methods for Image
Reconstruction from Projections

Charles 1.. Byrne

Abstract—The simultaneous MART algorithm (SMART) and the ex-
pectation maximization method for likelihood maximization (EMML) are
extended to block-iterative versions, BI-SMART and BI-EMML, that
converge to a solution in the feasible case, for any choice of subsets.
The BI-EMML reduces to the “ordered subset” EMML of Hudson e al.
when their “subset balanced” property holds.

1. INTRODUCTION

In its discrete form, the problem of reconstructing a nonnegative
image from projections is that of finding a nonnegative .J by 1 vector
x satisfying the linear system y = P, where the [ by 1 vectory > 0
is the projection data and the I by J matrix P has nonnegative entries;
we shall assume throughout that the columns of /2 sum to one. We are
concerned here with iterative methods for finding x, particularly with
the “expectation maximization” methed for likelihood maximization
(EMML) [1]-[5] and the “simultaneous MART” (SMART) [6], [21].

The “expectation maximization™ approach to likelihood maximiza-
tion (EMML), as it has been applied in emission tomography since

Manuscript received December 20, 1993; revised November 1, 1995, This
work was supported by the National Cancer Institute under Grant CA42165
and Grant CA51071, with principal investigators M, King and W. Penney of
the Department of Nuclear Medicine, University of Massachusetts Medical
Center, Worcester, MA. The associate editor coordinating the review of this
manuscript and approving it for publication was Prof. Nikolas P. Galatsanos.

The author is with the Department of Mathematics, University of Massa-
chusetts at Lowell, Lowell, MA 01854 USA.

Publisher Item Identifier S 1057-7149(96)03168-5.

1057-7149/96$05.00 @ 1996 1EEE

51




IEEE TRANSACTIONS ON IMAGE PROCESSING, VOL. 5, NO. 5, MAY 1996

about 1980, leads to an iterative algorithm for finding nonnega-
tive solutions of the linear system y = Pax [1]-[6], [14]. When
there are no nonnegative solutions of y = Puw, the algorithm
produces a nonnegative minimizer of IV L{y, Pu); here I L denotes
the Kullback—Leibler distance between nonnegative vectors; that is,
KL{a,b) = Y a, log(an/bn) + by — an > 0. The EMML
is typically applied in the inconsistent case, in which, because of
additive noise, there is no nonnegative solution of y = Pux. Either
I > JorlI < .J, and both are usually large.

A second algorithm, discovered independently in 1972 by
Schmidlin [10] and by Darroch and Ratcliff [11], called the SMART
algorithm in [6], leads to a nonnegative minimizer of I L{Px, y).
The algorithms are similar in many respects, but the nonsymmetric
nature of the KL distance leads to curious divergences in the
theoretical development, with the result that certain questions that
have been answered for SMART remain unsolved for EMML (see
[15] and [23]). Darroch and Ratcliff designed their algorithm to
select one probability vector out of the many satisfying a given set of
linear constraints; for example, we might want a probability vector
on a product space having prescribed marginals. SMART minimizes
RIL(x,2°) over all x > 0 with y = P, in the consistent case,
where a” is the starting vector, In the inconsistent case, in which there
is no nonnegative «x for which y = Pz, SMART converges to the
unique nonnegative minimizer of A" L( Pz, i) for which A L{x, 2°)
is minimized [6], [21], [23].

In many applications, both I and J are large, and EMML and
SMART can be slow to converge. Recent work by several authors
(7], [8], [19], [20] suggests that acceleration of iterative algorithms
can be achieved if one uses “block-iterative” methods [9], also called
“ordered subset” methods [19], [20], [22], in which only subsets of the
data are employed at each step. It is reasonable then to ask whether
EMML and SMART have block-iterative versions. The SMART
algorithm has a block-iterative version (BI-SMART), similar to, but
somewhat simpler than, the block-iterative MART of Censor and
Segman [9], that converges in the consistent case, for any partition
of the data into subsets. Hudson ef al. [19], [20] have shown that
EMML possesses a block-iterative version (“ordered subset” EMML)
for those matrices P that are “subsct balanced;” that is, for which a
partition of {1, 2, ---, I'} exists such that >." P; ; depends only
on j and not on n, for all subsets in the partition, where "
indicates summing over just those indices 7 in the nth subset, 5",
of the partition. The block-iterative EMML (BI-EMML) given here
converges for all choices of subsets and reduces to the ordered subset
method when subset balance holds.

The method of proof of convergence of EMML and SMART given
in [6], [21], and [23] can be extended to prove convergence of their
block-iterative versions; as a special case, we obtain a convergence
theorem for MART that extends the result of Lent [12].

II. THE BI-SMART anD BI-EMML ALGORITHMS

The EMML algorithm is usually presented according to the original
development by Dempster et al. [13], involving conditional expecta-
tions, A more geometric approach to both EMML and SMART was
given in [23]. The EMML algorithm begins with =" > 0 and takes
as the successor of x*:

S Y Y.

0,1,2,---. The SMART
Z P log

Ui
Py

foreach j =1, ---, Jand form =0,1,2, ---.

for each j = 1,---,.J and for %
algorithm defines the successor of x

T

m—++1 L
I"J = .K'J

(2)

exp
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We obtain a block-iterative version of the SMART algorithm
(BI-SMART) by partitioning the index set {1,2,---, I} into N
disjoint subsets {S*, 52, ---, S™) and applying (2) to each subset
in turn, without renormalizing the columns of P. Beginning with
2% > 0, the BI-SMART iterative scheme is obtained as follows—for
m=0,1,2,---and n = m(mod N) + 1,

m m - n i
2P = M exp {mni SR log (PJH 3)

for each j = 1,-~-,J and for m = 0,1,2,- -, where, again, >."
denotes summation over those ¢ in 5™, and M, = rmmax{}" F;;}
over j. -

We get the MART algorithm of Gordon et al. [16] by taking N = T
and each set S™ to be the singleton {n}. The MART iteration is then

m+1l _ om : o
2j =z exp [Rx,j IOg (PZI;{! ):'

g\
_.m ( o ) @

foreachj =1,---,J, form =0,1,2,---,and n = m(mod N)+1.

We can prove the following theorem [24].

Theorem: When there are nonnegative solutions of y = Pz the
BI-SMART sequence {z™} converges to the unique solution for
which KL'L{x. z°) is minimized. If z° is a constant vector, then {2}
converges to the solution maximizing the Shannon entropy.

Lent [12] has shown convergence to the maximum Shannon
entropy solution for the MART case and for z” a constant vector.-In
[9], Censor and Segman generalize the MART algorithm to include
block-iterative versions. Their algorithm is similar to the BI-SMART,
but includes weighting terms instead of the normalization of the
columns of P. In a more recent paper [17], Zenios and Censor study
the behavior of the Censor-Segman algorithm, and in [18] Aharoni
and Censor consider related block-iterative methods.

The formula (1) for EMML given above is valid so long as we have
normalized P to have column sums equal to one. In the absence of
such normalization, the EMML iteration becomes

()

(=)

The block-iterative version of the EMML (BI-EMML) is analo-
gous to the BI-SMART, but uses arithmetic, rather than geometric,
averaging; beginning with 2% > 0, the BI-EMML iterative scheme is
obtained as follows: for m =0, 1, 2, --- and n = m({mod N') + 1,

P :(1 —mt S R.j):;n +ztma YR (Py:’”) ©

foreach j =1, ---,J and for m =0, 1, 2, - -+, where, again, 3"
denotes summation over those ¢ in S™.

k1 k
ILJ =y

()

III. A FEEDBACK METHOD FOR THE INCONSISTENT CASE

In typical cases we do not expect there to be a nonnegative vector
x for which y = Pux. In these inconsistent cases, BI-SMART does
not converge to a single vector, but to a cycle of vectors, one for each
of the IV subsets; how distinct these vectors are is a function of the
degree of inconsistency in the system y = Pz, although we have not
succeeded in quantifying this. This is at least what we have always
observed; no one has yet succeeded in proving convergence to limit
cycles for MART (or for BI-SMART, therefore) in the inconsistent
case. The question then arises: What are we to do with these limit
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cycle vectors when what we want is a single approximate solution?
One approach we are actively considering involves the use of the
cycle vectors to create new “pseudodata,” which is then fed back and
the algorithm restarted.

To be precise, the feedback method works as follows: assum-
ing convergence of BI-SMART to a limit cycle of N vectors,
=1, 2%, o) 2N, we replace each old data value y; with the new value
(Pz™);, where 7 is in the subset "+, and we set §° = SVT!. The
new data vector is then used in exactly the same way the old y was,
beginning with the same initial vector and performing BI-SMART
until convergence to a second limit cycle. The infinite sequence of
data vectors calculated in this way can be shown to converge to
a vector y™, for which the system y* = Pa is (nonnegatively)
consistent. In simulations we have noted two interesting phenomena:
first, this convergence is remarkably quick, with y*° often reached
within two or three repetitions of the feedback; and second, the
solution & of ¥ = Pz is a strictly positive vector in most cases.
This suggests that the repeated feedback is regularizing the problem;
that is, effecting a filtering of the original data. The exact criterion
implicitly used here is not yet understood. This feedback has been
tried in connection with BI-EEMML with some success [22].
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On the Metric Properties of Discrete Space-Filling Curves

C. Gotsman and M. Lindenbaum

Abstract—A space-filling curve is a linear traversal of a discrete finite
multidimensional space. In order for this traversal to be useful in many
applications, the curve should preserve “locality.”

We quantify “locality” and bound the locality of multidimensional
space-filling curves. Classic Hilbert space-filling curves come close to
achieving optimal locality.

I. INTRODUCTION

Denote [N] = {1,.., N}. A discrete m-dimensional space-filling
curve of length N™ is a bijective mapping C : [N™] — [N]™
such that d(C(i),C(i + 1)) = 1 for all 1 € [N™ — 1], where d()

rm

is the Euclidean metric. In other words, the curve C of length N
traverses all N points of the m-dimensional grid with side length
N, making unit steps and turns only at right angles. For a historical
account of classical space-filling curve constructions, see [8].
Space-filling curves are useful in applications where a traversal
(scan) of a multidimensional grid is needed. Some algorithms perform
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