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Convergent Block-Iterative Algorithms for
Image Reconstruction from Inconsistent Data

Charles L. Byrne, Member, IEEE

Abstract— It has been shown recently that convergence to
a solution can be significantly accelerated for a number of
iterative image reconstruction algorithms, including simultane-
ous Cimmino-type algorithms, the “expectation maximization”
method for maximizing likelihood (EMML) and the simultane-
ous multiplicative algebraic reconstruction technique (SMART),
through the use of rescaled block-iterative (BI) methods. These
BI methods involve partitioning the data into disjoint subsets and
using only one subset at each step of the iteration. One drawback
of these methods is their failure to converge to an approximate
solution in the inconsistent case, in which no image consistent
with the data exists; they are always observed to produce limit
cycles (LC’s) of distinet images, through which the algorithm
cycles. No one of these images provides a suitable solution, in
general. The question that arises then is whether or not these
L.C vectors retain sufficient information to construct from them
a suitable approximate solution; we show here that they do. To
demonstrate that, we employ a “feedback” technique in which
the LC vectors are used to produce a new “data” vector, and the
algorithm restarted. Convergence of this nested iterative scheme
to an approximate solution is then proven. Preliminary work also
suggests that this feedback method may be incorporated in a
practical reconstruction method.

Index Terms— Restoration, tomography.

I. INTRODUCTION AND BACKGROUND

ANY image reconstruction methods involve the exact
Mor approximate solution of large systems of equations,
usually with side constraints, such as nonnegativity or local
smoothness. Those methods based on optimizing some objec-
tive function, such as likelihood, can often be reformulated
in terms of solving such a system. Because of the many

unknowns and data values involved, and because of the

relative ease with which side constraints can be included,
iterative techniques are increasingly attractive. Some of the
most popular iterative techniques, such as the “expectation
maximization” approach to maximizing likelihood (EMML),
as used in single photon emission computed tomography
(SPECT) and positron emission tomograpy (PET) converge
too slowly, however. Tt has been shown recently [1] that
EMML and related algorithms, such as the simultancous multi-
plicative algebraic reconstruction technique (SMART), can be
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significantly accelerated through the use of the block-iterative
(BI) approach and block-dependent equation rescaling; simiiar
results for the algebraic reconstruction technique (ART) have
been obtained by Herman and Meyer [2] and Guan and Gordon
[3]. In BI methods, one begins by partitioning the data into
disjoint subsets; each step of the iteration involves only one o
of these subsets. If there is but one subset, containing all the
data, the method is said to be “simultaneous.” The “rescaled”
versions of these BI methods, RBI-EMML and RBI-SMART,
converge rapidly to a solution, whenever it is possible to fit an
image exactly to the data; this is the so-called feasible case.
One drawback to the use of BI methods is their behavior in
the inconsistent case, in which no image consistent with the
data exists. '

When no image is consistent with the data, we typically
seek an approximate solution, such as a least squares estimate.
The BI methods do not produce such an approximate solution,
however; they produce a limit cycle (LC) of distinct images, as
many as there are blocks, through which the iteration cycles.
How distinct these images are depends on how noisy the data
is. No one of these images provides a suitable reconstruction,
in general. The obvious question is whether or not the LC
retains sufficient information to construct from it a suitable
approximate solution; we show here that, for ART, BI-EMML,
and BI-SMART, the answer is that it does. One might hope th.
there would be a simple calculation that could be performed
on the vectors of the LC to produce an approximate solution;
for example, a weighted mean of some sort. Although that
remains an attractive possibility, we have not been able to
obtain such a result. We introduce a “feedback” approach,
in which new “data” is extracted from the vectors of the
LC and the algorithm restarted. This nested iterative scheme
is shown to converge to an approximate solution in each
case.

Our main goal in this paper is to provide a theoretical
Justification for the use of BI methods in the inconsistent case.
The feedback approach is used here as a tool to construct
the theory. Whether or not the feedback can be made part
of a practical image reconstruction procedure remains to be
demonstrated, although successful application of feedback
on small-scale problems has been encouraging. In actual
applications the inner iterative loop, involving the BI algo-
rithm, would probably include a regularizing term to penalize
roughness. This still leads to an LC, however. The outer loop,
the feedback step, would have to be performed only a small
number of times if the acceleration advantage of the BI method
is not to be lost.

1057-7149/97$10.00 © 1997 IEEE
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II. OVERVIEW

The algebraic reconstruction technique (ART) and its
multiplicative version (MART) [4], are extreme examples
of BI methods; each block consists of a single data value.
Both algorithms converge to a solution whenever possible,
but if they cannot, they produce limit cycles. The existence
of the LC for ART was demonstrated by Tanabe [5];
no proof of existence of LC is known for any of the
BI methods, including MART, although we always see
them.

When the M by N system of linear equations Ax = b
is overdetermined (M > N) it typically has no solution;
in that case the ART does not converge to a single vector,
but to a limit cycle (LC) of (usually) A distinct vectors, say
{z', -+, 2M = 2"} [5]. Denote by Az, the mth entry of the
vector Az. For ¢ the vector with entries ¢,, = AzT" ! =
(Azm~ 1), the systems Az = b and Az = c have the
same (assume unique) least squares solution; call it z*. With
b0 = b, b' = ¢, and in general bt = c*, let LC(k) =
(81 28 = zR U be the limit cycle obtained by
applying ART to the system Az = b*, and ¢ = (Azk™ ).
We find that for each mn the sequence of vectors { K ~!(z% "+
b4 2K =Lm)Y converges to ¥, as K goes to infinity.
Also the sequence {K~1(b% + b + .- + b5E~=1)} converges
to Az*. '

For the multiplicative ART (MART) the situation is both
simpler and more complicated. First, MART applies to systems
of I equations in J unknowns ¥y = Px where y > 0, P > 0
and a nonnegative « is sought. For convergence in the feasible
case the entries of P must be in [0, 1]. When there is no
nonnegative solution of y = Pz MART behaves like ART:
it gives an LC denoted by {z!,---, 27 = 2°}; no proof
of this is known, but it is always observed. Defining the
vector y' = (Pz!"!) and applying MART to the new system
y' = Pz, we get a new LC, just as in ART. The sequence
{y*} obtained in this way converges to a vector y> for which
the system y™ = Pz has a nonnegative solution. If J < [
and all the LC vectors are strictly positive then the solution of
y® = P is the unique minimizer of the Kullback-Leibler or
cross-entropy distance KL(Pz, ) over all z > 0.

In Section III, we discuss the ART algorithm. Its simultane-
ous version, due to Trummer [6], converges, in the inconsistent
case, to the least squares solution of Az = b closest to the
starting vector, in the Euclidean distance. Restricting ourselves
to the case of a unique least squares solution, we investigate
the relationship between that solution and the LC produced by
ART. We find that, in the spedial case in which M, the number
of équations, is one more than N, the number of unknowns,
all the vectors of the LC lie on a sphere in N-space having
the least squares solution at the center; for other choices of M
and N this is no longer true. This result suggests that the least
squares solution can be obtained just from the vectors of the
LC. Using feedback, we show that this is generally the case.

In Section IV, we examine the BI-SMART, with MART as
a special case. The simultaneous version, SMART, produces a
nonnegative approximate solution in the inconsistent case. It
has been shown [7]-[9], that when there are more unknowns
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(J) than equations (1), this approximate solution has at most
I — 1 nonzero entries. Limiting ourselves to the case of J < [
and using feedback, we show that we can recover the SMART
estimate from the LC.

We take up the recently discovered BI-EMML [1], [10]
in Section V. In simulations, we find the feedback approach
successful in obtaining an approximate solution, although we
have proven convergence for only a special case.

We include proofs of all our results in the Appendices. If
there are methods more efficient than the feedback approach,
one way to find them might be to examine the role played by
the feedback in the derivation of the theory. )

III. THE ART ALGORITHM

The ART algorithm [4], also called Kaczmarz's method
[11], is an iterative procedure for solving a general linear
system of equations, Az = b. The algorithm consists of
projecting the current vector orthogonally onto the hyperplane
determined by the current equation and proceeding through the
equations one at a time (usually cyclically) until convergence.
When the system has no solution the ART produces a limit
cycle of vectors, typically one for each equation, rather than
a single vector.

We show that the limit cycle can be used to extract a new
“right-hand side” or b vector. When the algorithm is restarted
using this new b a new limit cycle is reached. Proceeding
iteratively in this way, we get a sequence of vectors {b*},
whose sequence of successive averages converges to a vector
d for which the exact solution to Az = d is the (normalized)
least squares solution of the original problem. '

We consider only a fixed (but random) ordering of the
equations. For the M by N system of equations Az = b,
the projection of vector z onto the mth hyperplane B,, =
{x|AZm = by} is denoted by Pp(z) and its nth entry is
given by

Ay (b — Az

ZAgn,n

where ) denotes the sum over index n. For notational
convenience, we assume that the original equations have been
rescaled so that 3 Aﬁl, ,, = 1 for all m; then the denominator
in (1) disappears.

We can introduce relaxation in ART by taking the successor
z' to z to be not Pp,(z) but the vector

P(2yn = 20 + (1)

zh = 2n + tAm n(bm — Azp) (2)

where, for now, t is any quantity (possibly depending on m or
on the actual iteration number). Then the L? distance between
z and its successor is

L2, 2) = t*L* (b, AZm) (3)
here L*(a, b) = Y, (an — by)? for any vectors a = (a,,) and
b = (b,) of any length. The (relaxed) ART algorithm begins
with any 2° and, for k =0, 1, --- and m = k(mod M) + 1,
sets 2Kt = (2%} as in (2).
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Kaczmarz [11] proved that, provided A is square and
invertible, in which case there is a unique solution, (1)
converges to that solution. In [12], Herman et al. showed that,
with restriction on the ¢, relaxed ART converges to a solution
whenever there is one; Trummer [13] weakened the restriction
on the t somewhat. The case in which no solution exists has
been considered by Tanabe [5], who proves convergence to a
limit cycle of vectors, by Eggermont et al. [14], by Dax [15],
and by Censor et al. [16].

Extending the Tanabe result to the relaxed case, with M >
N and A full rank, we have the following (see Appendix A
for the proof). '

Theorem I: For t in (0, 2), the relaxed ART method (2)
exhibits cyclic convergence, that is, for each fixed m, the
subsequences {2/ ™} converge to distinct limits, denoted
7°™ The LC is then {z°1, 2092 ... 200 M — »o0,01

For notational simplicity, we now write 2°™ = 2™, m =
0,1,---, M — 1; the limit cycle LC is then {z™, m =
0,1,2, -, M — 1}. The size of the LC is related to the
extent to which a solution is not available; specifically, we
have from (3) that

SOLAE™ 2 =00 Y Libg, AZR7Y). (4

We shall assume, throughout this section, that the matrix A has
full rank, so that the least squares solution of Ax = b, z*, is
unique. If, as we let the relaxation parameter ¢ approach zero,
the elements of the LC approach individual limits, these must
all be the same vector. This has been considered by Censor er
al. [16]. They show that the limiting single vector is, in fact,
the least squares solution of the system Az = b. Specifically,
we have the following result, proven using (4) in Appendix A.

Theorem 2 [16]: let {{x} be a sequence of positive
quantities converging to zero. For each k let LC(k) =
{2R 0 gR MLk M — K01 be the ART limit cycle
obtained using £ = #; in (2). As {f;} converges to zero, the
vectors in LC(k) converge to z*.

The difficulty with using this approach to obtain the least
squares solution is that as the relaxation parameter goes to zero
- the convergence slows. We want a different way to extract the
least squares solution from the LC. N

In the special-case of M = N + 1 and ¢t = 1 there is a
curious relationship between the elements {z™} of the LC and
the least squares solution x*. We have the following theorem,
proven in Appendix A.

Theorem 3: For M = N +1 and t = 1, the elements of the
LC lic on a sphere in N-dimensional space having the least
squares solution x™ at the center.

From now on we shall consider only ¢t = 1 in (2).

This theorem suggests again that there is some relationship
between the LC and the least squares solution, but in general
the vectors of the ART LC do not lie on a sphere. We have not
found any way to calculate the least squares solution simply
in terms of the vectors of a single LC. For ¢ = (Azm~1),
the systems Az = b and Az = ¢ have the same least squares
solution; this follows from z;7' — 2"~ = A, (b, — Az 1)
by summing on index m on both sides. This suggests the
following feedback method: With 4 = b, b' = ¢, and in
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general b1 = c* let LC(k) = {z%1, ---
be the limit cycle obtained by applying ART to the system
Az = b*, and c* = (AzF;™~1). We shall prove the following
(see Appendix A).

Theorem 4: For each m, the sequence { K ~1(z% ™M +zhm4
-+ zK=1Lm)} converges to the least squares solution z* of
Az = b. Also, the sequence {K (b0 + &' + --- + b%~1)}
converges to Az*. _

We see from the theorem how, by extracting a new b
from the LC at each step, we can form a new sequence that
converges to a single vector, namely the least squares solution.

The ART does not involve a nonnegativity constraint. We
can, of course, seek to minimize Lz(b, A:L') over £ > 0.
When there is no exact nonnegative solution for Az = b these
nonnegative least squares solutions must have no more than
M —1 positive entries. In many image processing applications
the quantity IV is the number of pixels chosen and is often
large, to permit high resolution reconstruction. This result, our
Theorem 5 below, proven in Appendix A, is sometimes called
a “night sky” theorem because it asserts that the resulting
optimal image x will have a few nonblack pixels against a
background of many black pixels. We have analogous results
for SMART, EMML, and their BI versions (see Theorem 6 in
Section IV and [7, Props. 1 and 2]).

Theorem 5: Suppose that A and every submatrix obtained
from A by deleting columns has full rank. Suppose also that
the system Ax = b has no nonnegative solution. There is a
subset S of {1, 2, ---, N} with cardinality at most M — 1,
such that, for all z = z > 0 solving the problem of minimizing
L%(b, Az), subject to z > 0, z, > 0 only if n is in S.
Therefore, x is unique.

kM = zk,D}

IV. THE BI-SMART ALGORITHM

A number of iterative algorithms for the reconstruction of
images from projections can be obtained by alternately min-
imizing certain distances between convex sets. Of particular
interest here is the so-called cross-entropy or Kullback-Leibler
(KL) distance [17] between two nonnegative vectors a = {a,)
and b = (b,,), defined to be KL(a, b) = 3, a, log (an/bn)+
b,, — a,, with the understanding that 0 log 0 = 0 and that
Kl.(a, b) = +oo if there' is an n with a, > 0 and b, = 0.
In previous articles [7]-[9], it was shown that by using KL
distances in various ways, one can obtain the MART, a variant
of MART, the SMART, the EMML algorithm for likelihood
maximization in emission tomography, and regularized ver-
sions of the latter two methods. Each of these algorithms can
be viewed as providing approximate nonnegative solutions to
a (possibly inconsistent) linear system of equations, y = P,
where y = (yw) > 0, P = (F,;), Fi; = 0 for all
i=1,---,1I, 7 =1,---,J, and we assume the problem
has been normalized so that the column sums of P equal one.
Proofs of results in this section are in Appendix B.

The EMML and SMART algorithms always converge (see
e.g.. [7]-[9]), and BI-SMART (and, therefore, MART) con-
verges, provided the system y = Pz is consistent; that
is, there is a nonnegative z for which y = Pz [9], [10],
[18]. The behavior of BI-SMART in the inconsistent case




BYRNE: CONVERGENT BLOCK-ITERATIVE ALGORITHMS

is an open question. In the inconsistent case BI-SMART
fails to converge. However, in every example we have con-
sidered, the subsequences of the full BI-SMART sequence
associated with completed cycles do converge, but to dis-
tinct limits; we shall refer to these vectors as the limiting
cycle of BI-SMART, analogous to what we just saw with
ART. In contrast, the SMART algorithm converges in the
inconsistent case to the unique nonnegalive minimizer of
KL(Fx, y) for which the distance KL(x, 2" is minimized.
We shall assume convergence of BI-SMART to a limiting
cycle and consider the consequences of feedback, which can
be viewed as a particular form of relaxation or hyperplane
modification.

In the inconsistent case both the SMART limit and the
limiting cycle vectors of BI-SMART have support (indices
of nonzero entrics) with cardinality less than the number of
equations, although there need not be any relationship between
the two support sets [71-19]. When the BI-SMART subse-
quences have converged, we can extract the new projection
data and reapply BI-SMART, with this new data replacing
the original vector y. We can limit the reconstruction to the
support set .S, or not, as we wish. Restarting BI-SMART with
this new y vector we obtain a new limit cycle and a third set
of projections, not usually the ones fed back in. This suggests
that the usual BI-SMART algorithm is only part of a more
complete algorithm, involving repeated feeding back of the
limit cycle projection data until convergence. We prove here
that, assuming convergence of BI-SSMART to a limit cycle, the
expanded version of BI-SMART in which the support is also
used converges to the unique nonnegative vector 2 minimizing
KL(Px, y) and supported on the (nonempty) intersection S’ of
the supports of the limit cycles. If the support of the SMART
limit is contained within S then the limit of the expanded
BI-SMART is that of SMART. The expanded BI-SMART
that does not use the limit cycle support also converges to a
single vector, but we do not as yet have a description of what
it is.

In [19], DePierro and lusem consider relaxation for Breg-
man’s method. They show that the appropriate way to relax
these nonlinear methods is to modify the y vector prior
to Bregman projection. For linear orthogonal projection, as

© used in ART [4], the modification of the y (moving the
hyperplanes) is equivalent to inserting a multiplicative fac-
tor in the increment, as in (2), so relaxation in ART has
focused on the modification of that factor (e.g., see Censor,
et al. [16]). The expanded BI-SMART considered here is re-

lated to DePierro-Iusem relaxation, in which the modification
of the y vector (equivalently, the amount of relaxation) is
determined automatically by the previous BI-SMART limit
cycle,

The regularized SMART algorithm [7]-[9] was designed
to minimize the functional G(z) = aKL(Pz, y) + (1 —
a)KL(x, p), where 0 < a < 1 and p > 0 is a prior estimate
 of the desired . Starting with 29 > 0 we define, for each
-] Lo, J

(5

exp{ Z P; ; log ( y,m>
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. I. Equivalently, we can write

aP;
41 ) (6)
m

! mya —a Yi
T = (] ) (pj)j H (W

with the product over i = 1, --+, I. For a = 1 this is closely
related to the MART of Gordon et al. [4].

Lent [18] has shown that if 27 is constant and y = Px has
nonnegative solutions then the MART iteration converges o
the solution that maximizes the Shannon entropy. In [20]. Cen-
sor presents a regularized version of MART and remarks that
the behavior of MART in the inconsistent case 1s unknown.
[n [21], Herman notes that in the inconsistent case MART
may not maximize entropy. As we showed in [7], the SMART
iteration scheme (5) converges (o the unique minimizer of
G{x) for o < 1. For o = 1 SMART converges to the unique
nonnegitive solution of 4 = Pz minimizing KL(z, V), in the
consistent case. In the inconsistent case, SMART converges to
the unique nonnegative minimizer -of KL(Pz, y) minimizing
KL(z, #“); the support has cardinality less than the number of
equations, for almost all I, so the minimizer of KL(/?x. y) 1s
almost always unique in the inconsistent case.

The (unrelaxed) MART algorithm of Gordon et al. [4] is
the following: Starting with 2" > 0, let

L
) (7

3 . [
SR
1 I\ Pk

with the sum over ¢ =1, - --

=aY

for k = 0,1,2,--- and ¢ = i(k) = k(modI) + 1; let
e" =z, n =0,1,2, .-, where i = 1, -, [. We then
have
Ui P
n+l _ n 1
TJ —'Lj ; (PZTL’H—i_}') (8)

with the product over 2.
Compare MART with the SMART iteration (for @ = 1)

defined by
P
2t =2 I ( Yi ) g 9)
7 7oL Pgln

Because in MART, the factors in the product depend on
the most recent 2™/t~ while in (9) the factors are com-
puted simultaneously, using the current =™, we call (9) the
“simultanecous” MART (SMART) algorithm.

The MART converges in the consistent case; the sequence
of iterates beginning at :LU > 0 converges to the unique
nonnegative solution of y = Pz for which KL(x, z°) is
minimized [9]. [10]; when z" is a constant vector the limit
is the maximum Shannon entropy solution, as Lent [18] has
shown. In the inconsistent case, the sequence of iterates cannot
converge without violating the assumption of inconsistency.

In [1], we presented a BI version of SMART, called BI-
SMART. The set {i = 1, 2, -+ -, I'} is partitioned into disjoint
subsets Sq, ---, Sy. Then, for n = k(modN) + 1, k =
0, 1, - - -, the BI-SMART iteration scheme is

k Yi P
+1 k1T i
] g k

Pz

where []" denotes the product over those indices ¢ in Sy. In
[1], the BI algorithms involved a block-dependent rescaling of

(10)
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the equations to accelerate convergence. In this paper, we shall
assume, without changing notation, that for each n and each
¢ in Sy the ¢th equation in y = Pux has been divided by the
rescaling factor m, = max; {3 " P; ;j} where Y. denotes
the sum over those indices ¢ in S,. The BI algorithms we
discuss here are then automatically the “rescaled” accelerated
versions, called the RBI methods in [10].

Comparison with the SMART iteration suggests that perhaps
for each fixed n the subsequence {z™V*" n fixed, m =
0, 1, -+ - } obtained from the BI-SMART sequence by selecting
every Nth term might converge. In fact, in every computed
example we have considered, this has been the case; the
sequences {27} do converge, but to distinct limits 2> ™,
which we shall call the limit cycle. As with the SMART
algorithm, the vectors of the limit cycle have common support
S with cardinality less that the number of equations (see
Theorem 6). For each n and index 7 in S, we take the
new projection data {27 " '} in place of the {y;} and
repeat the BI-SMART iteration, restricted to S or not, until
the subsequences have again converged, we find that we have
a new set of projection data, not the {Pz* "'} obtained
the previous time. This is the feedback procedure mentioned
above.

The BI-SMART algorithm is best analyzed in terms of
alternating minimization of certain distances, just as was done
in [7]-[9] for the SMART, EMML, and MART. For each
r > 0and z > 0 and foreach n =1, ---, N let

Gn(z, z) =KL(z, z) = 3" KL(Px;, Pz)
+ 22" KL(Pzi, y3). an
Since the columns of P sum to one it follows [7]-[9] that
KL(x, z) > KL(Pz, Pz); this is true because KL(a, b) =
KL(ay, by) + KL[a, (ay /by)b], where ay = 3 a,, by =
> bu. So we have G, (z, 2) > 0. Then, a direct calculation
shows that, for any x and z and for any n we have

Gz, z) = G, (2, z) + KL(x, ') (12)
where,  for  specified 7, we define z; =
i 1" (yi/Pz)™i, 5 = 1,---,.J. For any z and z

and for any n the nonnegative quantity G,(z, z) is
minimized with respect to z by the choice z = x. In fact, we
have G (2, z) = Gy (z, «) + KL(z, z) = Y." KL{Pz;, Pz),
and G, (x,z) = S "KL(Pzy, 1). We show that the
sequence of iterates {z*} is contained within a bounded set,
so that it has subsequential limit points.

To that end, for each j, let M; = maximum {y; /1% ;.
t= 1.2 T} < +oo, with the maximum taken over only
those @ for which P; ; > 0, and let C'; = maximum {z()J M,}.

Lemma I: For each k and each j we have 7j“ < Cj.

In discussions of BI-SMART it is always sensible to assume
that if any row of P is all zero then it is disregarded. Similarly,
if any y; = 0 that equation is disregarded, since including that
term in the formula (10) produces a zero estimate.

We shall assume from now on that BI-SMART always
converges to a limit cycle whenever the system of equations
has no nonnegative solution. Then, for each fixed n and 7 in
Sns the sequence {Pz"*"~1} converges to w = {w; =
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requiring that the vectors of the LC(k) be strictly positive, if,

Pz '}, In the inconsistent case, 3, P ; log (y; /w;)
for fewer j than the number of equations, so that the vecto
of the limit cycle have support smaller than the number of -
equations. To prove this, we need to assume that P has the
tull rank property (FRP): P and all matrices obtained from P
by deletion of columns have full rank.

Theorem 6: Let S be the support set for the vectors of the
limit cycle. Then, if y = Pz has no nonnegative solution and if
P has the FRP, S has fewer members than there are equations.

Lemma 2: Forall j =1, -, J, 3. F; ; log (y:/w;) <0,
with equality for j in S.

Corollary: For all z > 0 we have

KL(Pz, y) > KL(Pz, w)+ Y gi— > wi (13)
2 [3
with equality if the support of x is within S.

The feedback procedure is to set y° = y, w® = (P2 "1,
where n is such that ¢ is in S,, and for k = 1, 2, --- set
yk = w*~1; then restart the BLSMART iteration to obtain the
Eth limit cycle, LC(k) = {250, ... ZhN=1 5k N — k01

Lemma 3: The sequence {) . yF} is decreasing, so that
{KL(P=z, y*)} is decreasing, for all z > 0, and the sequence
{3, G2k, 25 m=1)) converges to zero.

Proof: We  have  3.,yF — 3, yFH =
Zn Gn(z;"’”, zk’”_l) > 0. Now use the Corollary to
Lemma 2.

We can extend the boundedness Lemma 1 to show that
the set {z"™, n = 1,---, N,k = 0,1,---} is bounded.
From the sequence {2% "} we extract a subsequence {z*=0}
converging to z*". The sequence of BI-SMART successors
{zF=1} then has subsequence converging to some z*1!.
Continuing in this manner, we obtain {z%° ... z%~V-1],
With minor restrictions on the matrix P, we show that z*9 =
z N=1 To avoid pathological special cases
in the proof of the theorem below, we make the technical
assumption that for every n there is a j with z;‘" > 0 and
0 < [ ; < 1 for some 7 in S,,. We then have the following
theorem.

Theorem 7: The sequence {y*} converges to a vector y>
for which the linear system of equations y* = Pz has
an exact nonnegative solution. If, in addition, J < [ and
every LC(k) has strictly positive vectors, then the solution
of y* = Pz minimizes KL(z, y) over all x > 0; therefore,
it is the same limit obtained by the SMART algorithm.

We obtain a similar result for general [ and J, without

#, 1 — ... = Z*’

at each restarting of the BI-SMART we restrict 7 to the support
of the most recently obtained LC.

We sketch the proof of Theorem 7 in Appendix B. This re-
sult can be viewed as the analog for BI-SMART of the theorem
of Censor et al. [16] to the effect that when underrelaxed ART
is repeated with relaxation constant going to zero the points
of the ART limit cycle converge to the least squares solution
of the original (normalized) system of equations. Indeed, from
the work of DePierro and Tusem [19], we know that relaxation
in Bregman iteration should be viewed as modification of the
hyperplanes prior to nonlinear projection. Here we modify the
hyperplanes when we replace »*~! with y* = w*~!. The

b3
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' minimizing KL(Fz, y) can be viewed as a generalized
solution of the system, analogous to finding the least squares
“solution” by minimizing the Euclidean distance between y
and Px.

V. THE BI-EMML ALGORITHM

In [1], the EMML algorithm was extended to a Bl version,
called the BI-EMML. This BI algorithm converges, in the
consistent case, for any configuration of subsets, and its
“rescaled” version reduces to the “ordered subset” method
(OS-EM) of Hudson er al. [23] when their “subsel balance”
condition applies. The BI-EMML algorithm is the following,
again assuming the rescaling has been done: beginning with
2% > 0, and with n = k(mod N) + 1, define
A= U P A Y Py

k3
For the case in which each set S, is a singleton, (14) gives
the EMML version of MART, which we call EMART. In
the inconsistent case, this algorithm is always observed to
produce a LC, although no proof of this is yet known. We
apply feedback to the BI-LEMML, just as to the BI-SMART.

Let 4% = 3 and let LC(0) = {2%%, ... 20N = ;0.04
be the limit cycle obtained using BI-EMML on #". Using
LC(0), we set w? = Pz:‘)‘n*l for each i, where n is chosen
so that 7 is in S,,. Then let 4 = w" and restart BI-FEMML
using data y'. In this way, we generate a sequence {y"}
and corresponding limit cycles LC(k) = {z®1, ... &N =
z%01. The conjecture is: i) {y*} converges always (o a limit
vector, say ¥°°; ii) the system y™ = Pz has a nonnegative

solution, say °°; and iii) the limit cycles LC(k) converge to

(14)

&r

There is proof for i) and ii) if there are at least as many
pixels as data values, so P has at least as many columns as
rows (and is assumed full rank); and for iii) if P is square and
invertible. We sketch the proof of these results in Appendix
C. These conditions on F are probably not essential.

In a recent paper [25], Browne and DePierro introduce a new
algorithm, the “row-action maximum likelihood algorithm”
(RAMLA), along with a BI generalization. These algorithms
are relaxed versions of the EMART and BI-EMML. Because
they are primarily interested in the inconsistent case, they
introduce strong underrelaxation and obtain a generalization
of Theorem 2. Our approach is to go in the opposite direction,
to rescale the equations with large multipliers to speed up
convergence to the LC and then to use feedback.

VI. CONCLUSIONS

When the system Az = b has no solutions ART produces
limit cycle, from which a new b vector can be obtained.
pplying ART to this new system leads to a second limif cycle,
4 next b, and so on. For each m the sequence {K~!(z%™ +
2hm 4. 42K =1 ™)} converges to the least squares solution
T* of Az = b, as K goes to infinity.

" In the consistent case, in which the system of equations
/= Pz has a nonnegative solution, BI-SMART converges to
hat solution minimizing the distance KL(z, 2°), where z° is
he starting vector. If z° is constant, then the MART converges

1301

to the maximum Shannon entropy solution, as Lent has shown.
In the inconsistent case, in simulations, subsequences of BI-
SMART corresponding to complete cycles converge, but to
distinct vectors, which we call the limit cycle. We prove that
these vectors have a common support S with cardinality less
than the number of equations. The resulting limit cycle can be
used to obtain a new y. Restarting BI-SMART using this new
y and restricting to the support S, we obtain a third . and
so on. This feedback results in a sequence of limit cycles that
converges to the single vector =’ that minimizes the distance
KL({?x, ), subject to the constraint that » be supported on
the (nonempty) intersection of the limit cycle support sets. A
similar result holds without the support constraint.

The feedback of the new y amounts to modifying the
hyperplanes. For nonlinear Bregman iteration schemes, it has
been shown that this is the proper way to view relaxation.
Hence, the result we obtain here is the MART analog of the
theorem of Censor ef al. |16] on the behavior of ART when
the relaxation goes to zero.

Our main purpose here has been to demonstrate that the
limit cyeles produced by ART, BI-SMART, and BI-EMML
retain sufficient information to reconstruct from them ap-
proximate solutions to the original problem. The feedback
method was introduced primarily as a tool to further the
theoretical development. We are currently investigating the
effectiveness of the feedback approach as part of a practical
image reconstruction method. Such an algorithm would prob-
ably also involve regularization for smoothness. Preliminary
results have encouraged us to believe that feedback does have
practical uses. Encouraging results have also been reported in
connection with the OS-EM algorithm in [24].

APPENDIX A

Proof of Theorem 1: Consider two distinct ART sequences,
oF 1 = (%), beginning at z° and z**! = (z*)’, beginning
at z; at each step the mith equation is used to define the
successor, where m = k(mod M) + 1. We then have

L2(m0? Z’O) _ L2(,‘1’,’M, z}L’I)

=2t —1%) ) LA(Axp™t, Az ) (A1)

in order for the right side of (A1) to be nonnegative we need
to require that the relaxation parameter ¢ be in [0, 2]. For ¢
in (0, 2) the ART is a contractive mapping. For any vector
x we have

L (z, 2°) — L*(z, 2M)
= (2t - tz){z L (A, Az77Y) — L*(Ax, b)}

+ (2t = 2%) ) (b — AT ) (b — Az 7). (A2)

m

From (Al) we obtain
LQ(ZM’ zo) __“LE{ZQM} ZM)

= (2t —17) Y LH(ATY Az (AY)

it follows that the sequence {L2[zk+DM zEM]} s
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decreasing and that the difference sequence converges
to zero. Therefore, we have that the sequence
(3 L2[ASE+1MFm—1 AEMAM=I copverges  to
zero. The sequence {z*} is bounded, as we shall show
below, so has at least one cluster point, say =z*. We
consider the collection of successors, beginning with
2% = 2*%0 50 that z*™* = (2*T*=1Y_ Since the sequence
(5, L2 A HIMFEm=1 0 g kM4m—Iy1 converges to zero
we have that A( ok Mtm— 1)m = A(z*t™=1),, for each m.

Using (A2) to get L3(w, z*) — L3(z, z*tM) and
Lz, 2*tM) — L2(z, 2**2M) | then taking z = z*+M,
and recalling AzpFM+m=1 —  pgzxtm-1" we find that
z* = 2*TM 5o that the cluster point z* is a fixed point of the
cyclic ART iteration. Now applying (A1) with 20 = 2* we
find that {L%(z*, 2*M)} is decreasing. Since a subsequence
goes to zero, the whole sequence must converge to z*. For
each m = 1,2, .-+, M — 1 we have {z*+"} converging
to z**™. The set of vectors {z*, z*+1 ... z=tM-1} g
the limit cycle (LC).

Proof of Theorem 2: The sequence {z%° k = 0,1, .-}
1s bounded, so let z* be one of its cluster points. Then by
(4) z* is a cluster point for each of the sequences {z’“‘ " om
fixed, K = 0, 1, --- }. We have

t_ ( k, mwz:,m—l) :Amln(bm—Azk‘mml).

T

(A4)

Summing over m on both sides gives zero on the left and the
nth entry of AT (b—d*) on the right, where T' denotes matrix
transpose and d¥, = AzE ™1 1t follows that ATh = AT ¢*
for each k. Taking & to infinity gives ATh = AT Az*, since the
sequence {d*} clusters at Az*. But A7b = AT Az* implies
that z* is the least squares solution. Since the least squares
solution is unique, by assumption, the cluster point z* is then
unique and the limit cycles must converge to z* = z*.

Proof of Theorem 3: Let ¢ be the vector with entries ¢, =
Az?~L Then as we saw above, ATh = ATe, so that the
systems Az = b and Az = ¢ have the same least squares
solution. We can then write b = Ax* + w.c = Az* + v,
where ATw = ATy = 0, and ||b])? lAz*||?
lell* = [JAz*|* + [Jo]|%, with [[B]|* = L2(h.0). A simple
caleulation shows that ||z |* — ||z~ Y|* = () — (c)?
for each . Summing over m on both sides aives ZEero on
the Teft and ||b]]* — ||c||? = |l¢|l?
and [[w|* = [|v]]2. Since M = N -+ 1 the nu]l space of AT
has dimension one. Since both w and v are in this null space
they are equal or v = —w. We assume no solution of Az = b
exists,'so v # w; therefore, v — —. Now from (5), we have
L2 2 - /,2(;1:*, z”"*L) = (rm]? - (w,,)? = 0.

Proof of Theorem 4: Denote by P’* the orthogonal pro-
Jection onto the hyperplane consisting of all @ such that
Axy, = b5 Then a simple calculation shows that

h'—i(ZU\m+Zl!m+___+z}(—},m}
ﬁK*I( U,m71+,,l‘mfl+_._
— [(—I(PU _ PI\).,

T T

+ z}fx'fI1 mw~l)
(A5)
Since the right side of (AS) goes to zero as K increases, it

follows that both of the sequente< (K0 ebmgp 4
I\-l m)} and {K ( 0,m—1 +z1 m—1 +_ . _+z}'\'-—l,m—1)}

have the same set of cluster points. Taking the product of A

with the first of these sequences, and then its mth entry, we ge

{A[ Om+z1 m+___+zK~1,m)]m}
= {K 1(5?,1+b3n+ + K-y}

Now let z* be any cluster point of the sequence { K ~1(z%™ 4
Zh™ 4 2Ly Then Azf s a cluster point of
the right side of (A6), for each m. Since b* = Ax* 4+ wk
for each k, Az" — Az* is a cluster point for the sequence
{K " + w! + - 4+ wh 1)}, Therefore, Az* — Az* is
in the null space of AT and in the range of A at the same
time; Az* — Az* must be zero, then. Since the least squares
solution is unique, it follows that z* = z* and that the z* is
in fact the limit, as claimed.

Proof of Theorem 5: Let C be the set of all nonnegative
linear combinations of the columns of A. Since C is convex
and Az is the member of ' closest to b in the Euclidean
distance, Az is unique, even if x may not be. For any ¢ in
¢’ we know that the inner product (b — Az, ¢ — Az) < 0.
Selecting ¢ = Ax + A", where A" is the nth column of 4,
we get {(b— Az, A™) <0, for each n. Then selecting ¢ to be
c= Az —w, A", we get z,{b — Az, A") > 0. It follows that
Tn{b— Az, A™) = 0 for all n. Let B be the matrix obtained
from A by deleting the nth column if z,, = 0 for all optimal
x. Then we must have BT (b — Az) = 0. If B has at least
as many columns as it has rows then BT is one-to-one and
Az = b. Consequently, I3 has fewer columns than it has rows;
letting S be the set of all n corresponding to columns of A
that were not deleted, the theorem follows.

Proof that {z**} Is Bounded: For k = 0,1, --- and
m o= 1,---, M set v&™ = (AzFMAm=1) " and let v*
be the vector with entries " . There are two cases to
consider: i) the sequence of vectors {v*} has an infinite
bounded subsequence; or ii) it does not. We treat case ii) first.
Using (A2) with 2 = 0 we see that ||z5M |2 — ||z(k+1)M |2
is eventually decreasing, so {z*} is bounded. Case 1) is
more complicated. To avoid (,lebeZbOl"['lC notation, we shall
assume that the entire sequence {v*} is bounded, although
we shall not use the fact that it is the entire sequence in
what follows. For each m = 1, s Mand E=0,1, -, let
K™ = {z|Az,, = 0}, H»™ = {x|Az,, = A(zFM+m),}
and p* ™ the orthogonal projection of 0 onto the hyperplane
%™ We then have %™ = K™ 4 p% ™ For each k and
m the distance L*(z “‘”””_1 phM L2 (b, M),
so { LR G RM L g bounded for each fixed 1.
The projections {p* "™} are also bounded for each fixed
m. A0 {2 and {2EM Y are unbounded  then
the sequences {@*MFm=1 — kMtm-1 - pkom=ly gng
k= G hMtme _pkomy are unbounded in K7
and K™, respectively, with {[2(gFMtmol pkAtmyy
bounded. We let «®™ and ™ ' be the unit
vectors  gRMAm fllphMbm g pRMame gy g kM m 1y

respectively. Then we have |JgFMHm=1 gk 2 >

IF:],’.kJU+m—1 [‘:I;kz‘vj+-rr1—l|!< k 'H’!._-l‘ “kﬂrra>,”’k, m.HQ’ since

(A6)

RMEm= L gkl D komy ko ig 0 the projection
of aFMFIm=1 " 5nto  the

span  of u*: ™ Therefore,
{||"17kM+m_1|| ”“I\:,-m—l <“k,mfl u"“"”‘)?t,’k‘"'”} is bounded.

||z
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This means that {1 — (&®™ 1 w*™)} goes to zero and

that {«*™} and {u® ™71} have the same cluster points.
From this, we conclude that K™ and K™~! have nonzero
intersection. Since m is arbitrary, it follows that the null
space of matrix A must have nonzero members. Since A has
full rank and M > N, this cannot happen.

APPENDIX B

Proof of Lemma [: Fix j and assume
been shown that /j‘ < (;; we show
AT < 5 Let mo= k(mod N) + 1. We consider
only those ¢ in S, for which F;; > 0. Then,
log (= Jc+1) < log (7j‘) +5"P log(y.,;/Pg!jz;"), so that

log (2 k+1) (1= 32" Py ] log (25) + 32" P j dog (wi/ P, 5)-
It follows that z;““ < max {z§, yi/Pi j, i in Sp}.

Proof of Theorem 6: We have > .1 ; log(y;/wi) =
lim log [zj(,mH)N /z;“\} = 0 for each j in S. Let ) be
obtained from I’ be deleting the jth column of P whenever
4 is not in S, the support of the limit cycle vectors. Then
we can write Q7w = 0, where u is the vector with entries

= log (y; /w;). But since QT has full rank, it must have
fewer rows than columns, otherwise u = 0. If u = 0 then
1y; = w; for all ¢, from which it follows that the LC consists
of a single vector, which must then solve y = Pz.

Proof of Lemma 2: If not, then 0 < 3, P; ; log (31:/wi) <
+00, for some 7. Then there is M and e > 0 such that, for
m > M, we have 3, P; ; log (y;/ Pz t"~1) > e, where
n and i are related by 4 in S,. For {z™ = sz} we have

o< exp (e)at < :1:3”1 < exp(e)z™F!, ..., violating the
cond:tlon that {z™} is bounded. So ), P; i log (yifwi) <0
for all j. For j in S, the equality follows from the proof of
Theorem 6.

Proof of Theorem 7: 1t follows from Lemma 3 that we have
3, Galzon, 2% ”_1) = 0. With our assumptions on P, this
means that z*™ = 2* "1 for all n. Then we can conclude
that z*™ = 2*, for all n, and so PzP™ 1 = Pz} for all i.
Since {KL(Pm, y*)} is decreasing for all x, it follows that
{y*} converges to Pz*. If J < I and if each limit cycle
has full support then z* is the unique nonnegative minimizer
of the quantity KL(Pz, y), so it is the limit of the SMART
iteration: This is true because we have equality in (13) at each
step, so minimizing KL(Pz, y) is equivalent to minimizing
KL(Pz, Pz").

that it has
then that

APPENDIX C

Once again, we assume the existence of the LC(k). With
Y= P2z""1 where the n is chosen so that i is in the
nth subset, we have the following.

1) 3, uf = S, yk: the difference is 30, {3, 2" —
E zk n— l} = 0.

2) From 1) we have {y*} is bounded.

3) There is constant B such that, for all &, m, n, and
Jr 7 J'MNJr" < B. For the proof, let B; > yF for
all k. Then let M; = max {B; /Pt i} over all 4 for
which P; ; > 0. Then let C; = max {MJ, 27} and
B = max{C;}.
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4) For all j and k we have [] {(I
TPyt ity < L
Proof: If not, then for some 7 and & the product is >1+a,

for some & > 0. Then, there is M such that, for all mn > M,
[L A= 30 Pey) + 32" By gy /Pzp ™) 2 14 a/2,
But this product is zk’ (mH)N/ Foml and zj‘ mN converges
to 9. Note that the sequence z’”’“\ +n=1 denotes the BI-
EMML iterations that lead to the LC(k), not to the members
of LC(k) itself.

-5) It follows from 4) that for all = > 0{KL(Px )}
is decreasing and that the sequence {P7T(log y )}
convergent.

6) Therefore, if P7 is one-to-one, {#*} is convergent.

7) 3, KL(Rmmh 2Ry < KLy, oY), so if (v

"~ converges then every cluster point of the sequence
{250} generates a cycle that is a singleton, say z*, with
3 = Pz*. If this equation determines z* uniquely then
the LC(k) must converge to z*.

- Y P) +
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