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Abstract—Analysis of convergence of the algebraic reconstruc-
tion technique (ART) shows it to be predisposed to converge
to a solution faster than simultaneous methods, such as those
of the Cimmino-Landweber type, the expectation maximization
maximum likelihood method for the Poisson model (EMML),
and the simultaneous multiplicative ART (SMART), which use
all the data at each step. Although choice of ordering of the
data and of relaxation parameters are important, as Herman and
Meyer have shown, they are not the full story. The analogous
multiplicative ART (MART), which applies only to systems y =
Pz in whichy > 0,P > 0 and a nonnegative solution is sought,
is also sequential (or “row-action”), rather than simultaneous,
but does not generally exhibit the same accelerated convergence
relative to its simultaneous version, SMART. By dividing each
equation by the maximum of the corresponding row of P, we find
that this rescaled MART (RMART) does converge faster, when
solutions exist, significantly so in cases in which the row maxima
are substantially less than one. Such cases arise frequently in
tomography and when the columns of P have been normalized
to have sum one.

Between simultaneous methods, which use all the data at each
step, and sequential (or row-action) methods, which use only a
single data value at each step, there are the block-iterative (or
ordered subset) methods, in which a single block or subset of the
data is processed at each step. The ordered subset EM (OSEM)
of Hudson et al. is significantly faster than the EMML, but often
fails to converge. The “rescaled block-iterative” EMML (RBI-
EMML) is an accelerated block-iterative version of EMML that
converges, in the consistent case,.to a solution, for any choice
of subsets; it reduces to OSEM when the restrictive “subset
balanced” condition holds. Rescaled block-iterative versions of
SMART and MART also exhibit accelerated convergence.

Index Terms— Accelerated iterative image reconstruction, EM
algorithm, tomography.

L INTRODUCTION AND BACKGROUND

N A RECENT article [1], Herman and Meyer present sim-

ulation reconstructions for positron emission tomography
(PET) to support their claim that, by careful adjustment of
the order in which the projection data is accessed and of
the relaxation parameters in the algebraic reconstruction tech-
nique (ART), one can achieve an order-of-magnitude accel-
eration in convergence compared to the standard expectation-
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maximization approach to maximize likelihood (EMML), as
it occurs in emission tomography [2]-[5]. Guan and Gordon
discuss a projection access ordering for ART involving a
multilevel scheme that, with a small number of iterations,
gives results comparable to that achieved by filtered backpro-
Jection [6]. Simulation studies by the author on small scale
problems showed that the ART algorithm is typically sig-
nificantly faster than algorithms of the Cimmino—Landweber
type (C-L) [7]-{11], the simultancous multiplicative ART
(SMART) [12]-[14], or the expectation maximization maxi-
mum likelihood method (EMML) based on the Poisson model.
In this paper, we investigate why some algorithms should be
faster than others and use our findings to develop accelerated
versions of the EMML and SMART.

The ART algorithm is a sequential method, in which only a
single equation is used at each step; Censor [15] calls such
algorithms “row-action.” The multiplicative ART (MART)
[16] is also sequential. The C-L type methods are similar
to ART, but use all the equations at each step; we refer
to such methods as “simultaneous.” Are sequential methods
inherently faster than simultanecous ones? The MART is not
always faster than its simultaneous version, SMART. The
EMML and the simultaneous MART (SMART) are to MART
as C-L type methods are to ART. All these methods in-
volve the “project and average” format. Indeed, as we shall
see, whereas ART and C-L. methods use ordinary orthogonal
projection onto hyperplanes, all the others just mentioned
use a certain “Bregman projection,” that is, a generalized
projection based on a Bregman distance [17]-[19]. These
analogies will help us discover accelerated versions of EMML
and SMART. ' : o

Between sequential {or “row-action”) methods and si-
multaneous ones are the so-called “block-iterative” methods
[20]-[23], called “ordered subset” methods in [24]. For these
methods, one partitions the data into disjoint subsets and then
proceeds sequentially, using all the data in a single subset
at each step. Hudson er al. [24] presented a block-iterative
version of the EMML—which they called the “ordered subset
EM” (OSEM)—that, in their experience, occasionally failed
to converge, but more often converged much faster than the
EMML. Hudson ef al. were able to prove convergence only
for an impractical special case, in which the subsets chosen
corresponded (o a restrictive “subset balanced” condition in
the matrix; however, the OSEM seemed to perform well in
a broader setting. Block-iterative versions of the SMART
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algorithm, such as the block-iterative MART of Censor and
Segman [20] and the BI-SMART [21], are not generally faster
than SMART. The block-iterative EMML (BI-EMML) in [21]
is not generally faster than EMML.

There are two questions raised by these findings. 1) Why
are some sequential or block-iterative methods faster than
simultaneous ones, while others are not? 2) Is OSEM the
proper block-iterative version of EMML, and if so, is there
a proof of convergence for the general (consistent) case? As
we discovered, the answers are as follows. 1) sequential and
block-iterative methods provide the opportunity for block-
dependent rescaling of the equations, which can lead to
accelerated convergence. The ART and the OSEM turn out
to be appropriately rescaled already, hence, the observed
accelerated convergence. 2) the OSEM is not the correct

block-iterative version of EMML. It turns out that the OSEM.

does not converge for the general consistent case; to have

_ convergence without subset balance there 1s a second term

required, which disappears in the subset balanced case. The
correct version, called the rescaled block-iterative EMML
(RBI-EMML), reduces to OSEM when there is “subset bal-
ance” and to EMML when there is but one subset. In general,
however, the RBI-EMML involves a second term, missing in
OSEM, and converges (in the consistent case) for any choice
of subsets. When subset balance is missing, the OSEM is
observed to have a limit cycle consisting of as many distinct
images as there are subsets. How distinct these images are
depends on how out of balance the subsets are. This limit
cycle behavior occurs in all block-iterative methods when the
system of equations is inconsistent due to noise; the problem
with OSEM is that it produces this behavior even when there
is no noise.

Except for the ART and C-L type methods, for which we
consider general matrix equations of the form Az = b, we
shall restrict our study to linear systems of equations y = P,
where y and P are nonnegative and a nonnegative solution z
is sought; we say that the system y = Pux is inconsistent if
there is no such nonnegative solution. The matrix P is I by J,
where typically both [ and J are large. To simplify notation,
we shall assume that the problem has been normalized so that
the column sums of P are all equal to one. This amounts to
redefining P and z: divide P; ; by the sum of the jth column
and multiply z; by the same sum.

We compare here the convergence of ART and EMML, and
of the related sequential and simultaneous iterative algorithms
just mentioned. We find that ART is predisposed to outperform
simultaneous methods, even though care in choosing order
and relaxation helps. We also find that the MART, while
not generally as fast as ART, can be modified to match
its order-of-magnitude acceleration compared to EMML. The
modification, which involves rescaling the original equations,
is then used to accelerate the other block-iterative methods as
well.

We consider here only the so-called feasible case, in which
the system of equations Az = b is consistent or y = P has a
nonnegative solution; in the “infeasible” case, sequential and
block-iterative methods cannot converge to a single vector.
Instead, they approach a limit cycle of several vectors, typi-
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cally one image for each data block. The “infeasible” case is
considered in [25].

We begin our discussion with an overview of the algorithms
and then take a more detailed look at the ART, the C-L type
methods, EMML, MART, and SMART. We then discuss the
block-iterativé methods and acceleration. These block-iterative
methods were introduced in [21] but without any derivation.
The treatment here is mainly theoretical; reports of results on
actual images have appeared in [26]-[28].

II. OVERVIEW: THE ALGORITHMS

A. The ART Algorithm

The ART algorithm [16] (or Kaczmarz's algorithm [29]) can
be applied to any system of linear equations. The algorithm
consists of projecting the current vector orthogonally onto the
hyperplane corresponding to the next equation; when all the
equations have been considered one begins again with the first
one, and so on. We consider only a fixed (but random) ordering
of the equations. For the M by N system of equations Az = b,
the projection F,,(z) of vector z onto the mth hyperplane,
denoted B,, = {z|Az, = by, }, is given by

-Pm(z)n = zZn + Am,n(bm - Azm)/(z Afn!n) (1)

where ¥,, denotes the sum over index n. For notational
convenience, we assume that the original equations have been
rescaled so that £, A7, = 1 for all mn; then the denominator
in (1) disappears.

B. The C-L Type Iteration Methods

In (unrelaxed) ART, we project orthogonally onto the next
hyperplane at every step. The C-L type methods have us
project orthogonally, with or without relaxation, onto each
hyperplane simultaneously, and then average these vectors
arithmetically to get the successor (see [7]-[11], [30], [31]
and references there). The original Cimmino algorithm [30]
used reflection in the hyperplane, rather than projection onto
it; it is common, however, to refer to the Cimmino step from
the current z to its successor z* as that given by

2 =z +cAT(b - Az) (2)

where A7 denotes the transpose of matrix A. If ¢ = 1/M then
we are averaging the orthogonal projections; if ¢ = 2/M we
are reflécting in each hyperplane. The algorithm in (2) is also
called the Landweber algorithm [31]; convergence to a solution
holds if ¢ < ?f\max, where Amax i8 the largest eigenvalue of
the matrix AAT.

C. The EMML algorithm

The EMML algorithm, based on the model of independent
Poisson random variables, as it occurs in emission tomography
[2}-[5], is

ot =28 3" Py/Pef, k=01, )
i
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where 7o > 0, PzF = (Pz*); denotes the ith entry of the
vector Pz, and ¥; denotes summation over the index 1.

For block-iterative methods, we shall assume that the set
{i = 1,---,1} has been partitioned into disjoint subsets
Si,--+,8N, and that ¥™ denotes summation over those i in
the nth subset S,,.

D. The OSEM Algorithm

Starting with 2 > 0 and using cyclic ordering n =
k(mod N) + 1, the OSEM algorithm [24] is

33?“ =z} [z”: P, jyi/ P} / Z P ;

E=0,1,---. 4

The matrix P is then called “subset balanced” if X" P ;
depends only on j and not on n; it is a quite restrictive
condition and no invertible P can have this property. Hudson
et al. show that, provided y = Pz has nonnegative solutions
and “subset balance” holds, (4) converges to a solution. In
simulations, the convergence is often observed to be quite
rapid, although one also observes divergence at times [28].

E. The MART Algorithm

The multiplicative ART (MART) algorithm [16] is as fol-
lows: beginning with z° > 0 and using cyclic ordering
i = k(mod I) + 1,k =0,1,---

okt = ok (y,/ Paf) i )
We can rewrite (5) as

= [} Pl

k+1
x; J

(yi/ P (6)
which shows the MART step to be a j-dependent geometric
average of the current vector z* and the scaling-projection
of z¥ onto the hyperplane Y;, the set of all vectors x such
that y; = Px,;. The scaling-projection B;(x) of = onto Y3,
given by B;(z); = x;(y;/Px;), plays an important role in
helping us answer the second question posed earlier; when we
begin to look for it in the various algorithms we find that it
is everywhere. For example the EMML (3) can be rewritten
as follows:

B = Z Py jlak(ye/ Pak)
- Z P, j1Bi(z");]

which shows the EMML step to be a j-dependent weighted
arithmetic mean of all the scaling-projections of the current z*.

E=0.1,- (7

F. The SMART Algorithm

The simultaneous MART algorithm (SMART) [12]-[14] is
similar to the EMML, and is computed as follows: with 2° > 0
let

k=01,
&)

KA+l K
ai T = afexp Z P jlog(yi/ Px) |,
B
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thé SMART can also be rewritten to reveal the scaling:
projections

z?“ = exp

Z Pij 10%[99;“(%/131"?)]}

= exp

Z Pi,jfog(Bi(:Ek)j)}, k=0,1,---,
)

which shows the SMART step to be a j-dependent weighted
geometric mean of all the scaling-projections of the current
2 with the same weights as used in the EMML.

G. Block-Iterative SMART (BI-SMART)

Between the MART and SMART, there are the block-
iterative versions [20]-[24]. For our choice of subsets the
BI-SMART is the following: beginning with z° > 0 and taking
n = k(mod N) + 1, we have

;i?;?"Ll = xf exp Z P log(yi/me)} ; k=0,1,---
! (10)
Taking logs we have that
log (] Ly (1 - Z P,J) log(z%)
+3° Pijlog(Bi(a),), k=01,
(11

From (11), we see that the BI-SMART step is a j-dependent
geometric mean of the current z* and the scaling-projections
of zF for all those 4 in the nth subset S,,. This is the key
observation for answering the second question posed earlier.
We are now in a position to extend the EMML to a block-
iterative version.

H. Bilock-Iterative EMML (BI-EMML)

Recalling that the EMML and SMART differ in that the
former uses a weighted arithmetic mean while the latter uses
a weighted geometric mean, with the same weights, we are led
to the BI-EMML algorithm by replacing the geometric means
in BI-SMART (11} with arithmetic ones. The BI-EMML. is
then

k-}l (I_Z RJ)J +ZPTJ
k=01, (12)

which can also be written as

k“ (E ,Z PJ)T -{-xk Z P j( (i ) Px¥)
k=01, (13)

When each subset has only a single member, so N = I
and S, = {n}, we get the EMML version of MART, which
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we call EMART: with ¢ = k(mod I) + 1, we have EMART,
as follows:

¥ = (1= Pij)af + 25 Py /Pef), k=01,

(14)

It is clear that when there is but one subset, (12) reduces
to (3). However, when subset balance holds, (12) does not
reduce to OSEM in (4). To get the OSEM and thereby answer
the second question posed above, it turns out that we must
turn our attention briefly to the first question, concerning the
acceleration.

The BI-SMART algorithm converges to a nonnegative so-
lution of ¥y = Pz whenever there are such solutions. The key
step in proving this result is establishing the following lemma;
the proof of convergence, given in the Appendix, is similar to
that for the convergence of SMART in [12]-[14].

Lemma 1: For any x > 0 such that y = Pz, we have Fejer
monotonicity; that is,

KL(z,a*) — KLz, ") 2> KL(y, Pef) >0 (15)

where {z*} is the BI-SMART iterative sequence and KL is
the nonnegative Kullback-Leibler distance [32] between non-
negative vectors: for nonnegative vectors a = (a,,) and b =
(byn) of arbitrary (but the same) dimension, we set K L(a,b) =
Yon G 10g(@m [bm) + bm — a@m. Note that K L(a,b) and
K L(b,a) are usually not the same and for any scalar ¢ > 0
we have K L(ca,cb) = cKL(a,b).

This lemma, hence the convergence of the algorithm, can
be proven provided " F; ; < 1; this is of course true here,
since we have normalized so that the columns sum to one. But
it also suggests that there might be an advantage in rescaling
the equations.

I. The Rescaled BI-SMART Algorithm

Let m, = max;{X" P;;} and for ¢ in S,, divide the ith
equation on both sides by m,. The BI-SMART algorithm
(10) then becomes the rescaled BI-SMART (RBI-SMART),

as follows:

n
;‘"’1 =z exp m;{lz P jlog(y:/ Pxf) .

k=01, (16)

The inequality (15) now becomes

KL(z,z*) = KL(z,2"*") > m7' Y~ KL(y;, Pxf) > 0.

V)

~ Especially for large-scale problems with a sizable IV, the max-

. imum m, can be quite a bit smaller than one, so its reciprocal
. in (17) can be quite large, leading to rapid convergence.

. J. The Rescaled BI-EMML Algorithm

. The corresponding accelerated version of the BI-EMML is
then the rescaled BI-EMML (RBI-EMML) given by

n
TS -1 K
i (] mmt Pm)i’j

+m;t Z Py j(aky ) Pak)y, k=0,1,--.
(18)
The inequality (17) also holds for (18). When there is subset
balance, (18) reduces to the OSEM (4); we have answered the
second question posed earlier using the answer to the first one.

K. Rescaled MART and EMART

When we apply the rescaling to the MART and the EMART
algorithms, we see significantly accelerated convergence 1o a
solution (in the consistent case). The rescaled versions of these
algorithms are as follows. let m; = max;{I% ;}. Then, with
k=0,1,---, the rescaled MART is RMART, as follows:

;r;f}'“ = ;1:_’;'(315/ow)11’-"/”"' (19)
and the rescaled EMART 1s REMART, as follows:
m?’“ =(1- m{lPilj):z:f + J:?mi_ll’m(y,-/P;r'f—“). (20)

As we remarked earlier, the scaling-projection B,(2*) of the
current z* occurs in all of the algorithms we have considered
here, except for the ART and Cimmino. As a result, these
algorithms can be put into the familiar framework of “project
and average” methods, in which each step consists of some
sort of projection onto all or some of the hyperplanes (or
more general sets), followed by some sort of averaging,
possibly including the current vector. Making the role of the
scaling-projection explicit also serves to unify the various
algorithms; for example, it revealed that the only structural
difference between SMART and EMML is the use of the
geometric or the arithmetic average. While the arithmetic
average simplifies the computation somewhat, it complicates
the theory; there are questions that remain open for EMML
that have been answered for SMART. For example, we know
that EMML converges to a solution in the consistent case,
but we have no characterization of that solution. We would
like to know how it depends on the starting vector z”. The
SMART converges to the nonnegative solution = minimizing
KL(z,z") [12].

If there is a nonnegative solution of y = Pz, then the
RBI-SMART converges to the unique solution 2 closest to the
starting vector z°, in the sense that K L(z,z") is minimized.
This happens regardless of the configuration of subsets we
use. The RBI-EMML also converges to a solution; however,
we cannot say which solution it is, and it also may vary with
the choice of the subset configuration.

If no nonnegative solution of y = Pz exists, then all block-
iterative methods are observed to converge to a limit cycle of
I distinct vectors, rather than to a single vector. How distinct
the I vectors are depends on the extent to which the equations
y = Pz are (nonnegatively) inconsistent. In this case one can
employ a “feedback” approach, using the vectors of the limit
cycle to construct a “pseudodata” vector, which is then used
as y and the algorithm restarted [25].

In the next few sections, we take a closer look at the details.
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we call EMART: with ¢ = k(mod I) + 1, we have EMART,
as follows:
$?+1 = (1 — RJ}Tf + &’:?Pi,j(yifpl‘?), k= {). ]., RN
(14)

It is clear that when there is but one subset, (12) reduces
to (3). However, when subset balance holds, (12) does not
reduce to OSEM in (4). To get the OSEM and thereby answer
the second question posed above, it turns out that we must
turn our attention briefly to the first question, concerning the
acceleration.

The BI-SMART algorithm converges to a nonnegative so-
lution of y = Px whenever there are such solutions. The key
step in proving this result is establishing the following lemma;
the proof of convergence, given in the Appendix, is similar to
that for the convergence of SMART in [12]-[14].

Lemma 1: For any x > 0 such that y = Pz, we have Fejer
monotonicity; that is,

KL(z,2") — KL(z, 2" > Z KL(y;, Pz¥) >0 (15

where {z*} is the BI-SMART iterative sequence and K L is
the nonnegative Kullback-Leibler distance [32] between non-
negative vectors: for nonnegative vectors a = (a.,) and b =
(byn) of arbitrary (but the same) dimension, we set K L(a,b) =
Ton G 108(@ /bm) + b — . Note that K L(a,b) and
K L(b,a) are usually not the same and for any scalar ¢ > 0
we have K L(ca,chb) = cK L(a,b).

This lemma, hence the convergence of the algorithm, can
be proven provided X" F; ; < 1; this is of course true here,
since we have normalized so that the columns sum to one. But
it also suggests that there might be an advantage in rescaling
the equations.

I. The Rescaled BI-SMART Algorithm

Let m,, = max;{%" F;;} and for ¢ in S, divide the ith
equation on both sides by m,. The BI-SMART algorithm
(10) then becomes the rescaled BI-SMART (RBI-SMART),
as follows:

.’L‘?+1 :_If exXp m;lz -Pz‘,j 10%(3}1/135'75} .
k=01, ; (16)

The inequality (15) now becomes

KL(z,2*) = KL(z,2**") > m7' >~ KL(y;, Px}) > 0.

- adn

. Especially for large-scale problems with a sizable N, the max-

. imum 7, can be quite a bit smaller than one, so its reciprocal
. in (17) can be quite large, leading to rapid convergence.

. J. The Rescaled BI-EMML Algorithm

. The corresponding accelerated version of the BI-EMML is
. then the rescaled BI-EMML (RBI-EMML) given by

T
k+1 -1 p) N
T = (] —m,, i I*“,,)q,j

+my TP (aky k), k=001,
(18)

The inequality (17) also holds for (18). When there is subset
balance, (18) reduces to the OSEM (4); we have answered the

second question posed earlier using the answer to the first one.

K. Rescaled MART and EMART

When we apply the rescaling to the MART and the EMART
algorithms, we see significantly accelerated convergence o a
solution (in the consistent case). The rescaled versions of these
algorithms are as follows. let m; = max;{l% ;}. Then, with
k=01, the rescaled MART is RMART, as follows:

;z:j}‘“ = :J;f(;gl/P.z:f:)P‘ i/ (19)
and the rescaled EMART 1s REMART, as follows:
mf“ =(1- m.;ll-"i,j):cﬁ + ;L'?m:l[)Lu,‘(y,-/P;rf‘). (20)

As we remarked earlier, the scaling-projection B,(2*) of the
current =¥ occurs in all of the algorithms we have considered
here, except for the ART and Cimmino. As a result, these
algorithms can be put into the familiar framework of “project
and average” methods, in which each step consists of some
sort of projection onto all or some of the hyperplanes (or
more general sets), followed by some sort of averaging,
possibly including the current vector. Making the role of the
scaling-projection explicit also serves to unify the various
algorithms; for example, it revealed that the only structural
difference between SMART and EMML is the use of the
geometric or the arithmetic average. While the arithmetic
average simplifies the computation somewhat, it complicates
the theory; there are questions that remain open for EMML
that have been answered for SMART. For example, we know
that EMML converges to a solution in the consistent case,
but we have no characterization of that solution. We would
like to know how it depends on the starting vector z”. The
SMART converges to the nonnegative solution z minimizing
KL(z,z") [12].

If there is a nonnegative solution of y = Puw, then the
RBI-SMART converges to the unique solution x closest to the
starting vector z°, in the sense that K L(x,2°) is minimized.
This happens regardless of the configuration of subsets we
use. The RBI-EMML also converges to a solution; however,
we cannot say which solution it is, and it also may vary with
the choice of the subset configuration.

If no nonnegative solution of y = Pz exists, then all block-
iterative methods are observed to converge to a limit cycle of
1 distinct vectors, rather than to a single vector. How distinct
the I vectors are depends on the extent to which the equations
y = Px are (nonnegatively) inconsistent. In this case one can
employ a “feedback” approach, using the vectors of the limit
cycle to construct a “pseudodata” vector, which is then used
as y and the algorithm restarted [25].

In the next few sections, we take a closer look at the details.
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III. THE ART AND C-L TYPE ALGORITHMS

‘We can introduce relaxation in ART by taking the successor
z' to z to be not Pp,(z) but the vector

2 =zn+ tAm n(bm — Azp) (21)

where, for now, ¢ is any quantity (possibly depending on m
or on the actual iteration number).

We suppose now that we have a solution z, so that Az = b.
‘We consider the improvement in the distance to z achieved as
we pass from z to z’. For convenience we use the Buclidean
squared distance L%(a,b) = X, (a, — bn)?, where a = (a,)
and b = (b,,) denote arbitrary vectors of any length (possibly
scalars). Then a simple calculation shows that, for arbitrary
but fixed m

L (z,2) — L (x,2") = t(2 — ) L* (b, Azm). (22)

In order for each step of relaxed ART to represent progress
toward a solution, it is necessary that 0 < ¢ < 2. We see
from (22) that the ordering of the equations plays a role also;
the improvement L?(z,z) — L*(z, 2') is larger if the current
vector z is not close to the hyperplane 3,,; that is, it is helpful
if ‘successive hyperplanes are more orthogonal and not nearly
idéntical. Theé maximum value of (2 — t) occurs at ¢t = 1,
so, in this sense at least, ART is doing about as well as can
be expected. Other choices for ¢ do speed up convergence, as
Herman and Meyer demonstrate, but knowing how to choose
these parameters is an “art” in itself.

Our theme here is the natural advantages sequential methods
(or “row action” methods) have over simultaneous ones. So
let us consider simultaneous cousins of ART, the C-L type
iterative methods, as in (2).

A straightforward calculation using (2) shows that the
improvement we achieve with C-L is the C-L improvement.

A. C-L Improvement

(b— Az)T(2e] — FAATY(b — Az)
(23)
where I is the identity matrix. From (23) we have that the

C-L improvement satisfies the inequality

L3, z) — L*(x,2%) <€ (2¢ — A Apax ) L2 (b, A2). (24

L (x,2) — L*(x,2*) =

In order for the improvement in (23) to be nonnegative it is
sufficient that the matrix 2¢/ — ¢?AA” be positive-definite,
which will happen if we choose ¢ so that 2/¢ > Anax,
where A, denotes the largest eigenvalue of AAT. Since
we have rescaled the rows of A so that their norms are one,
that is, the sums %, A2 m = (AAT) = 1, we have
M = trace(AAT) = sum of the eigenvalues of AA”, so

= 1/M is acceptable.

The maximum of the quantity (2¢ — ¢?),a,) occurs at
¢ = 1/Amax. We consider then the two extreme cases: )
Amax = 13 2) Apax = M. In the first case the optimal ¢ is
¢ = 1 the C-L improvement is about equal to L?(b, Az),
while the improvement obtained with the choice ¢ = 1/M
is about equal to (1/M)L?(b, Az). In the second case, the
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optimal ¢ is ¢ = 1/M; the C-L improvement is about equa}!
to (1/M)L?(b, Az). So if there is some eigenvalue spread
AAT, then it can be exploited through careful choice of the -
¢; see [31] and [32] for further treatment of the Landweber |
method, including discussion of the importance of the starting
vector.

Let us compare the C-L improvement with ¢ = 1/M with
that achieved by a complete pass through all the equations
using the ART algorithm,

1) C-L Improvement with ¢ = I/M: L*(z,z) — L*(zx,z*)
about equal to (1/M)L?(b, Az) generally.

2) Full Cycle ART Improvement:

L%z, 2) — L*(z, 2* Z L%(b,,, Az~

where 2 = z, form = 1,2,---, M, z,, is the successor of
zm=1 that is, 2™ = P, (2™7!), and 2* = 2™,

We see clearly that the main advantage of ART over C-
L lies in the absence of the 1/M term in the full cycle ART
improvement. The C-L algorithm can be generalized to include
inequalities [7] and accelerated by nonlinear reweighting of
terms before averaging [8].

In [1], Herman and Meyer focus on the advantages of ART
over the EMML algorithm. We therefore turn next to EMML
and then to related multiplicative methods, the MART and its
simultaneous version, SMART.

1V. THE EMML ALGORITHM COMPARED TO ART

The EMML, MART, and SMART algorithms apply to
systems of equations with positivity constraints. To remind us
of these constraints, we adopt new notation: let the system of
equations be y = Px, where P is an I by .J matrix with non-
negative entries, ¢ a positive vector and we seek a nonnegative
solution x. In the EMML algorithm, the successor of vector
z is z*, whose jth entry is given by (3). This algorithm is
the result of applying the general expectation maximization
algorithm for likelihood maximization [34] to the specific
model of Poisson emitters used in single photon emission
computed tomography; for details and further references, see
[2]-[5]. To compute improvement relative to the EMML step
it is convenient to use the Kullback-Leibler distance defined
above, Titterington [35] pointed out the hidden role of the K L
distance in the EMML method and the convenience of this
distance over the L2 for analyzing algorithms such as EMML,
MART, and SMART was demonstrated in [12]-[14].

Suppose now that there is a nonnegative @ for which
y = DPx. Then, by the concavity of the log function the
improvement in KL distance to z achieved by the EMML
step can be shown to satisfy

KL(z,z) - KL(z,2") > KL(y, Pz). (25)

Note that because of normalization we have ¥; z; = X; Pz
and X; 27 = ¥; y;; see the Appendix.

To continue the Herman and Meyer comparison between
ART and EMML, we must relate KL to L% for a,/bn
sufficiently close to | we can approximate K L(a,b) by
Yolt, — b,)*/a,. Since we are looking to corroborate the
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order-of-magnitude improvement in convergence speed ob-
served by Herman and Meyer, we shall make fairly rough
approximations in our comparison. Since ¥; (P ;) # 1 now
the ART improvement becomes full cycle ART improvement.

A. Full Cycle ART Improvement

L2 (x,2) — L*(z, 2%)
= Z {Lg(yiapzil)/ Z (P 5)°

where, as before, z* is the ART successor of z*~!. Using the
Cauchy inequality we have

J=222 Fu
g i

(26)

1/2 1/2

< ZZ(H—,J)? Z Zm?

1/2

“ | S| un

so that ¥, (P; ;)? is on the order of 1/1, provided that I and
J are about equal. So we have full cycle ART improvement,
as follows:

L%(x,z) — L*(z, 2*) about equal to [ Z L2 (yi, P27 1),

* @7

Since y = Pz, we have Y; y; = &; Px; = ¥; z;, so,

again assuming I and .J are about the same, we have that (y),

the average value of y;, and {z), the average value of x;, are

about equal. Using our approximation for the K L distance we
have EMML improvement, as follows.

B. EMML Improvement

[L%(x,2) — L*(z, 2*)] /(x)
about equal to L?(y, Pz)/{y), or
Lz, z) — L*(z,2")

about equal to L*(y, Pz). (28)

The advantage Herman and Meyer observed for ART comes, in
part, from the presence of the factor I in (27) and its absence
from (28).

We consider now the sequential MART algorithm and its
simultaneous version, the SMART.

V. THE MART AND SMART ALGORITHMS

The multiplicative ART (MART) algorithm introduced in
[16] is analogous to ART but applies only to systems of
equations satisfying the assumptions we have placed on y =
Pz. As in ART, only one of the I equations is used at each

step: if z is the current vector and the ith equation is being
used, then the successor to z is the vector 2" given by (5).

The simultaneous MART (SMART) algorithm [12]-[14]
is to MART as C-L is to ART. Note that for convergence
of MART in the feasible case it is required only that 0 <
P; j < 1; see the Appendix. For current vector z the SMART
successor z* is given by (8).

The analogy between ART and C-L on the one hand and
MART and SMART on the other is made clearer through
the use of Censor’s notion of Bregman projection onto hy-
perplanes [[5]. For fixed vector =z and fixed index ¢, if we
minimize the distance D(z, z), subject o y; = Pur;. then we
get the D-projection of z onto the hyperplane determined by
the single equation y; = Px;. Generally, x cannot be written
in closed form. However, if we take as our distance D the
separable Bregman distance given by

D(x,z)=D(z,z)= Z Fi K L(x;,2;) (29)
7

we find that the jth component of the resulting D—projedion

(or Bregman projection) of z onto the hyperplane is given by

zy = Bi(z); = z;(y:/ Pz). (30)

As was shown in Section II, we can then express MART,
EMML, and SMART in terms of these Bregman projections, to
reinforce the analogy with the additive ART and C-L methods.

The Bregman projections will play a more important role
later, when we consider how to extend the block-iterative
EMML beyond the restrictive “subset balanced” case.

We assume now that there is a nonnegative solution , so
y = Pxz. The improvement we achieve in MART as we pass
from z to 2, in the K L distance, is MART improvement, as
follows.

A. MART Improvement

KL(z,z)— KL(z,2")
= KL{y;, Pz;) + yi — Pz —I—Z zj — Z Zi. (31

M 7
Lemma 3 shows that the right side of (31) is at least equal to
K L(y;, Pz;), hence nonnegative.
The improvement achieved in one SMART step, as we pass
from z to z* is SMART improvement.

B. SMART Improvement

KL{z,z)— KL(z, ") =KL(y,Pz)+Z Yi —Z Pz
+Z zj —Z z;‘.
7 )

Lemma 4 shows that the right side of (32) is at least equal
to KL(y, Pz), hence nonnegative. The following Lemma 2
and its corollaries are easily established. Lemmas 3 and 4 are
special cases of the convergence proof of BI-SMART given
in the Appendix.

(32)
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Lemma 2: Let a and b be any nonnegative vectors and
let a; and by denote the sums of the entries of a and
b, respectively. Then we have K L(a,b) = KL(ay,by) +
KL(a,(ay/by)b), so that KL(a,b) > K L(ay,by).

Corollary 1: 1If ) < FP;; < 1 for all 7 and j then, for
any nonnegative vectors z and w and for any 4, K L(z,w) >
KL(PZi, Pwi).

Corollary 2: If P has been normalized so that each column
sums to one then K L(z,w) > KL(Pz, Pw).

Lemma 3: In the MART case, with index 7 chosen and with
0 < PF; <1, we have

yi—Pzi+Z Zj_z z;
J J

= KL(Z,2) — KL(PZ'i, Pz) + KL(PZi,y;) > 0
(33)

so the left side of (31) is nonnegative.
Lemma 4: In the SMART case, with the column sums equal
to one, we have

SPID SPNE P
i 1 i i

= KL(z",z) — KL(Pz*,Pz) + KL(Pz",y) > 0
(34)

s0 that the left side of (32) is nonnegative.

In the case of MART, if we set 2° = z, and 2" = (' — 1/,
for : = 1,..-1, with the ¢th step involving the ith equation,
then the MART cycle improvement after a complete pass
through the data is the full cycle MART improvement (33).

C. Full Cycle MART Improvement

KL(w,2") = KL(z,2") > Z KL(yt,Pz,ffl). (35)
T

We see, therefore, that the MART cycle improvement (35) does
not appear much different than the improvement of SMART
(32) or of EMML (25). There is a subtle difference, however.
The MART calculations require only that the entries of P
be in [0,1], while the SMART and EMML. results are true
only if we have first normalized so that the column sums are
one. This suggests that it might be possible to accelerate the
convergence of MART to a solution of y = Px by increasing
the exponential term in (3) without violating the condition
that the matrix entries be in [0,1]. Specifically, for each i let
myo= max{ ;. j = 1,---.J}, and instead of (5) use the
“rescaled” MART (RMART) given by (19): starting with =z
and using the ith equation, the RMART successor is given by
(19): note that this is the usual MART algorithm applied to
the rescaled system of equations in which the ith equation has
been divided by 1, so (35) becomes the full cycle RMART
improvement (36).

D. Full Cycle RMART Improvement

KL(x,2°) - KL(z,2") > > om K L(y, P2ITY). (36)

i
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If the entries of P are already fairly close to one, or if at least

one entry in each row is fairly close to one, then this modifica

tion buys very little. However, in many applications, such a3 -

single photon emission computed tomography (SPECT) imag

reconstruction with scattering and attenuation included in the :
P matrix, the individual entries of P can be quite small, so

the acceleration due to the division in the exponential term
can be significant.

Multiplying the exponential term of MART by a relax-
ation factor in (0,2) has been discussed Censor [15] among
others but such large rescaling of the equations has not
been considered for MART, probably because generally such
rescaling cancels out, as in ART, or merely assigns new
relative weights to the equations, as in SMART and EMML,
without introducing an order-of-magnitude acceleration, But
MART is peculiar in this regard. In simulations on small (20
by 20) systems of equations with random P matrices, we have
observed quite dramatic improvements, comparable to those of
ART. We shall report on full image reconstruction results in
a follow-up paper.

Proof of convergence of MART in the feasible case is
almost a direct consequence of the improvement inequality
(35); we sketch the proof for the more general BI-SMART in
the Appendix.

Proofs of convergence in general of EMML and SMART are
given elsewhere (see [12-14]); proofs of convergence in the
feasible case of the block-iterative methods discussed below
are given in the Appendix.

We turn finally to block-iterative methods.

VI. BLOCK-ITERATIVE EMML AND SMART

We consider now what Censor and Segman [20] call “block-
iterative” methods (also termed “ordered subset” methods
in [24]). We begin with a partition of the index set {i =
1,2, I} into N disjoint subsets, Sy, ---, Sy. At each step
of a block-iterative algorithm data from precisely one S,, is
used; for a cyclically controlled block-iterative algorithm, in
which each subset or block is visited in turn, a completed
cycle consists of N such steps. Simultancous methods can
be accelerated by using parallel processing; as we have seen,
in the absence of such techniques, sequential methods offer
advantage. The block-iterative methods retain some of the
parallelism of fully simultancous methods while permitting
speed-up through careful design and ordering of blocks. As we
shall see, they can also be accelerated by equation rescaling,
as we saw with MART.

Note that for convergence of BI-SMART (10) we only
need that " I, ; < I; this suggests that we can accelerate
(10) as we did MART. For each n we define scale factor
My = max{X"™ P, ;,5 = 1,---,J}. Then, after dividing the
equations for ¢ in S, by m,,, the BI-SMART becomes the
rescaled block-iterative SMART (RBI-SMART) given by (16).

It is not immediately obvious how to extend the EMML to
a block-iterative version. The formulation given by Hudson ef
al. [24] is the OSEM in (4). They prove convergence in the
feasible case, provided there is “subset balance,” which means
that for each n the sum %% £ ; depends only on j, and not
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on n.. This is a very restrictive condition (if a square I° has
it > must be noninvertible).

Failure of (4) to converge more generally in simulation stud-
ies has strongly suggested that (4) is not the correct extension
for EMML. The correct formulation emerges once we rewrite
the BI-SMART in terms of the Bregman projections, as in
(11). Replacing the weighted geometric means in (11) with
arithmetic ones we get the BI-EMML in (12).

As shown in the Appendix, proof of convergence of Bl-
SMART and BI-EMML to a solution in the feasible case is
based on the improvement inequality below; here z’ is the
successor of z. :

A. BI-SMART and BI-EMML Improvement

KL(z,2) = KL(z,2") 2 > KL(y;, Pz).  (37)
This inequality follows for BI-SMART from the carlier lem-
mas and corollaries, just as the ones for MART and SMART
improvement did. For BI-EMML it follows from the concavity
of the log function. Rescaling for acceleration we find RBI-
SMART and RBI-EMML improvement, as follows.

B. RBI-SMART and RBI-EMML Improvement

KL(z,z) — KL(z,2") >m;' > KL(y;, Pz).  (38)

These results hold for arbitrary choice of subsets.

VII. NORMALIZATION CAN BE AVOIDED

As we noted above, for convergence to a solution the MART
and EMART require that 0 < P ; < 1, while BI-SMART
and BI-EMML require that for each n, 0 < X" P ; < 1.
One way to guarantee that these conditions hold is to start
by normalizing the problem. We redefine the matrix P by
dividing each F; ; by the column sum X; F; ;, while redefining
the unknowns z; by multiplying z; by the same column
sum; the column sums of the new matrix are all one. In fact
we have assumed, throughout the discussion above, that this
normalization and redefinition had been performed. But once
we rescale to achieve accelerated convergence we alter the PP
and y (but not the z), so the columns of the rescaled P no
longer sum to one. We may well ask if it is allowable and
even desirable to bypass the initial normalization and proceed
directly to the rescaling. It is allowable and there are situations
in which avoiding redefinition of the x; is desirable. We give
an example taken from transmission tomography to illustrate

! these points.

In transmission tomography, one has (ideally) line integrals

. of the attenuation density function along line segments through
. the region being scanned. The objective is to recover this

density function from these integrals. Specifically, suppose

that z; > 0 is the attenuation density for pixel (or voxel)
. j,L;; is the length of that portion of the ith line segment that
| lies within pixel j,a; is the mean intensity of the radiation
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input along segment ¢, and b; the mean intensity output from
segment 4. Then, according to the standard model, we have
bi = aiexp(—X; L;;z;) for each i. Taking logs, we have
Y Lijr; = s; = log(a;/b;) > 0 for each i. In some
applications, with low dosage, the mean intensities b; are not
measured; only photon counts are available, from which the
b; must be estimated. We do not consider that here. With
L = [L; ;] we then have to solve La = s for 2 > 0.

Each of L, s and x are nonnegative, but the columns of L are
otherwise unrestricted. Because of peculiarities in the scanning
geomelry, some of the pixels may not get as much attention
as others; that is, the sums 3; I, ; may vary significantly
with j. If we normalize to get I with column sums equal to
one, we must replace each x; with z,;(3; L; ;). If we then
apply MART or BI-SMART, we minimize K L(z,z") in the
new variable domain, not in the original one. The effect is
to pay more attention to those pixels j for which the sum
> L;; is larger. This uneven attention to pixels may not
be desirable. To remain within the original domain we must
avoid normalization. We shall consider how we might apply
our accelerated methods directly to s = Lx. Application of
these approaches is being considered by our group. for medical
transmission/emission tomography and in [36] for ionospheric
tomography. In both cases, there are not as many segments
as one might wish and some pixels receive less attention than
others.

To apply RMART, set m; = max{L;;|j = 1,---,J} as
before. We then replace each s; by y; = s;/m., and each
Li;by F;; = L,-,j/mz-. Since 0 < P;; < 1 the MART (5)
applied to y = Px then converges to the solution minimizing
KL(x,z°), where the z are in the original domain. The
EMART (14) applied to y = Pz also converges to a solution.

To apply RBI-SMART to Lxr = s set m, =
max{¥" L; ;|7 = 1,---,J}. We then let y; = s;/m,
and P, ; = L;j/my, for i in S,. Then apply RBI-SMART
(16) to y = Puxz; since for each j and n X" F;; < 1, (16)
will converge to the solution minimizing K L(z,z"), again
with z in the original domain. The RBI-EMML (18) applied
to y = Pz also converges to a solution.

We can even obtain simultaneous methods that avoid
normalization, by taking only one subset, namely all of
{1,2,.--,I}, in the last paragraph. Then RBI-SMART (16)
looks like SMART (8), even though we have not normalized.
Once again, since 3;P; ; < 1, (8) converges to the solution
minimizing K L(x,z%), with z in the original domain. The
RBI-EMML (18) in this case still has the two terms, since the
sums ¥; F; ; are not equal to one for all j.

There may be situations in which we want to minimize
a weighted K L distance; we can do that using the methods
just discussed. Suppose, for example, that we have weights
w; > 0 and we wish to find the solution of y = Pz
for which the weighted cross-entropy, ; w;K L(z;,Y) is
minimized. We assume for now only that F;; > 0. Let
m = min{w;|j = 1,---,J}. Define the new matrix @ by
Qi; = (m/w;)P;; and new unknowns u; = (w;/m)z;.
Then y = Pz if and only if y = Qu. Apply the RMART or
RBI-SMART to y = Qu just as we did to s = Lz above. These
algorithims then converge to minimum cross-entropy solutions
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in the (u;) domain, which is the weighted (z;) domain, as
desired. 7

Optimization algorithms using distances more general than
KL are given in [37]. In [38], Browne and De Pierro present
a new algorithm called the row-action maximum likelihood
algorithm (RAMLA), along with a block-iterative generaliza-
tion. These algorithms are relaxed versions of the EMART
and the BI-EMML. Because they are primarily interested in
the inconsistent case, they introduce strong relaxation in order
to avoid limit cycles. Our approach [25] is to go the other
way and employ “feedback” methods based on convergence
to limit cycles.

VIIL. CONCLUSIONS

We have shown that one éomplete pass through the data
with the sequential ART algorithm achieves an improvement
in distance to a solution that is roughly an order-of-magnitude
greater than that achieved by most simultaneous methods, such
as Cimimino, EMML, and SMART. The multiplicative ART
(MART) is also a sequential method, but does not generally
exhibit such acceleration. We find, however, that by rescaling
the system of equations so that the maximum matrix entry
in each row is one, the rescaled MART (RMART) can be
made to converge to a solution at about the same speed
as ART. Further acceleration is achievable by subtle use of
relaxation parameters and careful selection of the ordering of
the equations, as Herman and Meyer noted for the ART. The
block-iterative EMML suggested by Hudson et al., the OSEM,
is extended here to RBI-EMML, which gives accelerated
convergence to a solution, in the consistent case, for any choice
of subsets.

APPENDIX

A. Convergence of BI-SMART and BI-EMML

Proof of convergence of BI-SMART and BI-EMML to a
solution in the feasible case is based on the improvement
inequality (37) rewritten below: if 4 = Pz then for both
BI-SMART and BI-EMML. we have, with 2’ the successor of z

T
KL(x,z)— KL(z,2") > Z K L(y;, Pz). (A1)
To prove (Al) for BILEMML, we need only the concavity
of the log function. For BI-SMART, we need to derive (Al)
within a context of alternating minimization, as we did with
SMART [12].
B. The BI-EMML Case

Using (12) with z in place of z and 2" in place of %!
the left side of (A1) becomes

KL(x,z) — KL(z,2")
= Z xjlog {(l - Z F'I-“,-) + Z P i(yi/Pz)
7

+ (25— %)), (A2)
7
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Since (1= X" Py ;) + " P;; = 1, the concavity of the I
function gives

KiL(x,z)— KL(m,z’)
>3 ) Pulog(u/Pa) + 3 (5= 2)

= Z [y: log(yi/ P2:) + Pz — yi]

=" KL(y;, Pz).

For BI-SMART inequality (A1) is harder to obtain.

C. The BI-SMART Case

To prove (Al) for BI-SMART we introduce the distance
Gn(z,z) given by

Gnlw,z) =KL(z,2) - i KL(Px;, Pz;)

+3 KL(Pai,y,). (A4)

From Corollary 2 of Section II we know that G\, (x,2) > 0.
The alternating minimization framework for BI-SMART is
quite similar to that for SMART [12]-[14] . The following
lemma gives the key identity.

Lemma AI: For all z > 0 and z > 0 we have

Gnlz,2) = Gul(Z,2) + KL(z,2") (AS5)

where 2’ is the BI-SMART successor of z, as in (10). The
proof is a simple calculation.

We now prove (Al) for BI-SSMART. Notice that for all
z > 0 we have G,(z,x) = ¥"* KL(Px;,u;). Now for
xz > 0 such that y = Pz, we have, from (A5), that
KL(z,z) = KL{z,z") = X" KL(y;, Pz;) + Gn(2, 2), from
which (A1) follows. o

Suppose now that there is @ > 0 with y = Pz. According to
(A1), the sequence {K L(z,z*)} is a decreasing sequence of
positive numbers, where {z*} is the full sequence of iterates
of either algorithm and the subset index n is related to k
by n = k(mod N) + 1. Then, the sequence of differences
{KL(z,2*) — KL(z,2"")} converges to zero; therefore,
(X" KL(y;, PzF)} converges to zero as k goes to infinity.
The sequence {z*} is bounded, since each is closer to z than
the previous one, so we can find a convergent subsequence,
converging to cluster point z*. The convergent subsequence
may not involve each of the N subsets, but we do know
that, for each k, K L(z.2*) < K L(z, z¥). We also know that
for at least one n the subsequence {z™N "y = 1,2,-+}
has z* as a cluster point. Then {z™"¥*"|m = 1,2,.-.} has
the successor of z*,(z*)" as a cluster point, where subset S,
is used to define the successor. It follows that, since both
z* and (z*)" are cluster points of {z*} and {K L(z,2*)} is
decreasing, we have K L(z,2*) = KL(z,(z*)); from (37)
it follows that 2* = (2*)" and 3 = Pz’ for all ¢ in S,.
Therefore, {z™¥*™|m = 1,2,---} has 2* as a cluster point
also. Therefore 2™ is a cluster point for the subsequences of the
form {z"N 4" m = 1,2,...} for each n and y = Pz*. Since
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we now know that z* is a solution, it can be used as the x. So,
{KL(z*,z*)} is decreasing; but a subsequence actually goes
to zero, so the whole sequence converges to zero. Therefore,

z* converges to solution z*.
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