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Abstract. The deblurring problem is that of recovering the function ¢ = ¢(t) from (noisy)
values fh{s, f)e(t) dt = d(s). The discrete finite version of the problem is to solve the system
of linear equations H¢ = d for ¢, where H is a matrix and 4 and ¢ are vectors. When the kernel
h(s, t) is a function of the difference (s — ¢), the deblurring problem becomes a deconvolution
problem. The use of iterative algorithms to effect deblurring subject to non-negativity constraints
on ¢ has been presented by Snyder et al for the case of non-negative kernel function 4. In this
paper we extend these algorithms to include upper and lower bounds on the entries of the
desired solution. We show that any linear deblurring problem involving a real kernel A can be
transformed into a linear deblurring problem involving a non-negative kernel. Therefore our
algorithms apply to general deblurring and deconvolution problems. These algorithms converge
to a solution of the system of equations y = Px, with P = [P;], Pjz0fori=1,...,1,
j =1,...,J, satisfying the vector inequalitics @ € x < b, whenever such a solution exists.
When there is no solution satisfying the constraints the simultanecus versions converge to an
approximate solution that minimizes a cost function related to the Kullback—Leibler cross-entropy
and the Fermi-Dirac generalized entropy.

1. Introduction

The deblurring problem, in its continuous formulation, is that of recovering the function
¢ = c(t) from (noisy) values fh(s,t)c(t) dt = d(s). The discrete finite version of the
problem is to solve the system of linear equations He = d for ¢, where H is an [ by
J matrix and 4 and ¢ are vectors. When the kernel A(s, ¢) is a function of the difference
(s —1), the deblurring problem becomes a deconvolution problem. In that case the entries of
H depend only on i — j, so the matrix H is Toeplitz, that is, constant along each diagonal.
Typically, the matrix H is ill-conditioned. We are usually free to choose the dimension
J of the vector ¢, but do not have the same freedom in the choice of I, so the problem
becomes under-determined. In any case, the data are typically inadequate and it is helpful
to include some prior information about the desired solution c.

The use of iterative algorithms to effect deblurring subject to non-negativity constraints
on ¢ has been presented by Snyder et al [1], for the case of non-negative kernel function £. In
[2] Vardi and Lee show that a wide variety of linear inverse problems involving the inversion
of integral transforms of the form [ A (s, t)c(t) df = d(s) can be reformulated as statistical
estimation from incomplete data, suggesting the use of the expectation maximization
maximum likelihood methed (EMML) [3]; they also restrict their attention to non-negative
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kernels. In his comments on [2] following that paper, Lindsay notes the similarity between
work on optimization and efforts within the literature on statistical mixture problems, where
analogous integral equations occur and iterative algorithms for their solution are sought (see
[4-8]). In mixture problems the kernel function h(s, t) is a family of probability density
functions of the variable s, with ¢ playing the role of a random parameter, so it is natural
that h(s, ) be non-negative. In this paper we extend these algorithms to include upper
and lower bounds on the entries of the desired solution. In [9] Vardi and Zhang maximize
the likelihood function, subject to such upper and lower bound constraints on the mixing
probability, using a variant of the iterative expectation maximization (EM) algorithm. Their
algorithm is similar to one of the algorithms presented here.

In deblurring and deconvolution problems the kernel function may well have negative
values. We may wish to view the integral [ h(s, )c(r)dt = d(s) as defining a general
integral transform, such as a Fourier sine or cosine transform or a band-limiting convolution
with a sinc function, in which cases non-negativity of the kernel does not hold. Although our
algorithms require that the matrix (or the discretized kernel) of the system have non-negative
entries, as in the previous work, we show that any linear deblurring problem involving a
real kernel A can be transformed into a linear deblurring problem involving a non-negative
kernel; therefore our algorithms apply to general deblurring and deconvolution problems.

We extend the EMML [3,10-16], the multiplicative algebraic reconstruction technique
(MART) [20, 22], the simultancous MART (SMART) [14-16] and their rescaled block-
iterative versions [17-19] (see also [21, 23]) to obtain algorithms that converge to a solution
of the system of equations y = Px, with P = [Pyl Py z0fori=1,..., 1, j=1,...,J,
satisfying the vector inequalities a < x < b, whenever such a solution exists. When there
is no solution satisfying the constraints the simultaneous algorithms, which employ only a
single block consisting of all the data, converge to an approximate solution that minimizes a
cost function related to the Kullback-Leibler cross-entropy and the Fermi-Dirac generalized
entropy.

The cross-entropy or Kullback-Leibler (K L) distance [24] will play a major role in
what follows. For scalars @ > 0 and b > 0 define

K L(a, b) =alog%+b—a (L.1)
KL(a,0) =400, KL(0,h) =b and KL(0,0) = 0. Since the function f)=t—1—log¢t
is non-negative and equals zero if and only if ¢+ = 1, it follows that KL(a,b) =
a[% -1 —log g] = 0 if and only if « = b. We extend the KL distance to vectors
componentwise; that is, for vectors x = (x;,...,x,)7 and z = (z,, .. .,ZJ)T with non-
negative entries, we define K L(x, z) as
J

T
KL(x,2) =) KL(xj,2)) =Y % 1ogz—f+zj—xj (1.2)

j =1 i

with 3, = Zf;l. It follows that K L(x, z) = 0 if and only if the vectors x and z are the
same vector.

The EMML and SMART algorithms and their rescaled block-iterative versions (RBI-
EMML and RBI-SMART) produce a non-negative solution of the system of linear equations
vy = Px, whenever such a solution exists, where y > 0, P = [Pijl, Py z0fori=1,...,1,
J=1,...,J and a non-negative vector x is sought. With x° the starting vector, the RBI-
SMART algorithms converge to the solution x for which the Kullback-Leibler distance
K L(x,x%) is minimized.

We obtain block-iterative algorithms by partitioning the set {i = 1, ..., I} into disjoint
subsets Sy, n=1,...,N,for N > 1, By suitably rescaling the equations, we can accelerate
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the convergence of these algorithms [19]. Specifically, for each n let m, be the maximum
over j = 1,..., J of the sums Zfesn P,;. For each i we then divide both sides of the ith
equation in y = Px by m,, where n is such that i is in S,. We shall assume that this has
been done, without changing our original notation y = Px. Therefore we now have that,
for each j, the sum } ¢ Pi; is at most one and equals one for some values of j. The
RBI-SMART algorithm is as follows. Starting with x°, for k = 0, 1, ... let the block index
be n = k(mod N) + 1 and set

k+1 _ k Yi .
X = exp(ZP,-jlog(P—xf)) j=1,....1J, (1.3)

ieS,

where Px¥ = (Px*); is the ith entry of the vector Px*. When there is a non-negative
solution of y = Px this algorithm converges to that non-negative solution for which the
distance K L(x, x°) is minimized. When each of the blocks S, contains only one index we
get the rescaled MART (RMART) algorithm. When N = 1 we get the SMART algorithm.

The rescaled block-iterative EMML algorithm (RBI-EMML) is as follows. Starting with
x% for k =0,1,... let the block index be n = k(mod N) + 1 and set

x“‘—x( ZP,,)+x(ZP”( )) j=1,...,7. (14)

(€8, €S,

When there is a non-negative solution of y = Px this algorithm converges to such a
solution. When each of the blocks S, contains only one index we get the rescaled EMART
(REMART) algorithm. When N = 1 we get the EMML algorithm, because the columns
of P have been normalized to have sum equal to one; without this normalization we get a
closely related algorithm. The RBI-EMML algorithm differs from the row action maximum
likelihood approach (RAMLA) of Browne and De Pierro [25] only in the way the rescaling
is used: we rescale to accelerate convergence, they rescale differently to minimize the
effects of noise in the data.

Suppose that, instead of the constraints x; 2 0, we wish to impose the constraints that x
be contained within a box in R, that is, ap <xp< by forj=1,...,J, wherea = {a;} and
b = {b;} are prior lower and upper vector bounds on x = {x;}. The algorithms we present
below extend the MART and EMML algorithms to incorporate these inequality constraints,
hence the names ABMART and ABEMML. The ABEMML and ABMART algorithms
converge to a solution of y = Px with @ < x < b and, in addition, the ABMART algorithm
minimizes the quantity

Vo) =KL(x—a,x"—a)+ KL(b—x,b—x% (1.5)

over these same x, provided a < x% < b and there is a solution of y=Px witha <x <b.
The negative of the quantity in (1.5) is a generalization of the Fermi-Dirac generalized
entropy, which is obtained by taking @; =0 and by = 1 forall j=1,...,J.

The focus of this paper is on presenting the algorithms and establishing their theoretical
properties; proofs of convergence are given in detail. Application of these algorithms to
practical image processing problems is in progress [26], but we do not discuss applications
in this paper. Noise is usually an important consideration in deblurring and deconvolution.
When the algorithms presented here are applied to actual data, we expect some form of
regularization to be used to stabilize them. This has been discussed at length in the literature
on the EM algorithm and we would only wish to say that the same concerns arise here
and that the same remedies should be used. These include the use of penalty functions,
smoothness constraints, stopping rules and the like (see the discussion in [14] and references
given therein)}.
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2. From general kernels to non-negative ones

The algorithms we present below require that the kernel matrix have all non-negative entries.
Because we want to be able to apply our algorithms to more general situations, in which
the blurring kernel function % is permitted to take on negative values, we must consider
how we might transform such more general problems into those for which the algorithms
apply. We note that, when the transformation is applied, certain special structure, such as
the Toeplitz property of the matrix, will almost cértainly be destroyed.

In some special cases there are tricks that we can use to achieve non-negativity of the
kernel. Suppose, for example that we have limited Fourier transform data,

+00
fn)= f F(w)exp(—inw) dw/2x jn| <N 2.1
—0C

from which we want to reconstruct the original function F{w). First, we convert to sine
and cosine Fourier transformation. Then, adding the function that is one everywhere to
the sine and cosine functions we obtain a non-negative kernel function; since we have the
value of f(0) we add f(0) to each of the sine and cosine transform values before inverting.
Similarly, if we have values of a sinc convolution transformation, including the DC term,
describing a band-limiting operation, we can use the fact that sinc is bounded below by a
negative constant to subtract this constant from sinc, obtaining a non-negative kernel. For
more general situations, we proceed as described below.

Suppose that Hc¢ = d is an arbitrary (real) system of linear equations, with the matrix
H = [H;]. Rescaling the equations if necessary, we may assume that for each j the
column sum ), Hj; is nonzero; note that if a particular rescaling of one equation to make
the first column sum nonzero causes another column sum to become zero, we simply choose
a different rescaling. Since there are finitely many columns to worry about, we can always
succeed in making all the column sums nonzero. Now redefine H and ¢ as follows. Replace
Hy; with Gy; = E_Ifkff] and ¢; with g; = ¢; 3, H;;. The product Hc is equal to Gg and
the new matrix G has column sums equal to one. The system Gg = d still holds, but now
we know that ), d; = d; = Zj gj = g+. Let U be the matrix whose entries are all one
and let + = O be large enough so that B = G + U/ has all non-negative entries. Then
Bg = Gg + (1g+)u, where u is the vector whose entries are all one. So the new system of
equations to solve is Bg =d + (td)u = y.

In the algorithms that follow we make the further assumption that the column sums of
the matrix are all one. To achieve this, we make one additional renormalization. Replace
By with Py = L_%ﬁ and g; with x; = g; 3. By;; the product Bg is equal to Px and
the new matrix P is non-negative and has column sums equal to one. For each i we then
divide both sides of the ith equation in y = Px by m,, where n is such that { is in S,; we
shall assume that this has been done, without changing our notation y = Px. From prior
upper and lower bounds on the entries of the original vector ¢ we construct upper and lower
bounds on the entries of the vector x, that is, we seek x so that y = Px and, for each Js
aj < Xj < bj.

If there are such vectors x satisfying these equations and constraints, then each of our
algorithms converges to such a vector and, by transforming back to the original ¢, we
obtain a deblurred solution consistent with the original data and constraints. If there are no
vectors ¢ satisfying the original constraints and data equations, then there will be no vector
x satisfying y = Px with a; < x; < b; for each j. In this case our simultaneous algorithms
converge to vectors satisfying the constraint inequalities and providing approximate solutions
to the linear equations.
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3. The ABMART algorithm

The ABMART algorithm is as follows. We assume that Pa; < y; < Pb; for all i and that

a; <xJ, < b; forall j. Then, for j =1,...,J,k=0,1,... and n = k(mod NY+1, we
have
= afb; + (1 - ob)g (3.1)
with
. LTI ]
o = KT77, 0P (3:2)
[+ cH T (@]
(xf —a;)
e M J
J J
and
i — Pa;)(Ph; — Px*
dk - (y a )( I,} (34}

' (Pbi — y)(Pxf — Pa;)
where []" denotes the product over those indices i that are in the block S,. All terms in
(3.1)=(3.4) are positive. We see from (3.1) that each term of the iterative sequence {x }
is a convex combination of the @; and b;. The iteration proceeds until convergence to
a convex combination for which y = Px, if such exists. If there is no such solution
of y = Px then, for the simultancous case, in which N = 1, the algorithm will
converge to an approximate solution satisfying the constraints, as we shall see below.
Specifically, the limit is the unique vector satisfying a < x < b for which the function
KL(Px—Pa,y—Pa)+ KL(Pb— Px, Ph—y) is minimized. In general, however, when
we use more than one block and there is no solution satisfying the constraints then the
algorithm cannot converge to a single vector. We suspect that we get the same sort of limit
cycle behaviour found in other block-iterative methods [11], but we have no proof of this,
as yet. If a; = 0 and b; = +o0 for all j then we get the RBI-SMART algorithm.

We shall prove the following theorem.

Theorem 3.1. If there is a solution x of the sysiem of linear equations y = Px that satisfies
the constraints a; < x; < bj, j =1,...,J, then, for any N and any partition {Sy, ..., Sy}
of the set {i = 1,...,1}, the ABMART algorithm (3.1)~(3.4) converges to that solution of

= Px satisfying the constraints for which {KL(x —a,x° —a) + KL(b — x, b — x%)}
is minimized. If there are no such solutions, then, for N =1, the iterative algorithm
converges to the minimizer of KL(Px — Pa,y — Pa)+ KL(Pb— Px, Pb — y) for which
KL(x —a,x* —a) + KL(b — x, b — x") is minimized.

4. Proof of convergence of ABMART

To prove convergence of the algorithm (3.1)—(3.4) we introduce H,(x,z), n = 1,...N,
each a measure of the distance between any two vectors x and z satisfying our constraints,
given by
Hy(x,2) = KL(x —a,z—a) — ) KL(Px; — Pa;, Pz; — Paj)
ieS,
+ Y KL(Px; — Paj, y; — Pa;) + KL(b — x,b — 7)
el
— Y KL(Pb; — Px;, Pb; — Pz;) + > KL(Pb; — Px;, P —y).  (4.1)

i€S, €S,
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This distance measure is non-negative (corollary 4.1 below) and H,(x, x*) achieves its
minimum at x = x**! (proposition 4.2 below). Note that H,(x,z) = H,(x,x) =
Zies,, KL(Px; — Pa;,y; — Pa;) + Z,-GS" KL(Pb; — Px;, Pb; — y;), for all suitable x
and z.

The proof of the next proposition is a straightforward calculation and we omit the details.

Proposition 4.1. For any non-negative vectors x and z with x. = Ej x; we have

KL(x,2) = KL (x, (;—‘*) z) + KL(xy,2y)

+
sothat KL(x,z) =2 KL(x+,z.).

Corollary 4.1. Since ) ;¢ Py < | we have KL(x,z) = >ies, KL(Px;, Pz;), for all
vectors x = O and z = 0.

Proposition 4.2. For any vector x with a < x < b we have
Hy(x,x*y = H, " x8 + KL(x —a, X —a) + KL(b — x, b — x1). (4.2)

Proof. The assertion follows from a lengthy, but elementary, calculation based on the
definition of x**' and of H,. O

We prove convergence in general, for the consistent case in which there exist solutions
of y = Px satisfying the constraints ¢ < x < b. Then we prove convergence to an
approximate solution for the inconsistent case, provided that N = 1.

For any x satisfying the constraints and £ = 0, 1, ... we define

Yi(x) = KL(x —a,x* —a) + KL(b — x, b — x*). 4.3)
Then
v () = Ha(x, 6 + [Z KL(Px; - Pa;, Px{ — Pa;)

[
+ > KL(Pb; — Px;, Pb; — Px}) — Hn(x,x)]
ieS,
= B+ @)+ | KL - Pa, Pt Pa

i€S,
+ Z KL(Pb; — Px;, Pb; — Px}) — H,(x, x)]
[

> ¥ (x)+ Y KL(Px; — Pa;, Px — Pay)
ieS,
+ Y KL(Pb; — Px;, Pb; — Px{) + H,(x**' Xy — H, (x, x).
ieS,
Therefore, we have
v @) =0 2 ) KL(Px; — Pa;, Pxf — Pa)+ Y | KL(Pb; — Px;, Pb; — Px})
i€S, eS8,

+H, (Y MY — B (x, x). 4.4)

The consistent case. Let x be a solution of y = Px such that @ < x < b. Using this x
in (4.4) we find that, since H,(x, x) = 0, the sequence {/*(x)} is decreasing and so the
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sequence of its successive differences converges to zero. Consequently, the non-negative
sequence {5 KL(yi — Pa;, Px} — Pa;)} converges 1o zero. Since the sequence {x*} is
bounded, we can select a cluster point, say x*. It follows from the fact that the sequence
{ZiES,, KL(y; — Pa,, Px;" — Pa;)} converges to zero that y = Px™ and x™ satisfies the
constraints. Therefore, we may use x* in place of x. Then, we have that the sequence
{y*(x*)} is decreasing and so is converging to zero; therefore {x*} converges to x*. Since,
for each k, the difference ¥*(x) — ¥*+'(x) does not depend on which solution x we arc
using, it follows that ¥°(x) —[K L(x —a, x* —a) + K L(b— x, b — x*)] is also independent
of which solution we use. Therefore we have that x* is the constrained solution for which
(KL(x —a,x° —a)+ KL(b—x, b — x%)} is minimized.

The inconsistent case. The proof of convergence is similar for the inconsistent case, with
N = 1. Now we let x minimize H;(x,x) = KL(Px—Pa,y—Pa)+KL(Pb—Px, Pb—y)
subject to the constraints @ < x < b. Again using (4.4), now with N =1 and so n = 1 we
find that, since H,(x**7, x¥*1) > H,(x, x), the sequence {¥*(x) — "1 (x)} is decreasing.
The remainder of the proof is similar to the consistent case. This concludes the proof of
theorem 3.1,

5. The ABEMML algorithm

The ABEMML algorithm is as follows. We assume that Pg; < y; < Pb; for all i and that

aj <x;.)<bj for all j. Then, foreach j=1,...,/J,k=0,1,... and n = k(mod N) + I,

we have

KT = afby 4 (1 - o})a; (5.1)
with
v = 0 — ey (5.2)
Bl = —x)ff (5.3)
Jo — Pa
A=1-— P,") -+ P;; (__)!______r_) 54
“ ( 2 ! :ezs; "\ Pxt - Pa; S
Pb; — v
k i i
£k = (1 —;;P,-_,) +§P,,- (—_ij — Px{() (5.5)
&= v+ S0
and
aj-‘ = yj"'/df. (5.7)

We see from (5.1) that each term of the iterative sequence {xj’.‘} is a convex combination
of the a; and b;. The iteration proceeds until convergence to a convex combination for which
y = Pux, if such exists. If there is no such solution of y = Px then, for the simultaneous
case, in which N = 1, the algorithm will converge to an approximate solution satisfying
the constraints, as we shall see below. Specifically, the limit is the unique vector satisfying
a < x < b for which the function KL(y — Pa, Px — Pa) + KL(Pb — y, Pb — Px)
is minimized. In general, however, when we use more than one block and there is no
solution satisfying the constraints the algorithm cannot converge to a single vector. As
with ABMART we probably get the same sort of limit cycle behaviour found in other
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block-iterative methods. If @; = 0 and b; = +oco for all j then we get the RBILEMML
algorithm.
We shall prove the following theorem.

Theorem 5.1, [f there is a solution x of the system of linear equations y = Px that satisfies
the constraints a; < x; < by, j=1,...,J, then, for any N and any partition {Sy, ..., Sy}
of the set (i = 1,...,1}, the ABEMML algorithm (5.1)-(5.6) converges to a solution of
y = Px satisfying the constraints. If there are no such solutions, then, for N=1, the iterative
algorithm converges to a minimizer of KL(Px — Pa,y — Pa) + KL(Pb — Px, Pb — y).

6. Proof of convergence of ABEMML

We first prove convergence of ABEMML for the consistent case, in which there exist
solutions of y = Px satisfying the bounds ¢ < x < b. Then we prove convergence
for the inconsistent case for N = 1. in this case the limit minimizes the cost function
KL(y— Pa, Px - Pa)+ KL(Pb—y, Pbh— Px) over x witha < x < b.

The consistent case. Assume throughout this section that y = Px and a < x < b, We
shall prove the following inequality:

W) — () > [Z KL(y; = Pa;, Pxf — Pa;)+ ) KL(Pb; — y;, Pb; — Pxf):|.

i€S, €85,

(6.1)

From (6.1) it will follow that the sequence {*(x)} is decreasing and that the sequence
{Ziesﬂ KL(y; — Pa, Pxf‘ — Pa;) + Zses,, KL(Pb; — y;, Ph; — Px})} converges to zero.
From (5.1)—(5.7) we find that

df (o = ap) = (b — ap)yf (6.2)
and
df by — x;™"y = (b — a)) B} (6.3)
For the left side of (6.1) we have

Tj/k(x)— k+](x) Z(xj"aj)IDg[(lmZP,J)‘l‘ZP!JP km Pa:[

€5, iesy,

+Z(bj ﬁxj)log |:(1 — ijj) ZP’J Ppbb — Vi ]
i=l

ieS, (e85,
J J
+KL(b —a,d) =Y df+) (b —ay).
i= j=1

Using the concavity of the log function and the fact that E Zf: by —ay) we
have that the left side of (6.1) is greater than or equal to

;(xj—a} [( Zp,j)log(1)+z log[——%ﬂ

€8, ieS,

+ Z(b,- —x [(1 = P,,) log(1) + 3 Py log [%H
= :

L €8, i
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J

.-Pa;
KL —a.d* > _ 1 y‘___’ﬂ
+KL(b—a,d) 2 Y a,[z og[Pxf_Pai

i=1 ies,

+ b; —x ilog | —————
Lo e[ ]
= Z[KL(y,- — Pa;, Px} — Pa;) + KL(Pb; — y;, Pb; — Px})].

ieS,

This concludes the proof of (6.1). The proof of convergence follows from (6.1) in much
the same way as that given for the ABMART. One significant difference is that we no longer
have that the left side of (6.1) is independent of the choice of solution x. Consequently, we
cannot characterize the solution we obtain using the ABEMML algorithm.

The inconsistent case. Now we consider the behaviour of the iterative scheme (5.1) for
the case of N = 1, when there may not be a solution of y = Px satisfying the constraints,
In place of (5.1)—~(5.7) we now write

kL V(xk)jbj +ﬁ(xk)jaj

where, for any suitable x we define the vectors y (x), B(x), e(x), f(x) and d(x) as follows:
y(x); = (x;j — aj)e(x); (6.5)
Bx); = (bj — x;) f(x); (6.6)
— Pa;
e(x); = Z P; ( T ) 6.7)
flx); = Z B (m) (6.8)
and
d(x)j =y (x); + B(x);. (6.9)

We shall assume throughout this section that x minimizes K L(y— Pa, Px— Pa)+ K L(Pb—
v, Pb — Px) over all x satisfying the constraints.
As in the proof of convergence of the RBI-EMML algorithm [18, 19], it is he]pful to

consider doubly indexed arrays For each z = {z;} with q; < z; < bi, j=1,...,J define,
fori =1, Ij=1,...,J,
Yi — Pa
a(z)i; = (zj — )PI"P—-—W};G_, (6.10)
Pb; —
b(2)ij = (b; — zf)P”W (6.11)
and
q(2)ij = P;jzj. (6.12)

Let a(z), b(z) and g(z) be the arrays with entries a(z)i;, b(z)i; and g(z);;, respectively.
Then, for each j =1,..., J, we have

Za(z)u =y (2) (6.13)

> b@yy = B (6.14)
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Now we define the distance function G(u, z) for suitable u and z, that is, for u and z
satisfying the constraints

G(u, z2) = KL(a(z), g(u) — q(a)) + K L(b(2), q(b) — q(u)). (6.15)
If we minimize G (u, z) with respect to u we obtain the vector 7’ given by

o by (@) +a;B(2);

7 = j ¥ Z)j ;i 5(2);] (6.16)
' d(z);

so we see that the minimizing u involves taking one step of our algorithm, starting at 7.

We make this more precise in the following proposition. The proof is a direct calculation.

Proposition 6.1. For any suitable u , z and z' given by (6.16) we have

Gu,z) = Gz, 2) +8(z, u) (6.17)
where

8z, u) = Zj; w(z);[KL(z; — aj, u; — aj) + KL(b; — 2, b; —up)]  (6.18)
and :

w(z); = bf(f);j. (6.19)

The following proposition, also proven by a direct calculation, relates G(u, z) to our
cost function F(u) = KL(y — Pa, Pu— Pa)+ KL(Pb—y, Pb— Pu).
Proposition 6.2. For any suitable u and 7z we have G(u, u) = F(u) and
G(u,z) = Gu,u) + KL(a(z), a(u)) + KL(b(2), b(w)). (6.20)
Our proof of convergence will follow almost immediately once we prove the double
inequality (6.21) below. Note that it follows from (6.17) that F(x*) = G(x*, x*) =
GM x%)y + 85, xh) 2 G XM 4 (K, 1) = FGMY) 4 8(xk, 1), so that the
sequence {F(x*)} is decreasing and {8(x*, x*)} converges to zero. Since {x*} is bounded,
we again extract a subsequence converging to a cluster point x*. Since 8(x*, x*) = 0 it
follows that (x*)" = x*; that is, x* is a fixed point of the iteration. Similarly, we conclude
that since # = x minimizes F(u), x also is a fixed point of the iteration.

Proposition 6.3. Foru = x minimizing F(u) over all u with a < u < b, we have the double
inequality

8(x, x*) = KL(a(x), a(x*)) + KL(B), b(x5) = 8(x, 5. (6.21)

Proof. From (6.17) we have G(x*,x) = F(x) + 8(x, x*) and from (6.20) we have that
G(x*, x) = F(x*) + KL(a(x), a(x")) + KL(b(x), b(x*)). Since F(x) < F(x*), the first
inequality in (6.21) follows. To prove the second one we begin by using proposition 3.1
above to conclude that

I I
K L(a(x), a(x*)) + KL(b(x), b(x*)) > Z [KL(Za(x),-,-, Za(x*),,)
i i=1 i=1

i=1

I !
+KL( Zb(x),-j, Z b(xk),-,-)] .
i=1 i=1
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A calculation shows that

J ! I ! I
Z [KL(ZG(X)U, Za(x");j) + KL(Zb(I)fj, Zb(xk)ij)}
i=1 i=1 i=1

j=1 i=l1
=8(x, x*™N + KL(d(x), d(x*))

from which the second inequality follows. |

Note that it follows from (6.21) that the sequences{d(x, x*)} and (K L(a(x), a(x*)) +
K L(b(x), b(x*))} are decreasing. Therefore §(x, x*) = K L(a(x), a(x*))+ K L(b(x), b(x*))
and is finite.

Proposition 6.4. The vector x* satisfies the constraints and F (x) = F(x*).

Proof. We have G(x*,x) = F(x) 4+ 8(x, x*) and G(x*, x) = F(x*) + K L(a(x), a(x*)) +
KL(b(x), b(x*)). From the comment just above we have F(x) = F(x*). 1

Now we may use x* in place of x to obtain that {§(x*, x*)} is decreasing. But, since
a subsequence of the {x*} converges to x* the sequence {§(x*, x*)} must converge to zero
and therefore the whole sequence {x*} must converge to x*. This completes the proof of
convergence of ABEMML in the inconsistent case, for N = 1.

7. Applications

The application of RBI-SMART and RBI-EMML to problems of medical image
reconstruction has been discussed recently in the literature [27-30]. The ABMART
and ABEMML methods enhance our ability to incorporate prior information in such
reconstructions [26].  Simulations suggest that in emission tomography the speed and
accuracy with which small ‘hot’ or ‘cold’ spots can be resolved may depend on the
neighbouring background: the more contrast the better. We hope to use the vectors a
and b to provide prior information about the background and the feasible deviations from
that to be expected.

In applications in which there is insufficient data to specify with any precision the image
to be reconstructed, such as limited-angle tomography or imaging from scattered field data,
the use of prior information in the reconstruction is essential [31]. The ABEMML and
ABMART should be helpful in such cases.

If a; = —o0 and b; = 0 for some j, while a; = 0 and b; = 4-co for the others, then
we are saying that we know the signs of the x;. There are applications in which such prior
knowledge of the signs comes from the nature of the unknowns: in the emission tomography
problem they are all intensities of radioactivity, hence non-negative.

8. Conclusions

We have extended the approach of Snyder er al for deblurring subject to non-negativity
constraints to include more general constraints on the entries of the desired solution,
while also permitting the blurring kernel to take on negative values. Qur algorithms are
generalizations of the EMML, MART and their rescaled block-iterative versions to include
the constraints that the vector x we seek be found within a box in R”, that is, ai <x; < b
for each j. If there are exact solutions of y = Px satisfying these constraints, then the new
algorithms ABMART and ABEMML converge to such solutions. When no such solutions



1466 C Byrne

exist the algorithms tell us that, either by failing to converge (in the case of more than one
block we probably get a limit cycle) or by converging to an approximate solution (in the
case of a single block of data).
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