INHERENTLY PARALLEL ALGORITHMS IN
FEASIBILITY AND OPTIMIZATION
AND THEIR APPLICATIONS

Edited by

Dan BUTNARIU

Department of Mathematics
University of Haifa, Israel

Yair CENSOR

Department of Mathematics
University of Haifa, Israel

Simeon REICH

Department of Mathematics
The Technion — Israel Institute of Technology, Haifa, Israel

2001

ELSEVIER
Amsterdam — London — New York — Oxford — Paris — Shannon — Tokyo




CONTENTS

PREFACE
A LOG-QUADRATIC PROJECTION METHOD FOR CONVEX

FEASIBILITY PROBLEMS
A. Auslender and M. Teboulle

PROJECTION ALGORITHMS: RESULTS AND OPEN PROBLEMS
H.H. Bauschke

JOINT AND SEPARATE CONVEXITY OF THE BREGMAN DISTANCE
H.H. Bauschke and J.M. Borwein

A PARALLEL ALGORITHM FOR NON-COOPERATIVE RESOURCE
ALLOCATION GAMES
.M. Bregman and I.N. Fokin
ASYMPTOTIC BEHAVIOR OF QUASI-NONEXPANSIVE MAPPINGS
I). Butnariu, S. Reich and A.J. Zaslavski

ThiE OUTER BREGMAN PROJECTION METHOD FOR STOCHASTIC
FEASIBILITY PROBLEMS IN BANACH SPACES
D. Butnariu and . Resmerita

BREGMAN-LEGENDRE MULTIDISTANCE PROJECTION ALGORITHMS
rorR CONVEX FEASIBILITY AND OQPTIMIZATION ’

C. Byrne
AVERAGING STRINGS OF SEQUENTIAL ITERATIONS EOR CONVEX

FEASIBILITY PROBLEMS
Y. Censor, T. Elfving and G.T. Herman

QUASI-FEJERIAN ANALYSIS OF SOME OPTIMIZATION ALGORITHMS"

P.L. Combettes

ON THE THEORY AND PRACTICE OF ROW RELAXATION METHODS
A. Dax

FrOM PARALLEL TO SEQUENTIAL PROJECTION METHODS AND

VICE VERSA IN CONVEX FEASIBILITY: RESULTS AND CONJECTURES

A.R. De Pierro

ACCELERATING THE CONVERGENCE OF THE METHOD OF
ALTERNATING PROJECTIONS VIA LINE SEARCH: A BRIEF SURVEY
F. Deutsch

PICO: AN OBJECT-ORIENTED FRAMEWORK FOR PARALLEL

BRANCH AND BOUND
J. Eckstein, C.A. Phillips and W.E. Hart

APPROACHING EQUILIBRIUM IN PARALLEL
S.D. Flam

vii

69

187

203

219

267




j

GENERIC CONVERGENCE OF ALGORITHMS FOR SOLVING
STOCHASTIC FEASIBILITY PROBLEMS
M. Gabour, S. Reich and A.J. Zaslavski 279

SUPERLINEAR RATE OF CONVERGENCE AND OPTIMAL
ACCELERATION SCHEMES IN THE SOLUTION OF CONVEX
INEQUALITY PROBLEMS
’ U.M. Garcia-Palomares 297

ALGEBRAIC RECONSTRUCTION TECHNIQUES USING SMOOTH
Basis FUNCTIONS FOR HELICAL CONE-BEAM TOMOGRAPHY

G.T. Herman, S. Matej and B.M. Carvalho 307
CompPACT OPERATORS AS PRODUCTS OF PROJECTIONS

H.S. Hundal 325
PARALLEL SUBGRADIENT METHODS FOR CONVEX OPTIMIZATION ;

K.C. Kiwiel and P.O. Lindberg 335
DIRECTIONAL HALLEY AND QUASI-HALLEY METHODS IN
N VARIABLES

Y. Levin and A. Ben-Israel 345

ERcobpIC CONVERGENCE TO A ZERO OF THE EXTENDED SUM OF
Two MAXIMAL MONOTONE QOPERATORS

A. Moudafi and M. Théra 369
DISTRIBUTED ASYNCHRONOUS INCREMENTAL SUBGRADIENT
METHODS

A. Nedié, D.P. Bertsckas and V.S. Borkar 381
RANDOM ALGORITHMS FOR SOLVING CONVEX INEQUALITIES

B.T. Polyak 409
PARALLEL ITERATIVE METHODS FOR SPARSE LINEAR SYSTEMS

Y. Saad 423

ON THE RELATION BETWEEN BUNDLE METHODS FOR
MAXIMAL MONOTONE INCLUSIONS AND HYBRID
PROXIMAL POINT ALGORITHMS
C.A. Sagastizdbal and M. V. Solodov 441

NEw OPTIMIZED AND ACCELERATED PAM METHODS FOR SOLVING
LARGE NON-SYMMETRIC LINEAR SYSTEMS: THEORY AND PRACTICE
H. Scolnik, N. Echebest, M. T. Guardarucci and M.C. Vacchino 457

THE HYBRID STEEPEST DESCENT METHOD FOR THE VARIATIONAL
INEQUALITY PROBLEM OVER THE INTERSECTION OF FIXED

POINT SETS OF NONEXPANSIVE MAPPINGS

- 1. Yamada 473




Inherently Parallel Algorithms in Feasibility and Optimization and their Applications
D. Butnariu, Y. Censor and S. Reich (Editors) 87
® 2001 Elsevier Science B.V. All rights reserved.

BREGMAN-LEGENDRE MULTIDISTANCE PROJECTION
ALGORITHMS FOR CONVEX FEASIBILITY AND
OPTIMIZATION

Charles Byrne?

ADepartment of Mathematical Sciences,
University of Massachusetts Lowell,
1 University Ave., Lowell, MA 01854, USA

The convex feasibility problem (CT'P) is to find a member of the nonempty set ' —
N, C:, where the C; are closed convex subsets of &Y. The mullidistance successive gen-
eralized projection (MSGP) algorithm extends Bregman’s successive generalized projection
(SGP) algorithm for solving the CFP to permit the use of generalized projections onto
the C; associated with Bregman-Legendre functions f; that may vary with the index ¢
The MSGP method depends on the selection of a super-coercive Bregman-Legendre func-
tion h whose Bregman distance D), satisfies the inequality Dy(x,z) > Dy (z,z) for all
z € domh C N, dom f; and all z € int dom h, where dom i = {z|h(z) < +o0}.

The MSGP method is used to obtain an iterative solution procedure for the split fea-
sibility problem (SI'P): given the M by N matrix A and closed convex sets K and ¢} in
RN and M| respectively, find z in K with Az in Q. -

If 7 =1 and f:= f; has a unique minimizer Z in int dom A, then the MSGP iteration

using &y = {&} is
Vh(z**1) = Vh(z®) — Vf(z*).

This suggests an interior point algorithm that could be applied more broadly to minimize
a convex function f over the closure of dom h.

1. INTRODUCTION

The conver feasibility problem (CFP) is to find a member of the nonempty set C' =
ﬂf:I C;, where the C; are closed convex subsets of R’. In most applications the sets C;
are more easily described than the set C' and algorithms are sought whereby a member
of C is obtained as the limit of an iterative procedure involving (exact ar approximate)
orthogonal or generalized projections onto the individual sets C;. Such algorithms are the
topic of this paper.

In his often cited paper [3] Bregman introduced a class of functions that have come
to be called Bregman functions and used the associated Bregman distances to define
generalized projections onto closed convex sets (see the book by Censor and Zenios [9] for
details concerning Bregman functions).
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In (2] Bauschke and Borwein introduce the related class of Bregman-Legendre functions
and show that these functions provide an appropriate setting in which to study Bregman
distances and generalized projections associated with such distances.

Bregman’s successive generalized projection (SGP) method uses projections with respect
to Bregman distances to solve the convex feasibility problem. Let f : R — (—oo, +00]
be a closed, proper convex function, with essential domain D = dom f = {z|f(z) < +oc}
and 0 # int D.SDenote by D(-,-) : D x int D — [0, +00) the Bregman distance, given by

Dy(z,2) = flz) = f(2) = (V/(2),2 = 2) (1)

and by Pé‘_ the Bregman projection operator associated with the convex function f and
the convex set Cf; that is

Péz = arg [I}'lnxgcimDDf (SE, 2,‘). (2)

Bregman considers the following iterative procedure:

Algorithm 1.1 Bregman’s method of Successive Generalized Projections (SGP):

Beginning with 2° € intdom f, for k = 0,1, ..., let i = i(k) ;= k(mod ) + 1 and

= P ). o (3
He proves that the sequence {z*} giver by (3) converges to a member of C' N dom f,
whenever this set is nonempty and the function f is what came to be called a Bregman
function ([3]).

Investigations in [4] into several well known iterative algorithms, including the ‘expec-
tation maximization maximum likelihood’ (EMML) method, the ‘multiplicative algebraic
reconstruction technique’ (MART) as well as block-iterative and simultancous versions of
MART revealed that the iterative step of each algorithm involved weighted arithmetic or
geometric means of Bregman projections onto hyperplanes; interestingly, the projections
involved were associated with Bregman distances that differed from one hyperplane to
the next. This representation of the EMML algorithm as a weighted arithmetic mean of
Bregman projections provided the key step in obtaining block-iterative and row-action
versions of EMML. Because it is well known that convergence is not guaranteed if one
simply extends Bregman’s algorithm to multiple distances by replacing the single dis-
tance Dy in (3) with multiple distances Dy,, the appearance of distinct distances in these
algorithms suggested that a somewhat more sophisticated algorithm employing multiple
Bregman distances might be possible.

In (5] such an iterative multiprojection method for solving the CFP, called the multi-
distance successive generalized projection (MSGP) method, was presented in the context
of Bregman functions. In this paper we prove convergence of the MSGP method in the
framework of Bregman-Legendre functions. The MSGP extends Bregman’s SGP method
by allowing the Bregman projection onto each set C; to be performed with respect to a
Bregman distance Dy, derived from a Bregman-Legendre function f;. The MSGP method
depends on the selection of a super-coercive Bregman-Legendre function 2 whose Bregman
distance Dy, satisfies the inequality Dy(z, z) > Dy,(x, 2) for all z € dom h C N_, dom f,
and all z € intdomh, where domh = {z|h(z) < +co0}. By using different Bregman
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distances for different convex sets, we found that we can sometimes calculate the desired
Bregman projections in closed form, thereby obtaining computationally tractable iterative
algorithms (see [4]).

To illustrate the MSGP method we use it to obtain an iterative solution procedure for
the split feasibility problem (SFP): given the M by N matrix A and closed convex sets [
and @ in BY and RM, respectively, find z in K with Az in Q.

Consideration of a special case of the MSGP, involving only a single convex set (7,

leads us to an interior point optimization method. If I = 1 and f := f; has a unique
minimizer # in int dom A, then the MSGP iteration using Cy = {i} is
Vh(z¥11) = Vh{z*) — V£ (). (1)

This suggests an interior point algorithm (IPA) that could be applied more broadly to
minimize a convex function f over the closure of domh.

We begin with a brief discussion of Bregman-Legendre functions, closely following the
treatment in Bauschke and Borwein [2]. Then we present the MSGP method and prove
convergence, in the context of Bregman-Legendre functions. In the section following we
apply the MSGP to the SFP. Finally, we investigate the IPA sugpested by the MSGP

algorithm.

2. BREGMAN-LEGENDRE FUNCTIONS

In [2] Bauschke and Borwein show convincingly that the Bregman-Legendre functions
provide the proper context for the discussion of Bregman projections onto closed convex
sets. The summary here follows closely the discussion given in [2].

A convex function [ : RY = [~00, +0o0] is proper if there is no o with f(z) = —oo and
some z with f{r) < +oo. The essential domain of fisdom f = D = {z|f(z) < +o0}. A
proper convex function f is closed if it is lower semi-continuous. The conjugate function
associated with [ is the function f*, with f*(z*) = sup,((z*, 2) — f(z))-

Following [14] we say that a closed proper convex function f is essentially smooth if
int D is not empty, [ is differentiable on int D and z™ € int D, with 2™ — x € hdry D,
implies that ||V f(z")|| — +oo. Here int D and bdry D denote the interior and boundary
of the set .

An essentially smooth function f is a Legendre function if f is strictly convex on the
set int D: the gradient operator V f is then a topological isomorphism with V f* as its
inverse. The gradient operator V f maps intdom f onto int dom f*. If intdom f* = R’
then the range of Vf is B’ and the equation Vf(x) =y can be solved for every y € R,
In order for intdom f* = R’ it is necessary and sufficient that the Legendre function f
be super-coercive, that is, o

i

@

m — =400
lizl|=+oo ||z]]

If { is Legendre and the essential domain of f is bounded, then f is necessarily super-
coercive and its gradient operator is a mapping onto the space RY.

Let K be a nonempty closed convex set with K Nint [} # @. If f is Legendre, then the
Bregman projection P}Z(z) exists, for all z € int D, is uniquely defined and is in int D;
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P(2) is the unique member of K N intD satisfying the inequality

(VF(Pl() = Vf(2), P(z) = ) 2 0, (5)
for all c € K. From this one obtains the Bregman inequality:

Dy(e,z) = Dyle, P (2)) + Dy(P(2), ), (6)
forallce K N D‘.

Following [2], we say that a Legendre function f is a Bregman-Legendre function if the
following properties hold; the specific citations below refer to [2].

B1: For z in D and any a > 0 the set {z|Dy(xz,z) < a} is bounded (BL0O and BL1 of.

Def. 5.2).

B2: If z is in D but not in int D, for each positive integer n, y" is in int D with 4™ —
y € bdry D and if {Dy(x,y")} remains bounded, then Dy(y, y™) — 0, so that y € D (BL2
of Def. 5.2).

B3: If " and g™ are in int D, with 2" — z and y™ — y, where z and ¥y are in D but not
in int D, and if Dy(z"™,y") — 0 then z = y (BL3 of Def. 5.2) .

The following results are proved in somewhat more generality in [2]; all references below
are to that paper. We assume throughout that f is a Bregman-Legendre function with
essential domain D.

RI1: If y" € int D and y™ — y € int D, then D;(y,y™) — 0. If, in addition, ™ € int D,
" = o €int D and Dy(z", y") — 0, then z = y.
Proof: Both f and Vf are continuous on int D,
R2: If r and y" € int D and y™ — y € bdry D, then Dg(z,y") — +oo (Theorem 3.8 (i))

R3: If 2" € D, 2" —w z € D,y € intD, y* = y € D, {z,y} NintD # @ and
Dy(z",y") — 0, then = =y and y € int D (Theorem 3.9(iii)).
R4: If z and y are in D, but are not in int D, y™ € int D, 4™ — y and Dz, y™) — 0,
then & = y (Proposition 5.5).
As a consequence of these results we have the following.
R5: If {Dy(z,y™)} — 0, for y" € int D and z € D, then {y"} — =.
Proof of R5: By Property Bl above it follows that the sequence {y"} is bounded;
without loss of generality, we assume that {y"} — v, for some y € D.
If yisinint [, then, by the continuity of both f and V f on int D, we have {Dg(z,y™)} —
Dg(x,y). Therefore, D¢(x,y) =0 and z = y.
If y is in D but not in int D, then, by R2, z is not in int D. Then, using B2, we have
that y is in D; by R4, it follows that £ = y. This completes the proof of R5. |
We turn now to the MSGP algorithm.

3. THE MSGP ALGORITHM

We begin by setting out the assumptions we shall make and the notation we shall use
in this section.
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Assumptions and notation:

We make the following assumptions throughout this section. Let C = NL,C; be the
nonempty intersection of closed convex sets ;. The function h is super-coercive and
Bregman-Legendre with essential domain D =domhand Cndomh # 0. Fore=1,2,....1
the function f; is also Bregman-Legendre, with D C dom f;, so that int D C intdom fi
also C,Nintdom f, # 0. For all z € dom h and z € int dom h we have Dy(x,2) = Dy (x, z).
{or each 1.

The MSGP algorithm:
Algorithm 3.1 The MSGP algorithm: Let 29 e intdomh be arbutrary. For ko=
0.1,... and ¢(k) = k(mod I) + 1 let

L= wh (Vh(.a:") — V fuy (%) + Vfi(k)(Pé:_‘(z;(zk)}), (7)

A preliminary result:
For each & = 0,1, ... define the function G*(-) : dom h — [0, +c0) by

~k fitk -
F(x) = Dy(x,35) — Dy (2, 28%) + Dy, (2, PC((’: (zF)). (8)

The next proposition provides a useful identity, which can be viewed as an analogue of
Pythagoras’ theorem. The proof is not difficult and we omit it.

Proposition 3.1 For each x € domh, each k = 0,1, ..., and 2**1 given by (7) we have
G5 (z) = G*(z"+) + Dy(z, =), (9)
Consequently, 54 is the unique minimizer of fhe function GE().

This identity (9) is the key ingredient in the convérgeﬁce proof for the MSGP algorithm.

The MSGP convergence theorem:
We shall prove the following convergence theorem:

Theorem 3.1 Let z° € intdom h be arbitrary. Any sequence zF obtained from the ier-
ative scheme gen by Algorithm 8.1 converges to % € C ndomh. If the sets C; are
hyperplanes, then z°° minimizes the function Dp(z,1°) over all x € C Ndomh; if, in
addition, 7° is the global minimizer of h, then z°° minimizes h(z) over allz € CNidomh.

Proof: Let ¢ be a member of C N domh. From the Pythagorean identity (9) it follows
that I

G*(c) = GF(z*) + Di(c, ). (10)

Using the definition of G*(+), we write

fi
G¥(c) = Di(c,z%) — Dy (e, o) + Dy, ,, (e, Pcéi';;(xk)). (11)
From Bregman's inequality (6) we have that
figk i
Dy, (6,5%) = Dy (e Pt (%)) 2 Dy (Pygy (), ). (12)
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Consequently, we know that

Di(e,z%) — Dy(c, *t1) > GF(z*+1) + Dfl(kj(Pé:E:(:ck),zk) > 0. (13)

It follows that {Dy(c,2*)} is decreasing and finite and the sequence {z*} is bounded.

Therefore, {Df‘.m(PéiE’;; (z¥),2%)} — 0 and {G*(z**1)} — 0; from the definition of G*(x)

it follows that {D,f‘.(k)(xk“,P(’;:'E:;(Ik))} — 0 as well. Using the Bregman inequality we
obtain the inequality

Ji
Dh(C, Ik) z Df{(k)(CJ Ik) > Df.(k}(C! ch,it;(.’zk)), (14)

which tells us that the sequence {Pé‘it:(xk)} is also bounded. Let z* be an arbitrary
cluster point of the sequence {z*} and let {z*"} be a subsequence of the sequence {zF}
converging to z*.

We first show that z* € domh and {Dxp(z",2%)} — 0. If z* is in int dom A then our
claim is verified, so suppose that z* is in bdry dom &. If ¢ is in dom & but not in int dom h,
then, applying B2 above, we conclude that z* € dom A and {Dn(z*,2%)} — 0. If, on the
other hand, ¢ is in int dom A then by R2 z* would have to be in int dom A also. It follows
that z* € dom h and {Dy(z*,z*)} — 0. Now we show that z* is in C.

Label z* = zj. Since there must be at least one index 4 that occurs infinitely often as
i(k), we assume, without loss of generality, that the subsequence {2%+} has been sclected
so that i(k) = 1 for all n = 1,2,.... Passing to subsequences as needed, we assume that,
for each m = 0,1,2,...,I — 1, the subsequence {z***™} converges to a cluster point e
which is in dom A, according to the same argument we used in the previous paragraph.
For each m the sequence {D;, (e, PCI.: (z*~*™~1))} is bounded, so, again, by passing to
subsequences as needed, we assume that the subsequence {Pé:(ask"*”“l)} converges to
e, € Cp Ndom fo,.

Since the sequence { Dy, (¢, Pé:(m’““*m”)} is bounded and ¢ € dom f,,, it follows, from

either B2 or R2, that ¢}, € dom f,,. We know that

{ Dy, (PLr (hetm=1), ghtm-Tyy o (15)

and both P& (z%+™=1) and *+m~1 are in int dom f,,. Applying R1, B3 or R3, depending

on the assumed locations of ¢}, and z},_,, we conclude that ¢!, = z?,_|.
We also know that

{ Dy (hrm, Phm (zFntm1))} 0, (16)

*

from which it follows, using the same arguments, that z, = ¢y, Therefore, we have
=z, =c forallm;soz” e C.

Since z* € C'MNdomh, we may now use z* in place of the generic ¢, to obtain that
the sequence {Djy(z*,z*)} is decreasing. However, we also know that the sequence
{Dp(z7,2*)} — 0. So we have {Dy(z*,z*)} — 0. Applying R5, we conclude that
{z*} = 2™

If the sets C; are hyperplanes, then we get equality in Bregman’s inequality (6)and so

Dy(c,z*) — Dy(e,z"*1) = GHa) + Df-‘(k)(P(J:":Eg (a¥),2%). (17)
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Since the right side of this equation is independent of which ¢ we have chosen in the set
i dom h, the left side is also independent of this choice. This implies that

Dile,1°) = Dy(c, zM) = Dy(2*,2°) — Dy(z”, z™), (18)
for any positive integer M and any ¢ € C'dom h. Therefore
Dy(e, 2% — Dp(z*, 2% = Dp(e, 2™) — Dy(2*, 2™, (19)

Since { Dz, ™M)} — 0as M — +ooand {Dy(e, 2™)} — o > 0, we have that Dy (e 2")
Dyla*, z) > 0. This completes the proof. ]

4. AN INTERIOR POINT ALGORITHM FOR ITERATIVE OPTIMIZA-
TION

We consider now an interior point algorithm (IPA) for iterative optimization. This
algorithm was first DI(‘S(,I‘It(,d in [6] and &pplied to tran%mi%ion tomogrdphy in [13] The

Assumptions:

We assume, for the remainder of this section, that A is a super-coercive Legendre
function with essential domain D = dom A, We also assume that f is continuous on the
set D, takes the value +oc outside this set and is differentiable in intdom D. Thus, f is
a closed, proper convex function on B’. We assume also that & = argmin, 3 f(x) exists,
but not that it is unique. As in the previous section, we assume that D (z, 2) > D(z, z)
for all z € domh and z € intdom A. As before, we denote by A" the function conjugate
to h. O

The IPA:
The IPA is an iterative procedure that, under conditions to be described shortly, min-
imizes the function f over the closure of the essential domain of h, provided that such a

minimizer exists.

Algorithm 4.1 Let z° be chosen arbitrarily in int D. For k = 0,1,... let z**! be the
unique solution of the equation

Vh(z**!) = Vh(z*) — VF(z*). (20)
Note that equation (20) can also be written as

= Vh*(Vh(z*) — Vf(zF)). ' (21)

L

Motivating the TPA:

As already noted, the IPA was originally suggested by conmderatmn of a special case
of the MSGP. Suppose that T € dom k is the unique global minimizer of the function f,
and that Vf(z) = 0. Take I = 1 and C' = C, = {z}. Then P{ (z*) = T always and the
iterative MSGP step becomes that of the IPA. Since we are assuming that 7 is in dom h,
the convergence theorem for the MSGP tells us that the iterative sequence {z*} converges
to T.
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In most cases, the global minimizer of f will not lie within the essential domain of

the function i and we are interested in the minimum value of f on the set D, where
D) = dom h; that is, we want # = argmin, 5 f(z), whenever such a minimum exists. As
we shall see, the IPA can be used to advantage even when the specific conditions of the
MSGP do not hold.

Preliminary résults for the IPA:

Two aspects of the IPA suggest strongly that it may converge under more gencral
conditions than those required for convergence of the MSGP. The sequence {x*} defined
by (20) is entirely within the interior of dom h. Tn addition, as we now show, the sequence
{/(2*)} is decreasing. Adding both sides of the inequalities [, (z**+!, 2%) — Dy(zFtt 2%y >
0 and Dy (z*, 25*1) — Dy(z*, 25t1) > 0 gives

(Vh(z*) = VR(z*H) — WV f(2%) + V(") 25 — 21 > 0. (22)

Substituting according to equation (20) and using the convexity of the function S, we
obtain

f(@*) = f@™) 2 (), 2k - 2k >0, (23)

Therefore, the sequence {f(z*)} is decreasing; since it is bounded below by f(), it has a
limit, f > f(#). We have the following result (see [6], Prop. 3.1).

Lemma 4.1 f = f(%).

Proof: Suppose, to the contrary, that 0 < § = f — F(&). Select z € D with f(z) <

f(&) +46/2. Then f(2*) — f(2) = 8/2 for all k. Writing Hy = Dy (z, z*) — D(z, %) for

each k, we have

Hi = Hiyy = Dy(a*, 2%) = Dp(a*™, %) + (Vf(e**), a4 - 2). (24)

Smce (Va2 -2y > f( ) — f(2) = 6/2 > 0 and Dy (2!, 2F) - Dyp(z" %) =
0, it follows that {Hk} is a decreasing sequence of positive numberq, 80 that the successive

differences converge to zero. This is a contradiction; we conclude that f = f(2). I

Convergence of the IPA:
We prove the following convergence result for the IPA (see also [6]).

Theorem 4.1 If & = argmin 5 f(2) is unique, then the sequence {z*} generated by the
IPA according to equation (20) converges to T. If & is not unique, but can be chosen in
D, then the sequence { Dy (&, x*)} is decreasing. If, in addition, the function Dy(z,-) has
bounded level sets, then the sequence {z*} is bounded and so has cluster pomts e D
with f(z*) = f(&). Finally, if h is a Bregman-Legendre function, then z* € D and the
sequence {z*} converges to x*.

Proof: According to Corollary 8.7.1 of [14], if G is a closed, proper convex function on K’
and if the level set L, = {z|G(z) < a} is nonempty and bounded for at least one value
of a, then L, is bounded for all values of a. If the constrained minimizer # is unique,
then, by the continuity of f on D and Rockafellar’s corollary, we can conclude that the
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If M = N then G = (AAT)"! is a suitable choice; since A is invertible, we then have
P§)(2) = APk (A7 (2)) for all z in RM_ Our iterative algorithms then involve Fy and
Py

If M < N there is no such matrix G. Moreover, the convex set A(K) need not be closed.
To obtain iterative algorithms for this case we augment A using a full-rank N — M by
N matrix B to obtdin the N by N invertible matrix & = [AT BT]". Although it is not
necessary, we shall assume that B has been chosen so that ABT = 0.

If M > N the choice of G = A(ATA)"2AT gives ATGA = [. With A" := (ATA)~' AT
and A(R") denoting the range of A, we have A(K) = (AT)"Y(K) N A(RY), so the set
A(K) is closed. Proceeding as above, we have Pgy(Az) = APx/(x); for those z in RM
that are not in the range of A, we have Pg)(z) = AP (ATA) 1 ATz, Because the
function g(z) = TGz is not a Legendre function on RM we do not consider Pj(m(z), a
Bregman projection onto the convex set A(K). We replace G with H = G+ U, where U
is a nonnegative-definite symmetric matrix such that H is positive-definite and AT = 0.
The function f(z) = 2THz is a Legendre function on R and the associated Bregman
projection of z onto A(K) is P}{(K)(z) = Piiiy(2) = APr (AT A) VAT 2 once again.

When we employ Pg and PJ‘I‘EK) in the simultaneous algorithm of Censor and Elfving
(8], we find that the algorithm involves the choice of the matrix U. Here we illustrate
the use of the MSGP algorithm and find that we obtain an iterative solution to the SFF,
which, for the case in which M > N, does niot depend on the choice of the matrix U.

Case 1: M =N
Now A is an N by N matrix with rank equal to N. In order to apply the MSGP

algorithm we define C; = AYQ) = {z|Az € Q}, Cy, = K, filz) = yzT AT Az, and
h(z) = fo(z) = z7x; here v is a positive constant chosen so that

Dh(l—’v z) - Df1($=z) = (I - Z)T(I - WATA}(E - Z) z 0: (25)

for all z and z. Therefore, v < 1/Amaz(ATA), where Aoz (ATA4) denotes the largest
eigenvalue of the matrix A7 A. Let us normalize A so that each of its rows has Euclidean
norm equal to one. Then, since trace (AT A) =trace(AA”) = M, it follows that we can
choose v < 1/M. The corresponding Bregman projections are

PL(z) = (ATA) AT Py(Ax) (26)
and
P (z) = Px(z), (27)

where Py and Pg denote the orthogonal projections onto @ and K, respectively.
Applying the MSGP algorithm, we obtain the following iteration step. For k = 0,1, ..,
having obtained z*, let

T = P (I 4+ vAT(Py — 1) A)z*. (28)

Then the sequence {z*} given by (28) converges to an ¢ € K for which Az € Q.

iRk
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Case 2: M < N

In this case we augment the matrix A, as discussed above, to obtain the invertible
square matrix /1. This puts us in Case 1, where the iterative algorithm for that case gives
the following. For £ = 0,1, ..., having obtained z¥, we have

2 = Pe(I + yRY(Py — R)z*, (29)

where v is now selected so that the matrix / — vRT R is nonnegative definite. Recalling
that ABY =0, we rewrite (29) in terms of the matrices A4 and B:

2= Pl 4 (AT (P — DA+ BY(I — 1)B)z*) (30)
50 that
oFl = P,r;(ﬂ?k + ’y(AT(PQ — I)A)Ik) (31)

This is the same algorithm as in the previous case, except that here the v must be chosen
so that [ — (AT A + BT B) is nonnegative definite. However, since there is no lower limit
on the maximum eigenvalue of BT B, we may conclude that the iteration in (28) applies
for all M < N. This is reasonable, since there is no inversion involved. Notice that we
have not needed that A(K) be closed.

For example, suppose we wish to solve the consistent system of linear equations repre-
sented by the matrix equation Az = b, with M < N. If we have no constraints that we
wish to impose on the solution, we let K = R"; let @ = {b}. Then (28) becomes
g = gy AT (b — Axh), , (32)

which is sometimes called the Landweber algorithim [11], known to converge to a solution
of Az = b whenever 7 is chosen so that I — yAT A is nonnegative definite. If we wish
to impose the constraint that the solution x be a nonnegative vector, then we take K to
be the nonnegative orthant in R". The resulting algorithm is a nonnegatively clipped
version of the iteration in (32).

Case 3: M >N

For simplicity, we formulate the SFP as a CFP involving the three closed convex sets
Cy = A(RY), Cy = A(K) and C; = Q in RM. We let h(z) = fi(z) = fs(z) = z72/2
and fo(z) = v2" Hz/2, where, as above, H is the positive-definite matrix [/ = G + U,
built from G = A(ATA)"2AT and the nonnegative-definite matrix U/ and v chosen so that
I —vH is positive-definite. Recall that ATU = 0. Then we have P, := Péi the orthogonal
projection onto the range of A in RM, P = Péi with Py(Az) = P,‘;{K)(Am) = APy(x)
and P3 := Pfi = Pgy. We now apply the MSGP algorithm. r

Beginning with an arbitrary 2% in R, we take

2l = Pl(zo) = A(ATA)flATzO = Au', (33)
where

ut = (ATA)TATC. (34)
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The next step gives z?, which minimizes the function
(h= fa)(z = 2') + fa(z — Pa(2")). (33)

Therefore, we have

by

0= (] —yH)(z—Au") + vH(z — APy (u')), (36)
so that

2= A((I = y(ATA) (I — Pg))((ATA)TATY). (37)
Finally, |
2> = Py(z%). (38)
Writing the iterative algorithm in terms of completed cycles, we have w® = 2° and

Wt = Py A(T + (AT A) Pk — D)(ATA) ' ATwk. (39)
The iterative step for z* := (ATA)'"IATU..;IQ is then

o5 = (ATA) VAT PR A(T + (AT A)"Y(Pyc — 1))z, (10)

We must select v so that [ — v/ is positive-definite. Because there is no lower limit to
the maximum eigenvalue of U, it follows that v must be chosen so that I — v is positive-
definite. Since G = A(ATA)"2AT we have Gz = Az implies that AATz = ATGz =
(AT A)71 ATz, so that the nonzero eigenvalues of G are those of (AT A)~'. It follows that
we must select v not greater than the smallest eigenvalue of AT A.

SUMMARY

In this paper we have considered the iterative method of successive generalized projec-
tions onto convex sets for solving the convex feasibility problem. The generalized pro-
jections are derived from Bregman-Legendre functions. In particular, we have extended
Bregman’s method to permit the generalized projections used at each step to be taken with
respect generalized distances that vary with the convex set. Merely replacing the distance
Dy(z, z) in Bregman’s method with distances Dy,(z,z) is not enough; counterexamples
show that such a simple extension may not converge. We show that a convergent algo-
rithm, the MSGP, can be obtained through the use of a dominating Bregman-Legendre
distance, that is Dy(z,2) > Dy (z,z), for all ¢, and a form of relaxation based on the
notion of generalized convex combination.

Particular problems are solved through the selection of appropriate functions h and f;.
The MSGP algorithm can be used to solve the split feasibility problem. Iterative interior
point optimization algorithms can also be based on the MSGP approach. ’
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