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Abstract—The algorithm we consider here is a block-iterative
(or ordered subset) version of the interior point algorithm for
transmission reconstruction. Our algorithm is an interior point
method because each vector of the iterative sequence {x*}, k =
0, 1,2, ... satisfies the constraints a; < =¥ < bj,7 =1,...,J.
Because it is a block-iterative algorithm  that reconstructs the
transmission attenuation map and places constraints above and
below the pixel values of the reconstructed image, we call it the
BITAB method. Computer simulations using the three-dimen-
sional mathematical cardiac and torso phantom, reveal that the
BITAB algorithm in conjunction with reasonably selected prior
upper and lower bounds has the potential to improve the accuracy
of the reconstructed attenuation coefficients from truncated fan
beam transmission projections. By suitably selecting the bounds, it
is possible to restrict the over estimation of coefficients outside the
fully sampled region, that results from reconstructing truncated
fan beam projections with iterative transmission algorithms such
as the maximum-likelihood gradient type algorithm.

Index Terms—Attenuation, iterative methods, single photon
emission computed tomography.

[. INTRODUCTION

ATIENT-SPECIFIC single photon emission computed
P tomography (SPECT) attenuation maps have been recon-
structed using fan beam transmission tomography to correct for
nonuniform attenuation in cardiac perfusion imaging [1]-[8].
One such SPECT system consists of three camera heads with
a fan beam collimator opposed to a line source acquiring
transmission images, while two parallel beam collimators on
the other two heads acquire emission images simultaneously
[11, [3], [7]. However, transmission imaging with a symmetric
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fan beam collimator on a standard gamma camera with a
useful field of view (FOV) of 40 cm. generally results in
projection data that are truncated in many views [8]. This leads
to incomplete sampling of regions of what would have been the
FOV had a parallel hole collimator been employed.

To improve the accuracy of the reconstructed transmission
maps in the presence of truncation, investigators have proposed
maximum a posteriori (MAP) algorithms [4] that provide some
form of regularization using suitably chosen priors. Extrapo-
lating the truncated projections using body outlines has also
been proposed to reduce truncation artifacts [9]-[12]. Other ef-
forts on three-headed SPECT systems include, enlarging the
fully sampled region (FSR) through longer focal-length sym-
metric fan-beam collimators [5] or asymmetric fan-beam colli-
mators [ 13]-[ 15]. Additionally, slant hole collimators have also
been proposed [16] as a way to obtain truncation-free attenua-
tion maps of large patients on a three headed SPECT system.

In this paper, we develop an accelerated block-iterative
version of a new iterative interior point optimization algorithm
(IPA) developed by Byrne [17]. We then apply this block-itera-
tive algorithm to SPECT transmission imaging. The resulting
algorithm is related to the rescaled block-iterative version of
the expectation-maximization maximum-likelihood method
(RBI-EM) [18]. [19] and is similar to the algorithms presented
in [20] in that it includes prior upper and lower bound informa-
tion. Because it is a block-iterative algorithm thal reconstructs
the transmission attenuation map and places constraints above
and below the pixel values of the reconstructed image, we call
it the BITAB method. We shall show through computer sim-
ulations, phantom and clinical patient studies that the BITAB
algorithm, in conjunction with reasonably selected prior upper
and lower bounds, has the potential to improve the accuracy
of the reconstructed attenuation coefficients from ftruncated
fan beam transmission projections. In addition, due to its
block-iterative formulation, the BITAB algorithm also reduces
reconstruction times considerably. The BITAB algorithm is
presented in Section I, while Section III discusses computer
simulation experiments along with phantom and patient studies.
A discussion of the results along with conclusions are presented
in Sections IV and V.
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II. THE BITAB ALGORITHM FOR SPECT TRANSMISSION
IMAGE RECONSTRUCTION

In this section, we discuss briefly the interior point algorithm
(IPA) and then consider the BITAB algorithm, which is a spe-
cial case of the IPA, used to maximize the likelihood function
associated with transmission tomography data, subject to upper
and lower constraints on the pixels.

A. The Interior Point Algorithm (IPA)

The interior point algorithm (IPA) given in [17] is an itera-
tive procedure for minimizing a convex function h(x) over vari-
ables 1 constrained to lie within the domain of definition, C',ofa
second (Bregman) function f () (see the Appendix fora discus-
sion of Bregman functions). With the selection of the function
f(x) we impose desired constraints on the reconstructed image.
In general, let f be a Bregman function. Let () be a differen-
tiable convex function on /27, The IPA is now the following:

Algorithm I1.1: Letr > 0 be arbitrary. Having calculated ¥
we solve

Y f(2") + rVR(2FHY) = V f(aF) (2.1
for kL]

We have the following result (see [17)).

Theorem II.1: Assume that the minimum of £ on C is at-
tained, where C is the domain of f. If we can solve (2.1) for
27+ foreach k = 0, 1, ..., then the sequence {h(z")} is de-
creasing and the sequence {z*} converges to a minimizer of h
over the set C.

One drawback to using the IPA is the difficulty in solving the
gradient (2.1). We can rewrite the IPA iterative step in (2.1) in
a way that leads to a more computationally tractable iterative
step. Instead of (2.1) we write

VF(MY) = VF(2") — rVh(a®) (2.2)
using F(x) = f(x)+rh(z). Note that this is the same iterative
step; we are not using a ‘one-step-late’ approximation, but only
introducing new notation. Suppose that we then select F(z)a
priori 1o permit easy inversion. If we choose 7 > (0 so that
the function f(z) = F(x) — rh(z) is a Bregman function, the
iteration in (2.2) converges. As before, the sequence { h(z*)} is
decreasing; the iteration is a true descent method, even though
the constant 7 is not updated at each step.

For example, let F () = (1/2)||z||*, half the Euclidean norm
squared. Then (2.2) becomes

bt = gk - ’I’Vh(:ck). (2.3)
The behavior of this algorithm is considered in more detail in
[171].

In order to obtain reconstructed images © = (71, .. )T
witha; <x; <bjforj=1,..., .J, we shall use the Bregman
function F'(x) = Fup(z) given by

Fuplw) = ) (x; — a;)log(r; — aj)

M~

[
1l

-+ (I)j - 'TJ,) 10g(bj - .’L‘j). (24)

To accelerate production of a useful reconstructed image, we
incorporate the rescaled block-iterative technique, as well.
We partition the index set {i = 1.....T} into N digjoint

blocks, B,.n = 1, ....N. Then, at the k-th step and with
n = k(mod N) + 1, we solve

V Eop(2ht1) = VEa(a®) — 7V ha (%) (2.5)

where hy, () is related to A(z), but depends only on the data
values y; for i in B, the nth block. The algorithm we abtain is
the following: having calculated %, let 2! be determined by
(2.5). Then we have

b = [Afa; + BJb;] /(A% + BY] (2.6)
where
A;‘f =b; — :;:;—"' 2.7
and
. oh,
Bj? = (:1;;? - a.j) exp(—'r o, (:r:k)) . (2.8)

Now we consider a special case of the IPA obtained by selecting
particular functions I and h.

B. The BITAB Algorithm for Transmission Image
Reconstruction

For the case of transmission image reconstruction we can
write the regularized log-likelihood function as

RLL(z) = Z yi In[e; exp(—(Lx);) + s

— ¢; exp(—(Lx);) + pU () + constants

where
UY; count at detector ¢;
L;; of matrix L length of the intersection of the ith line
segment with the jth pixel;

(L) =, Lijass

constant ¢; > 0 input intensity along the ith segment;

85 estimate of the scatter component in the
data y;;

U(x) penalty function used for regularization;

4 regularization parameter.

Alternatively, we can rewrite RLL(x) in terms of a function
h{x) given by

hiz) = Z K L(y;, c; exp(—(La);) + i) + U (x)

where for nonnegative scalars u and v, we denote K L(u, u) =
wlog (u/v) + v — u. Since h(x) is equivalent to the regularized
negative log-likelihood function with some additional constants,
our objective would be to minimize fi(x). The algorithm we
consider here is a block-iterative (or ordered subset) version of
the TPA. Our algorithm is an interior point method because each
vector of the iterative sequence {z*}, k =0, 1,2, ... satisfies
the constraints a; < =% < bj,j=1,.....J.
For the block-iterative version we let k() be

hn () = Z K L(y;, c; exp(—(Lax)i) + i) + BU(x), (2.9)




where 3" denotes the sum over indices ¢ in B,,. Note that as
suggested by [25], for the ordered subset case, the regularization
parameter 4 = /N where N is the total number of disjoint
subsets. Then we get the BITAB algorithm where 2+ and A%
are defined in (2.6) and (2.7), respectively, with (2.10), shown
at the bottom of the page, for suitable » > 0.

We do not expect block-iterative methods to converge to a
single image, in the presence of noisy data. Instead, we usually
obtain subsequence convergence to a limit cycle, consisting of
as many separate images as there are blocks of data. How dis-
tinct these images are will depend on the signal-to-noise level
in the data. For the simultaneous algorithm, in which we put
all the data into a single block, the theory of the IPA tells us
that, provided we choose 7 so that the function F'(x) — rh(x)
is a Bregman functlon the sequence {%(x*)} is decreasing and
the sequence {2} converges 1o a constrained minimizer of the
function A(x). The most important property to be checked is
that this function be convex. We shall obtain an upper limit on
the acceptable values of 7 by considering the Hessian matrix of
this function. For this purpose we shall ignore the regularization
term U () in h{x).

With F(z) = Fu(z) and hiz S KL(y,.ciexp
{(—(Lz);)) the Hessian matrix of Fab(.L) 1s
V2 Fap(r) = diag{(x; — a;) ™" + (b — )7} (2.11)
The Hessian matrix of h(x) is
Vih(z) = LTWL (2.12)

where W = diag{c; exp(—(Lx);)}. The smallest eigenvalue
of V2 F () is the minimum, overall 7, of (z; —a;) "'+ (b; —
;)" 1. Since

(zj—a)) "+ (b —z;)™" 2 (2.13)

bj —a,

we know that the smallest eigenvalue of V2 F; () is not smaller
than the minimum, over all j, of 4/(b; — a;).

The trace of the matrix V2 (), which is the sum of its eigen-
values, 18

tracovgh Z Z L2 ciexp(—(La);).  (2.14)
Hence, for vectors  with a; < @; <b;,5 =1,...,J, we have
traceV2h(zx) < Z ZL ciexp(—(La);).  (2.15)
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Therefore, the Hessian of Fyp(z) — rh{z) will be positive-
definite if the constant 7 > 0 satisfies the inequality

1
- < i —_— 2 e —— L) g
r< 4111}111 {hj — }/Z: ;L.,_J ¢ exp(—(La);)
(2.16)

where @ = (ay....,a;)T. Note however, that the value of 7 as
specified by (2.16) often is quite conservative. Equation (2.16)
serves as a reasonable starting-point for choosing . Indeed, our
simulation and clinical results indicate that choosing + in the
range of 5 to 15 provides good results for transmission recon-
structions.

In the simultancous case, with only a single block, if
I(x) — rH{x) is a Bregman function, we have that the
sequence {h(x*)} is decreasing and that the sequence {z*}
converges to a minimizer of the function A(x). subject to
the constraints a; < x; < b;. In the case of more than one
block, we do not expect {h(z*)} to be decreasing. nor will
the sequence {z*} converge to a single vector. Instead, we
expect but have not proven that, for each £ =0, 1, ..., ] N-1
the subsequence {a™NFt = 0,1, ...} will converge to
a vector . Based on empirical observations, the vectors
{a*t t =01, ..., N — 1} appear to form a limit cycle. The
final reconstruction could be some sort ol average (arithmetic
or geometric) of the images constituting the limit cycle.

The convergence proof for the simultaneous case is based
on the assumption that the objective function being minimized
1s convex. When crosstalk 1s included, the algorithm performs
better, but the objective function is now convex on a portion of
its domain only. So, for this reason also, the algorithm appears
somewhat ad hoc. We take the view that, since a theorem as-
serting cyclic convergence of the block-iterative algorithm in
the inconsistent case is (probably) beyond our reach, with or
without the assumption of convexity, the theory acts more as a
guide than as a foundation. We choose to prove what we can,
under a reasonable set of assumptions, even though slight vio-
lations of those assumptions will be tolerated in the algorithm
as implemented.

C. An Example of BITAB Using a Gamma Prior Distribution

We present now a special case of the BITAB algorithm, in
which we use as our penalty function U(z) = K L(p, z) where
p is a prior estimate of the desired solution. This is equivalent
to modifying the likelihood function to include a gamma dis-
tributed prior [21]. Again, with m?“ and A:',‘ defined in (2.6)
and (2.7), respectively, the resulting algorithm is complete with
(2.17), shown at the bottom of the next page, for suitable r > 0.
This is the version of the BITAB that we investigate in this paper.

(2.10)

- % e exp(—(Lak); ')
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III. ML-G ALGORITHM
The maximum-likelihood gradient type (ML-G) algorithm is
an efficient transmission algorithm proposed by Lange et al.,
[22] and has the following form

PR LZ Lijciexp(— (L-'L'k)i). (3.18)

) /j J Z L? ¥ Ue
The algorithm in (3.18) cannot guarantee the increase of the
likelihood function as the iteration proceeds: however, this is
remedied by taking a fractional step in the direction of the in-
crement 1 = 251 — 2% Instead of using (3.18) to define
the next vector in the iterative sequence, we use

LA ——

+ adtt! (3.19)

where « is a relaxation parameter. ML-G reconstructions for
both simulations and clinical studies used o = 0.4 [2] as the
relaxation parameter. The ML-G algorithm can be regularized
by including Bayesian gamma priors [22]. Case et al., [4] have
shown that the modified ML-G algorithm of Lange et al., [22]
can be simplified to

f T = (1 —w;)

J
ki Lijei oxp(=(Lx")i)
( +a{ 7 2 Liyi i
+ w;p; (3.20)

where p; is a prior estimate such as a segmented attenuation
map, while w; represents the pixel-by-pixel weighting given to
the prior p;. In this application, the prior estimate p is obtained
by first computing the patient body-outline and then assigning
soft-tissue attenuation coefficients to all pixels enclosed within
the body-outline. For the fan-beam geometry under considera-
tion, we assume that the ML-G reconstructions accurately rep-
resent the attenuation within the FSR; hence, very little weight
is given to the prior p,. Outside the FSR, where truncation ar-
tifacts dominate, more weight is given to the prior estimate. By
spatially varying the weight w; on a pixel-by-pixel basis it has
been shown previously [4] that some of the distortions intro-
duced by truncation could be reduced.

IV. CONVEX ALGORITHM

The Convex algorithm is another iterative transmission algo-
rithm put forth by Lange et al. [23]. The objective here is to min-
imize the function Z; 1 K L{yi. ci exp(—Lax;)). The convex
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algorithm uses the idea ol substitute functions suggested by De-
Pierro for emission tomography [24].
Foreach & = 0. 1...., we minimize

J oI gk
Gile) = £k A’ KL (yi i exp(—; Lrl‘/ ))
j=1i=1 i
(4.21)
Setting the gradient to zero gives
7
0= Z Li; (y,: - Cxp(*f}?}‘ L.ur:_i-f /1‘;‘) ) . (4.22)
=1

One step of the Newton—-Raphson method gives the convex al-
gorithm

i Lii (v

— ciexp(—Laxt))

'J';?+l:3;"‘fm :
j 7Y, Ly Lake; exp (— Lat)
DLy (e (~Lrk) (14 Lat] =) o
= ' 5
J 2 L”L“{ G PXD( L;(:f)
Now we consider a gamma-prior variant of this

method. The objective now is to minimize the function
Zf VK L(yi,ciexp(—La;)) — S(z), where S(x) =
Z: s = 1) Ina; — oy /54] is the log gamma prior, [3;
is the mean of the gamma distribution, and «; is related to the
variance. Since the penalty function S(z) is a[ready separable,
we do not use DePierro’s trick on that part.

For each k& =0, 1,2, ..., we minimize the function H{x) =

Grlz) — S(x), or
! L,Jz) k
:; 2 L KL (y, < exp(—r Lx; /’r‘ ))
- Z[((Ij — 1) Inz; — ez /5] (4.24)
j=1

Setting the gradient to zero gives

I
VHy(x); = 0= Lij (i - e oxp(—a;Laf [2%))
=1

+ /B — (o = 1) /x;. (4.25)

One step of the Newton-Raphson method gives the desired al-
gorithm is shown in (4.26) at the bottom of the page. Since the
prior estimate p; can be expressed in terms of the two parame-
ters of the gamma distribution as p; = 3, (c; — 1)/ a; [4], [22],

, ik yi % ¢ exp(—(Lz*),) - Py
B;“ = (T;‘ — a;) exp (—r'z {Li_?- [Ci (L) )+ 5 ciexp(—(Lx®)) |} — 76 i P ! (2.17)
f_H _ Lj‘ LJ {Z L“.L (g, — exp( L’L‘k))] -+ [.Ele'?/.ﬁj —{a; — 1) 426)

(> Lije¥ Lake; exp(— Lzk)] + oy -1




see (4.27) at the bottom of the page. Note that for large values
of @;/5; the next iterate ;rf;'“ does not equal p;. If instead of
performing one Newton-Raphson step for VH{x); = 0, we
do the same for x;V H(z); = 0, we obtain the following iter-
ation step:

.‘T.‘J;C+1

_ a8 /a;) Y, Lij [ei exp(—Laf) La}] +p;
(B;/ee;) 3, Lij ['gi — Cxp(fL:rf‘) (1 - L.‘I:z-k)] +1
(4.28)

This should perform better, since, for large values of (c;/f3; ),
we get (approximately) p; on the right hand side for the above
equation. Following arguments presented by Case et al. [4], by
choosing

1

- (B;/aj) >, Lij [!}i - ¢ exp(wLa:f?) (l - L:cf)] +1
(4.29)

wy

1o be the weight of the prior relative to the object, the gamma-
prior version of the convex algorithm becomes

Lkl
Ly

1:? > Lije e‘xp(fL:f:i-‘:) L:L'iC
S Lij [ys — ciexp(—Laf) (1 = Lat)]
(4.30)

= (1 —wy)
+wip;.

In order to provide a suitable comparison with the BITAB algo-
rithm, the Convex updates [see (4.23) and (4.30)] were modified
by applying the same upper and lower pixel value constraints,
i.c.. the b;s and a;s, at every iteration. The details of this modi-
fication are described in Section V-A,

V. METHODS

A. Simulation

We used the three-dimensional mathematical cardiac and
torso (MCAT) phantom [26], [27] to simulate T'¢??™ attenua-
tion maps for a large female patient with a maximal across the
body dimension of 38 cm. The linear attenuation coefficients
for cortical bone, spine, lungs, breast and soft tissue were
0.212, 0.169, 0.045, 0.153, and 0.153 em ™!, respectively. The
attenuation maps were sampled at 128 x 128 pixels with a
pixel size of 0.317 cm/pixel. The attenuation maps were blurred
with an anti-aliasing Gaussian kernel (standard deviation of
1.4 pixels or 0.444 cm) to approximate the resolution of the
attenuation maps acquired with our system [6]. Our standard
imaging geometry for transmission imaging uses a 65 cm fan
beam collimator, a circular camera orbit, and a radius of rotation
(ROR) of 25 cm. Line integrals of the attenuation map were
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obtained over 360° (60 angles) on a 128 x 128 grid for this
fan beam geometry and then folded down to 64 bins per view
to simulate the effects of sampling. Noise-[ree transmission
projections 1; were then obtained by applying an artificial blank
scan Lo these line-integrals, i.e., ¢; exp{—(Lx);). Poisson noise
was added to this data set by using ¢; exp(—(Lx);) as expected
values of the Poisson distribution from which pseudo-random
noise realizations were generated. Three blank scan rates were
simulated; a normal blank scan of 500 counts per bin along with
two other low counts scans of 250 and 125 counts per bin. Noise
in the blank scans was not simulated since they are typically
acquired over longer periods of time than a conventional patient
transmission scan. Twenty five independent noise realizations
were obtained in order to compute fidelity measures detailed in
Section V-Al. Note that emission crosstalk was not included
in these simulations.

The 25 noise-realizations were reconstructed using ML-G,
Convex, and BITAB algorithms with and without noise regular-
ization. Body outline was used as support [2], [4] in all cases
wherein only those pixels j within the confines of the body
outline were reconstructed; pixels outside the body were set to
zero. In these simulations, we used the exact body-outline com-
puted from the true attenuation maps by simple thresholding
[28]. Reconstructions using 30 iterations of the unregularized
form of ML-G [(3.18) and (3.19)], 30 iterations of the Convex
algorithm (4.23) and two iterations of BITAB [(2.6), (2.7), and
(2.17)] without any regularization (regularization parameter ,’;’
was sel 1o zero) were first obtained, with ¥ = 10. Note that
since down-scatter was not simulated, the background term s; in
(2.17) is set to zero. The BITAB reconstructions used 15 subsets
of four views each covering 360° with sequential subsets sepa-
rated as much as possible. Note that the number of BITAB iter-
ations were chosen to approximately match those of the ML-G
and convex ilerates (two full BITAB iterations with 15 subsets
matched the 30 iterations chosen for ML-G and convex algo-
rithms). Additionally, we chose flat upper and lower bounds,
ie.b; =025cm™! and ¢; = 0 cm™! at all pixels j in im-
plementing the BITAB reconstructions. A generous upper limit
of 0.25 cm~—! was selected for convenience, accounting for the
largest linear attenuation coefficient of 0.212 em ™! used, which
in these simulations represented cortical bone.

To enable a fair comparison with the proposed BITAB algo-
rithm, the Convex algorithm was modified to include upper and
lower pixel value constraints. This was accomplished by first
performing the standard update (4.23) and then setting any pixel
value below the lower bound to a; while any pixel value above
the upper bound was set to b; at each iteration. For these Convex
reconstructions, the same a;s and b;s, i.e., b; = 0.25 cm™" and
a; = 0 cm~! were used to constrain the reconstructions at each
iteration.

Next, the data sets were reconstructed using 30 iterations of
the modified gamma-prior version of ML-G (3.20) which is our

K >, L,;ja?;‘f (yi — ¢ exp(——me))] + (Tﬁ —p;) oy /B

(4.27)

=% -

Xy €Ty £y

[E?. LijifjifLilii-‘:C?‘ exp(fLi:f:‘")] + (/8505
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current clinical standard. As mentioned in Section 11, the prior
p was formed by assigning soft-tissue linear attenuation coeffi-
cients to all pixels enclosed within the body-outline. The spa-
tially varying weighting function w; that is used to combine
both the ML-G estimate and the prior was chosen to have the
following form [4]:

(5.31)

W
w, = -
! 1+ CXI){(T}‘HT - 71)/(5]

where

T radius of pixel j from the center of rotation;

rer  radius of the FSR;

o distance over which w; changes by a factor of 1 + ¢

wgp  maximum weight given Lo the prior.

For small weights of the prior (wo < 0.2 determined experi-
mentally) [4], use of the gamma prior (3.20) maintains the at-
tenuation line-integrals. For this application we chose wy = 0.1.

The gamma-prior version of the Convex algorithm was (4.3(})
next used to reconstruct the simulated data sets (30 iterations).
Details about the prior p; and weighting function w; are as ex-
plained above. As was done in the un-regularized case, the regu-
larized Convex iterates were again constrained by the upper and
lower bounds (b; = 0.25 cm ™' and a; = 0 cm™") at cach iter-
ation.

Finally, reconstructions using two iterations of the regular-
ized BITAB using 15 subsets of four views cach were also ob-
tained using the afore mentioned prior p. The regularization pa-
rameter /71in (2.6), (2.7) and (2.17) was also chosen to vary spa-
tially in a similar manner to wy, i.e.,

: %

8; = : . 5.32

T expl(ree — 1y)/9) ( )
where f)’o = 0.0067 is the maximum weight given to the

prior. Note that the regularization parameter was divided by
the number of subsets to match that used in the gamma-prior
versions of the ML-G and convex algorithms. Again, with this
spatially varying form, very little weight is given to the prior
within the FSR. The deleterious effects of truncation outside
the FSR are compensated for by giving greater weight to an
anatomically correct prior. Flat upper and lower bounds of
b; =0.25cm™ ! and a; = 0 cm™! were chosen for all pixels j
enclosed within the body-outline to restrict the over-estimation
of attenuation coefficients due to inconsistent data.

1) Fideliry Criteria: Since compensation for the effects
of nonuniform attenuation in emission reconstructions re-
quires computation of line-integrals rather than pixel values
themselves, measures such as absolute bias and variance
were computed for line-integrals through the attenuation map
centered on a location in the left-ventricle. These measures of
fidelity were computed from 25 noise realizations for each re-
construction strategy as follows. Let £Z(n) be any line-integral
from the nth noise realization, n = 1, .... N = 25. We then
define the average line-integral as

N

~ 1
LT = ?\?;ﬁz(n). (5.33)

If £Z(truth) represents the true value for £, the absolute bias
in the different reconstructions strategies is computed as

Absolute bias = |[£T — £Z(truth)| (5.34)
while the sample variance of line-integrals is

N 1 N
2= | =N {LZ(n))? - (LT)P . (5.35)

N-1|N &

n=1
Line-integrals passing through the center of a representative
slice were used in computing bias and variance measures. Abso-
lute bias and variance were computed separately for all line-in-

tegrals and averaged for each reconstruction strategy.

B. Phantom Study

The Anthropomorphic Torso phantom (Data Spectrum Cor-
poration, Hillsborough, NC), with a cardiac insert and breast at-
tenuator to simulate a female torso, was imaged using the three-
headed PRISM-3000 SPECT imaging system with a Gd'*” line
source, to provide actual data with knowledge of the true values
of the attenuation coefficients. A simultaneous emission/trans-
mission protocol [1], [4], [7] was employed where, two par-
allel hole collimators acquired emission images while the third
head, with a 65 cm fan-beam collimator opposed to a Gd** line
source, acquired transmission projections. Two separate studies
were acquired where the activity levels in the phantom were
varied to simulate different levels of difficulty with respect to
the contamination of the transmission acquisitions in the pres-
ence of surrounding activity [29]. The concentrations used in
the phantom for the two studies were as follows.

1) Activity in the heart walls was 4.2 mCi of T'¢?"™/liter,
with no background activity in the surrounding regions;
and

2) Activity in the heart walls and liver was 4.2 mCi of
Te?™ fliter; while the activily in the rest of the phantom,
excluding the lungs, was at 1/12th the activity of the
heart and liver.

The activity levels and acquisition times were selected to
approximate clinical acquisitions. The window settings for the
emission data were; Tc?®™ photopeak window centered at
140 keV with a width of 15%, a large 7'¢°®™ Compton scatter
window centered at 106 keV £ 25% width for determining the
body outline and another window at 123 keV £ 4% width for
performing Ogawa [30] scatter correction of the photo-peak
data. The window settings for the transmission data consisted
of a Gd'® photo peak window at 100 keV £ 15% width and
two scatter windows centered at 123 keV + 4% width and 84
keV + 6% width for performing Ogawa scatter correction of
the transmission photo-peak data. A circular orbit of 26 cm was
employed and a total of 120 projection frames of 64 x 64 pixels
with a pixel size of 0.634 cm were acquired over 360° with
an acquisition time of 8 s/frame. Prior to these acquisitions, a
single flood image was acquired, serving as the blank scan. The
transmission and flood projections were corrected for resolving
time and physical decay. The T¢%™ crosstalk in the Gd'>*
transmission projection data was estimated using Ogawa’s
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Transverse slices of the reconstructed MCAT attenuation maps for the low count case. The slices shown are taken from the mean images formed from 23

noise realizations. The true slices are shown in row one while rows two through seven represent images for the following reconstruction algorithms: unregularized
BITAB, BITAB, ML-G, ML-G with gamma prior, Convex, and Convex with gamma prior.

triple energy window method. The estimated emission crosstalk
was subtracted prior to applying the gamma-prior-based ML-G
and Convex algorithms, while the BITAB algorithm includes
this estimate as s; in (2.17).

The transmission projections were reconstructed using 30 it-
erations of the gamma-prior versions of ML-G and the Convex

algorithms as well as two iterations of BITAB with 15 subsets
of eight views each, with » = 10. To reduce the effects of trun-
cation, all algorithms used an estimate of the body-outline as
support, reconstructing only those pixels confined within the
outline. A convex body outline was estimated from Compton
scattered projection data by simple thresholding [4], [31], [32].
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Before estimating this outline, the projection data was folded
down 1o half the number of acquisition angles to reduce the im-
pact of noise. Since the true body outline is a smooth contour, it
was finally Fourier filtered to exclude the higher frequency com-
ponents [33]. The filter chosen to suppress the high-frequency
terms had the following form:

1
F(f)= ——————— (5.30)
S Ty
where f, = 8 is the cutoff frequency. This filtering greatly

reduces the influence of noise providing smoother outlines.
The pixel-hy-pixel prior estimate was formed by assigning
soft-tissue linear attenuation coefficients to all pixels enclosed
within the body outline. A known map for the table was also
included within this attenuation map to complete the prior
estimate. The BITAB reconstructions of the map of Gd'* at-
tenuation coefficients were obtained with Bo =0.1/(15 subsets)
= 0.0067 scaled to match the regularization (w, = (..1) applied
to the gamma-prior versions of ML-G and convex algorithms.
Also, bounds of a; = 0 cm™! and b; = 0.35 cm™! were set at
all pixels within the FSR. The remaining pixels outside the FSR
had a; = 0 cm™" and b; = 0.2 cm™'. The assumption here
is that with proper positioning, highly attenuating structures
such as the teflon spinal insert with an expected attenuation
coefficient of 0.30 cm ™! [34] are enclosed within the FSR, with
water being present outside the FSR. Besides, by restricting
b; t0 0.2 em™! outside the FSR, it is possible to restrict the
over-estimation of attenuation coefficients that typically result
when reconstructing truncated data. The Convex iterates were
again constrained to lie within the a;s and b;s at the end of
each iteration. Please also note that since phantom study-I had
no background activity present, it was difficult to obtain an
acceptable estimate of the body outline. As a result, we used the
body outline estimated from the acquisition that had extra-car-
diac activity present, i.e., phantom study-II. Care was taken to
ensure that both studies were registered with one another, thus
minimizing any mismaich between the prior estimate and the
standard updates for all 3 reconstruction strategies for phantom
study-L.

C. Patient Study

A patient study has also been included to demonstrate the ap-
plicability of using the BITAB algorithm to reconstruct patient
specific attenuation maps. A circular orbit of 27 cm was em-
ployed and a total of 60 projection frames of 64 x 64 pixels with
a pixel size of 0.634 cm were acquired over 360 with an acqui-
sition time of 16 sec/frame. The number of projection frames
were halved and the acquisition time per frame doubled, in order
to get better count statistics. All other data acquisition and re-
construction details are as described in Section V-B except that
BITAB reconstructions used groupings of 4 angles per subset to
have the same number subsets (15) as the phantom and simula-
tion studies.

V1. RESULTS AND DISCUSSION

A, Simulation Results

Fig. 1 shows reconstructed transverse slices of the MCAT
attenuation map for the six different reconstruction strategies
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Fig.2. Plotof absolute bias versus variance for the line-integrals estimated for

each of the six reconstruction strategies considered for the three different count
levels (Note: lowest count levels are to the right).

considered compared against the true MCAT transmission map.
The images shown are mean images of reconstructions aver-
aged over 25 noise realizations for the low count simulation
where the blank scan counts per bin was assumed to be 125
counts. Visually, ML-G reconstructions without any regulariza-
tion appear the noisiest. As one would expect, inclusion of the
gamma prior in the ML-G algorithm provides smoother attenu-
ation maps. The BITAB and Convex reconstructions both with
and without regularization also provide reasonably smooth at-
tenuation maps.

To quantify any differences that might exist between the six
reconstruction strategies, a plot of the absolute bias versus vari-
ance of the estimated line-integrals is shown in Fig. 2 for the
three different count levels considered. In all six curves, the data
point with the highest variance corresponds to the Tow count
study, where the blank scan equals 125 counts/bin. Similarly,
the normal study with 500 counts/bin correlates with the data
point having the least variance. In the absence of any regulariza-
tion, both BITAB and Convex algorithms have lower variances
in comparison to the ML-G algorithm. However, the BITAB re-
constructions have lower absolute bias levels than the remaining
two algorithms. When regularization is included in the recon-
structions, as expected, an additional reduction in the variance
levels is seen, in comparison to the un-regularized case. How-
ever, the key observation in this simulation appears to be lower
bias levels provided by the BITAB reconstructions. This may in
part be explained by the fact that the proposed algorithm makes
the iterates stay away from the bounds as much as possible.
On the other hand, the Convex iterates with enforced upper and
lower bounds at every iteration would lead to many of the pixel
values equal to the boundary values. In other words, if the ML
solution does not have any of the applied boundary values, en-
forcing a clipping method as was done with the Convex algo-
rithm may impose them. As a result, it might take many more
iterations to move away [rom these boundary values and pro-
ceed toward the ML solution.

B. Torso Phantom Results

Attenuation maps reconstructed from (7d'®* transmission
data with BITAB, Convex, and ML-G algorithms, were scaled
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(c)

Fig. 3. Transverse slices of the reconstructed attenuation maps for phantom study 1. (a) BITAB, (b) gamma-prior-based Convex, and (¢) ML-G reconstructions.

(b)

(c)

Fig. 4. Transverse slices of the reconstructed attenuation maps for phantom study I1. (a) BITAB, (b) gamma-prior-based Convex, and (c) ML-G reconstructions.

for T¢?™ using a multiplication factor of 0.9 [35]. Transverse  studies I and II are illustrated in Figs. 3 and 4, respectively.
slices of the reconstructed attenuation maps for phantom Table I compares the measured linear attenuation coefficients
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TABLE 1
THE AVERAGE OBSERVED LINEAR ATTENUATION COEFFICIENTS FOR THE TORSO PHANTOM STUDIES ARE TABULATED FOR BITAB, ML-G, AND CONVEX
RECONSTRUCTIONS AND COMPARED AGAINST THE EXPECTED VALUES. HERE FSR STANDS FOR FULLY SAMPLED REGION

Phantom Study I

Tissue BITAB | ML-G | Conves Truth
Water (inside FSR) 0.153 0.154 0.155 | 0.1563 = 0.002
Water (outside FSR) | 0.155 0.163 0,160 | 0.153 =£ 0.002

Lungs 0.051 | 0.054 | 0.058 | 0.049 £ 0.003
Spine 0.290 0.301 0.298 | 0.291 £ 0.005
Water (inside FSR) 0.154 | 0.155 | 0.155 | 0.153 4 0.002
Phantom Study II || Water (outside FSR) | 0.154 | 0.158 | 0.153 | 0.153 £ 0.002
Lungs 0.047 0.058 0.060 | 0.049 £ 0.003
Spine 0.302 0.312 0.311 | 0.291 £ 0.005

Fig. 5. Hlustration of ROIs used to compute reconstructed linear attenuation
coefficients. The ROIs shown in black have been superimposed onto the
reconstructed transmission slice.

for all algorithms. The tabulated attenuation coefficients
were obtained by drawing regions of interest (ROIs) on the
reconstructed transmission maps and averaging the coefficients
within the ROIs. The ROIs used for estimating the linear
attenuation coefficients are displayed in Fig. 5, superimposed
on the reconstructed transmission slice. Measurements were
made in lung, water and spinal areas within the FSR. In addi-
tion, the attenuation coefficient for water was also measured
at ROIs located outside the FSR. To facilitate comparison
between the algorithms, experimentally observed narrow beam
attenuation coefficients published by Jaszczak et al., [34] have
been reproduced in Table 1. In both these phantom studies,
ML-G, Convex, and BITAB reconstructions show fairly good
agreement with the experimentally observed values, indicating
that all three algorithms perform similarly.

C. Patient Study Results

Since the “true” attenuation map is unknown, only a qualita-
tive analysis is presented. Fig. 6 compares the profiles as well
as reconstructed transverse slices for the patient study acquired
at our clinic. Transverse slices for ML-G, Convex, and BITAB
reconstructions appear very similar visually. However, inspec-
tion of the profiles through the slices reveal that in areas outside
the FSR, BITAB algorithm through its bounds, tends to limit
the over-estimation of attenuation coeflicients, in contrast to the
ML-G and Convex reconstructions.

VII. CONCLUSION

A new rescaled block iterative algorithm that incorporates
upper and lower bounds called the BITAB has been presented
and its application toward reconstructing truncated fan beam
projections studied through computer simulations, phantom,
and clinical patient studies. MCAT phantom simulations reveal
that the BITAB algorithm in conjunction with reasonably
selected prior upper and lower bounds has the potential to im-
prove the accuracy of the reconstructed attenuation coefficients
from truncated fan beam transmission projeclions. Since the
range of attenuation coefficients is typically known, the BITAB
algorithm through use of prior bounds on the reconstructions
can help alleviate some of the inaccuracies inherent in fan
beam transmission imaging. By using appropriate bounds, it
is possible to reduce the bias in the coefflicients that typically
results from reconstructing truncated fan beam projections. The
BITAB algorithm was also studied within a clinical setting,
where confounding factors such as T'c™™ crosstalk, resolving
time limitations, physical decay, and noise introduced by
the lower count statistics, further degrade the accuracy of
the attenuation maps reconstructed from truncated fan beam
projections. With reasonably selected upper and lower bounds,
the BITAB algorithm can prevent the over-estimation of
attenuation coefficients outside the FSR.
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Fig. 6. Comparison of BITAB and gamma-prior-based Convex and ML-G reconstructions for the patient study. (a) Shows profiles through the lungs while (b)
shows transverse slices of the attenuation maps. Rows one, two, and three represent slices for BITAB and gamma-prior-based Convex and ML-G algorithms,
respectively. Note that the profiles shown in (a) correspond to the horizontal line drawn across the first transverse slice of each reconstruction strategy.

APPENDIX B5:ifz* € Sandy* € S, with {z"*} bounded, {y*} — 3*
BREGMAN FUNCTIONS and Dy(zF, y*) — 0, then {a*} — y*.
Then, Dy is the Bregman distance associated with the Bregman
function f. Note that condition B2 1s often replaced with the
weaker condition that f be continuously differentiable on S.

B Let S be an open convex Set_in R7, with closure S. Let f :
S — Rand define Dy(z,z) : S x5 — by

Dy(.2) = f() = J(2) = (VI(2).2 - 2).
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