Chapter 11:
First Order Circuits

Instructor: Jean-Francois MILLITHALER

http://faculty.uml.edu/JeanFrancois_Millithaler/FunElec/Spring2017
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Introduction

A first-order circuit is characterized by a first-order
differential equation

Example:
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The Source-Free RC Circuit

A source-free RC circuit occurs when its dc source is
suddenly disconnected. The energy already stored in the
capacitor is released to the resistors.
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The Source-Free RC Circuit

The capacitor is initially charged. At t=0, v(0) =1,
Energy stored is w(0) = %CVO2

Applying KCL yields i + i, =0

By definition: i, = C% and i, = % thus C%+£: 0
Or % +—=0

This is a first-order differential equation

We rearrange as : o La
1% RC
Integrating both sides: Inv = — Ric +1InA, Ais a constant
\Y t
Thus an ===

Taking powers of e produces: v(t) = Ae‘R_tc

t
From the initial conditions: v(t) = Ve &c 7.
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The Source-Free RC Circuit

The natural response of a circuit refers to the behavior
(in terms of voltages and currents) of the circuit itself, with
no external sources of excitation.

The time constant of a circuit is
the time required for the

v A
response to decay to a factor o
of 1/e or 36.8 percent of its
initial value. Voe T
0.368¥, f----- :
_t i .
At t= T, Voe RC = Voe_l — 0368V0 0 T t

P
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The Source-Free RC Circuit

RC = 1 is the time constant

0.36788
0.13534
0.04979
0.01832
0.00674

t

V(t) — VOe_%
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The Source-Free RC Circuit

With the voltage we can find the current
. v(t) Vo _t
ip(t) = =

e 7

R R
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The Source-Free RC Circuit

The Key to Working with a Source-free RC Circuit is Finding:
1. The initial voltage v(0) =V, across the capacitor

2. The time constant =

=
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The Source-Free RC Circuit

Example: 3O
Let v-(0) = 15V, Find v, vy .
and i, fort >0 { is
+ +
50 0.1F == o, 12Q < o,

Solution:

First find the equivalent resistance or the Thevenin resistance
at the capacitor terminals. Our objective is always to first
obtain capacitor voltage v,

R v —— 0.1F

eq

P
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The Source-Free RC Circuit

Solution:

First find the equivalent resistance or the Thevenin resistance
at the capacitor terminals. Our objective is always to first

obtain capacitor voltage v,

20X%5
eq — 2045 =40 50

T=ReC=4x01=04s

t
v=v(0)e 7= 15e t/04 V
Ve = v = 15e 23t V

8 Q
MWV

WW

0.1F =

— Yc

IZQ§

We use now the voltage divider rule to get vy

_ 1z - _ —-2.5t\ _ q,—2.5t
Uy = SV = 0.6(15e ) = 9e V
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The RC Time Constant

When a capacitor is charged
Through a series resistor and
dc source, the charging curve
is exponential.

When a capacitor is discharged
through a resistor, the discharge
curve is also an exponential.
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Universal exponential curves

The universal curves can be applied to general formulas for
the voltage (or current) curves for RC circuits. The general
voltage formula is

.
ve = Vi + (V; —Vp)e RC

Ve = final value of voltage
V; = initial value of voltage
vc = instantaneous value of voltage

The final capacitor voltage is greater than the initial voltage
when the capacitor is charging, or less that the initial
voltage when it is discharging.

P
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Exercise

Determine the capacitor voltage at a 7

point in time 6 ms after the switch is +| ¢ R
closed. Draw the discharging curve. OV == 22 uF 10 k()
The time constant is = =

T = RC = (10kQ) x (2.2uF) = 22ms

The initial capacitor voltage is 10 V.

Notice that 6 ms is less than one time constant,
so the capacitor will discharge less than 63%.
Therefore, it will have a voltage greater

than 37% of the initial voltage at 6 ms.

t ems

v(V)

10
7.61

> [ (ms)

|
06 110
57

ve = Vie RC = 10 X e 22ms = 7.61V 7
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The Source-Free RL Circuit

Consider the series connection of a resistor and an inductor.
Our goal is to determine the circuit response, which we

will assume to be the current i(t) through the inductor.

P
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The Source-Free RL Circuit

The inductor has an initial current at t=0, i(0) = I,
Energy stored is w(0) = %ng

Applying KVL yields v, + v, =0

By definition: v, = LZ—i and v, = iR thus Lg—i+ Ri=0

orZ+ii=o0
dt L

We rearrange as : fli(t)d?i = — Otgdt
Integrating gives: ln1|‘(t> = Rf|g, Ini(t) —Inl, = —%+ 0
Thus In™& — _ &

I L

Rt
Taking powers of e: i(t) = [pe

P
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The Source-Free RL Circuit

R/L =t is the time constant

t
l(t) — Ioe_%

i(7) A

Iy

Tangent at 7 =0
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The Source-Free RC Circuit

With the current we can find the voltage across the resistor
t
ve(t) =i(t)R=1I)Re =

The Key to Working with a Source-free RL Circuit is Finding:
1. The initial current i(0) = I, through the inductor

2. The time constant =t

=
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Inductor in DC Circuits

Increasing current

In a series RL circuit, the current will increase to
approximately 63% of its full value in one time-constant
interval after voltage is applied.

l —
A T = —
I (final value) * , R
089 |T99‘}E- (considered to be 100%)
R
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Inductor in DC Circuits

Decreasing current

— 7
T —_— 1.0 kQ :DmA
R Vo ol
ID\’_,-
i 10 mH = R,
A
L i 100% — —— ——
I; (initial value) [\ = = =
\
\
\
\
37 %
| 4%
5% o , .
gy 2% 1% (considered to be 0)
D —— . >
0 17 27 3r 47 5t

>
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Response to a Square Wave

R

W\’

10 kQ)

v, .
23V @ 1.OH
1.0 kHz '

Vi

25V I
0OV » [ (ms)

I

A

0.25 mA
=

0 mA > 1 (ms)
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Voltages in the Series RL Circuits

Generator: square wave voltage
V,: Voltage across the inductance

|
A
' ov > [ (ms)
VL
A
V\'
s — 5
0V q_L = [oH 23V
1.OkH
‘ ov > [ (ms)
i -25V
_— YO0 0.5 1.0

=
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The exponential Formulas

Rt

V= VF + (Vl — VF)B_T
Rt
i = IF + (Il vy IF)e_T

Increasing Current (I;=0)
Rt
i=Ip(1—e L)

Decreasing Current (I-=0)
Rt
i = Iie_T

=
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Problem

The coil of a certain relay 1s operated by a 12-V battery. If the coil has
a resistance of 150 () and an inductance of 30 mH and the current
needed to pull in is 50 mA, calculate the relay delay time.

51 _—— — Magnetic ficld
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Solution:
The current through the coil is given by

i(f) = i() + [i(0) — i(e0)]e "

where
i(0) =0 (20) 12 80 mA
= . oD = — = ]l
: : 150
L 30x10°
T=—=—"—"—/—=02ms
R 150
Thus.

i(f) = 80[1 — e /"I mA
If i(t;) = 50 mA, then

5
50=80[1 —e ¥ = s e /7
or

—fd/".l' =

]
3
By taking the natural logarithm of both sides. we get

e = e =

co | W

7

8 8 g
tg = 7In— = 0.2 In—-ms = 0.1962 ms UMASS
2 D
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