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Introduction

Signals
mathematical functions of one or more independent variables,

capable of modeling a variety of physical processes.

Systems
respond to signals by producing new signals.



Signhals can be classified into three categories:
1) Continuous Signal:

IS a function of independent variables that range over a
continuum of values.
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Signals can be classified into three categories:

2) Discrete signal:
IS a function of independent variables that range over discrete
values

3) Mixed signal:
Is a function of some continuous and some discrete independent
variables



Systems can also be classified into three categories.

1) Continuous-to-continuous system:

responds to a continuous signal by producing a
continuous signal

2) Continuous-to-discrete system:

responds to a continuous signal by producing a discrete
signal.

3) Discrete-to-discrete system:
responds to a discrete signal by producing a discrete
signal.



Signals

2-D continuous signal is defined as

}(("::l }":': — 00 E Xy }' E o0

This signal can be represented (visualized) in two different ways.
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Signals

2D and 3D display
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Point Impulse

Point Impulse is used to model the concept of a point source,
which is used in the characterization of imaging system resolution.

The point impulse is also known as the delta function, the Dirac function
and the impulse function.

1D point impulse is defined as:

Sx)=0, x#0,

j " fx)8(x) dx = F(0).
[ u}

2D point impulse is defined as :
ﬁ(_T, j'l-"] . [:}:a (I: V) ?(: ((]1 ”] ’

"o poo
'/ j f(x, v)8(x,y)dxdy = f(0,0).
— % o0




Point Impulse

Shifted 2-D point impulse is defined as:

o 0
f(&‘.m:f j f(x,y)8(x — &,y —n)dxdy.




Point Impulse
Properties:
1) The product of a function with a point impulse as is another point

impulse whose volume is equal to the value of the function at the
location of the point impulse.

g, y) = fx, ¥)8(x — &,y =) = f(E, nd(x - £,y — )

2) Scaling

i
8(ax, by) = l;gl 8(x,y)

3) Even Function

o(—x, —'}'} — iS(I,}’)




Line Impulse

A set of points given by

L(¢,8) = {(x,y) | xcosf -+ ysin8 = £}

Defines a line whose unit normal is oriented at an angle 6 relative to the
X-axis and is at distance | from the origin in the direction of the unit
normal.

The line impulse dl(x, y) associated with
line L(i, ©) is given by

dg(x,y) = d(xcosB + ysinb — ¥¢)

- €= xcosl + ysind




Comb (Shah) Function

1D Comb function is T
comb(x) = Zﬁ{x—n]

2D Comb function is

o0

comb(x, y) = Z Z d(x —m,y—n)

HlI==20 0n==—00




The sampling function

0o o
d;(x, v; Ax, Ay) = Z Z o(x —mAx,y —nAy)

M=—00 H==—00

S.(x, v: Ax, Ay)
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The sampling function related to the comb function is

1 X ¥y
Ss(x, y; Ax, Ay) = - omb | —, —
s(%, ¥: Ax, Ay) .ﬂ.x&yu} (ﬂ.x .ﬂ.y)




Rect Functions

The 1D rect function is given by

1

1, forix| < =

[

rect(x) =

0, f -
| or |x| = 3

The 2D rect function is given by

rect{x)

1/2

0

112

¥

rect(x,y) = {

.

'.Ir

0,

for |x| < = and |y| < =

2 2

for | | |y !
x| > < > =
or |x| zf)r}' 3

rect(x, y) = rect(x) rect(y)




Sinc Functions

The 1D sinc function is given by

sine(x)
A
1

5_i n(mx)

sinc(x) =
Tx

The 2D sinc function is given by

1, forx=y=0

sinc(x, y) = sin(rx) sin(mwy)

3 , otherwise.
XY

sinc(x, ¥) = sinc(x) sinc(y)




Exponential and Sinusoidal Signals

The complex exponential signal is

e(x,y) = ol 27 x+vgy)
= cos[2m (upx + voy)] + jsin[2r (1gx + voy)]
= {T(.\’.'I }?} -+ ,f‘g(l': }r] ]
where

s(x,y) = sin|2x (upx + voy)| and c(x,y) = cos[2x(1px + voy)]




Exponential and Sinusoidal Signals

n=4 0y =4

s(X,y) =sin[2a(u x + v y)]



Separable Signals

A 2D signal f(x, y) is separable if there exist two 1D signals f,(x) and f,(y)
such that

f(x,y) = fi(x)f2(y)

rect(x, y) = rect(x) rect(y)

sinc(x, y) = sinc(x) sinc(y)

Operating on separable signals is much simpler than operating on purely
2D signals.



Periodic Signals

A signal f(x, y) is a periodic signal if there exist two positive constants
X and Y such that

fx, MV =flx+ X, =Fflx,y+Y)

« The sampling function 6,(X, y;A X, Ay) is a periodic signal with periods
X=Axand Y = Ay.

* The exponential and sinusoidal signals are periodic with periods
X=1u,and Y = 1/lv,,.



Systems

A continuous-to-continuous (or simply continuous) system is defined as
a transformation £ of an input continuous signal f(x,y) to an output
continuous signal g(x, y).

g(x,y) = 8{f(x, y)]

;L/

Input f System § Output g




Linear Systems

A system £ is a linear system if, when the input consists of a weighted
summation of several signals, the output will also be a weighted summation
of the responses of the system to each individual input signal.

k=1

K K
3 !:Z*fz‘m’.&{l', }']:l : ZHH fr(x, y)]
k=1

It is a system that satisfy the superposition principle.



Impulse Response

The point spread function (PSF), or the impulse response function of a
system is the output of a system to a point impulse.

h(x,y: &, n) = 8[8ey(x,y)]

For Linear systems

g(x,y) = $[f(x,y)]

— [f f f{g n)d(x - H,y—rﬂ:f&{h}]
:f f [£(&, )8, (x,y)] dedn

:]I j fE&, ) 8[0gy(x, y) dédn

:f_ f .f[f;',i‘,l};?[l‘,}’i"’f:f?]ifgdﬁ




Shift Invariance

A system is shift-invariant if an arbitrary translation of the input results
in an identical translation in the output.

I-T'JJ'H (I" }r] -— f{r — X0, :|_.' — }i“)

For a SIS the application of a shifted input
Gives a shifted output

j;'[?f — X0, ¥ — _‘lr'{l]I - 5[;:1'“1.'“{\:":! }"”

For a Linear Shift Invariant System (LSI)

glx,y) = [ [ [, mb(x —&,y—n)dédn = b(x,y) * f(x,y)




Examplel
Check if the system g(x,y) = 2f(x,¥) is LSl

Solution

. Linearity If g'(x,y) is the response of the system to input 35 wyfi(x,y), then

k=1

K
g(x,y) =2 ( Z w;,,&.{x,}-}) ,

wp2fe(x, y),

b
[
pu

I
T

I
M=

wpgr(x,y),

L

= |

Il. Shift Invariance

g (x,y) = 2f(x — x0,y — y0) = g(x — X0, ¥ — yo)




Example2
Check if the system g(x,y) = xyf(x,¥) s LS|

Solution

. : If g (x,y) is the response of the system to input Y5, 1 (x, ), then
. Linearity &%) P , put 3y wife(x,y)

K
g(x,y) = xy (E: wifi(x, }f}) ,

k=]

K
= Y iy,
k=1

K
gxy) =Y wig(x, ),
k=1

[1. Shift Invariance

g(x,y) = xyf(x — x0,¥ ~ ¥o),

# (x — x0)(y — yo)f(x — x0,¥ — yo).

g(x,y) # g(x —x0,¥ — yo0),




Connections of LSI Systems

Cascade (Serial)

g(x,y) = hy(x, y) * [hy(x, y) * fx, 9],
= hy(x, y) % [ha(x,y) * f(x, )],
= |h1(x,y) * halx, v)] * f(x, %),

_"'f hy » hy - |- £,
f =l ;
‘r_., by hs | &




Connections of LSI Systems

Parallel

glx,y) = bhy(x,y) % f(x,9) + balx, y) = f(x,y),
= [h1(x,y) + ha(x, V] * f(x, ),

h, + h,




Example3

Find the point spread function for the LSI system h,(x,y)*h,(x,y) where

1 a2y 202 1 2,292
;11[_1-} y) = ——e (x*+y=) /207 and sz(I,}J) = - se Ce=+y=)/a;
2roj 2ro;

Solution

hix,y) = bi(x,y) % ha(x,y),

:f' f ho(E,nby(x — &,y —n)dEdn,
=00 & — D0
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Example3

Solution, cont.

o
f e~ 1203 ~x-812 208 gy
— 00

2
o]
D = ._L...
E--tzfll,<ll2~b-n§} f 2a 3

[ £]

dr,

bl
[t-to2 /o o)

dg,

2 e 'Flgé-:
:._3‘-"." 'Ilr-'tn-+ﬂj]f e Enlqi-
-0
= f"—i}_mgz E'-Tlfl'{ﬁi‘{-m;.?—}
‘."{t;‘_,z +cr
h(x,y) = ___._21_ - exp "‘{‘[ +} )
EJT(G'I +”2} Z{U] +G’1]
where,

t — £ —lo}/(o] +o})x




Separable Systems

2D LSI system with PSF h(x,y) is separable if there exist two 1D systems
with PSF h,(x) and h,(x)

b(x,y) = hy(x)h2(y)

A 2D convolution

glx,y) = f f flE,mb(x — &,y — n)dEdn

can be computed as two 1D convolution

00
Compute w(x,y) = f f(&,y)hi(x — &) dE, for every y.

e

Compute g(x,y) = f w(x, n)ha(y — n) dn, for every x.

— 0




Example 4
The 2 D convolution of the PSF, h(x,y), with an image f(x,y)
[

h(x,y) = ——
) 2ma®

ﬂ—-{xz } }rz}jlaz

Can be calcuated as a two 1D convolution of

1 29,2 1 2732
,.'..?1 {-x-} = —— o Iz(l ;.:1"“._' hl (},l} —_ _--..(j' V= a0
VIZI 7 \//,_lfrﬁ

3
X (0,0) X
wix y)

1-I2 convolution -1 convolution

4
flx,y) * hy(x) wlx, y) * ha(y)




Stable Systems

A system is bounded input bounded output stable if and only if when the
input is bounded signal

if(x,y)| <B < o0

For some finite B, there exists a finite B’ such that

lge, M| = [P, y) * flx,y)| < B' < o0

A LSI system is BIBO if and only if its PSF is absolutely integrable.

_/ | ] | lh{x* F)] dx (fj,a < OO0




The Fourier Transform

The Fourier transform provides a different perspective on how signals and
systems interact.
It leads to alternative tools for system analysis and implementation

The 2D Fourier Transform Pair are:

T a] ]
: e T
F(u, v) [ [ f(x, y)e-2A6H gy,
" W '-

T & 1
llf'.l:r'l.'_. },] j j F{;f, 1_.-}{_,,' P wxtey) {.!rf.l'l:jll.-" )
— wh




The Fourier Transform

A sufficient condition for the existence of Fourier Transform:

« f(x,y) is continuous,
« f(x,y) has a finite number of discontinuities,
« f(X,y) is absolutely integrable

—

|F(ne, )} = 1,‘,.'flf"§afar,r'] Fin,v),

Fo(u, 1)
ZF(u, v) = tan~ ( —_f-r‘, ) ,
Friu,v)

Fls. v) = ||L{H. !_-Il P,-'_.""Irr.rl .

Fiu, v) = Fp(u, v) + jFi{u, v)]




The Fourier Transform

Example: Find the FT for 5(x,y)

o] (&%
Faip(d)u, vy = [ f S(x, y)e FR et gy dy
[ & [= =)

S(x,dxdy=1

3 0o
5 — 2 (e
f 8(x, '_!-']i-" p 2 [ al--40) dlx {]J}
-— O = O
[n
o J —og

r
/.

Example: Find the FT for f(x,y)=e 2ruox+voy)

“O0 00
Fap (), v) =j f £, y)e Tt gy dy
—o o —p0
w00 00
;J j {,_,l.’.-'rl:rrﬂrﬂ',_..v]fr-,rE.-n:ru'+4.-}.:| dx a’y.
" —m3

“B0 OO0
i} _ o
=j j & JIr(pe—ng bt (r=rg dy| a’xd},‘
A f —Do

= §{u = ug, v = my),

| where

“ %
." j (-'_'Il'r”;“-"flq,-] d.x d}l -— |E|:.!£, f)']',u
=0 o —003




The Fourier Transform

% =‘; o ",'M; i ,«_'r = : ¥ EiE bl ¥ gr _:': ::. !‘ .1‘::1,“;‘_'-—__ by 1_1 i -

basic Fourler transformpaes .
Signal Fourier I'ransform
1 alu, 1)
Ax, v) 1
2 (x — x0,¥ — Yo) g~ 12 luxgtuyg)
bs (x,y, Ax, Ay) comb(uAx, vAy)
glen (Mg x-+rgy) S — g, v — )
sin |2 (rpx + vpy)| e [6 (1 — 1g, v — vg) — 8 (u + up, v+ )|
cos [2m (uox -+ voy)) % |8 (28 — tap, v — vg) + 8 (1 + ty, v + 119)]
rect(x, v) sinc(u, 1)
sinc(x, v) rect(u, v)
comb(x, y) comb(u, v)

2,.2 P .
e Rix=+y") e W= +Hr)




The Fourier Transform

Note:

Slow signal variation in space produces a spectral content that is more
concentrated at low frequencies, whereas fast signal variation results
In spectral content at high frequencies

E
=
Tt
]
Cle
W
a
=
=]
=
—
=
=1}
L
—t
=

Deereasing high-frequency conten!




The Fourier Transform

The 1D Fourier Transform Pair are:

F(u) = Fip(f)(u) = j f(x)e ™" dx,

fix) = FRl(F)(x) ] F(1)e'™ ™ du,

Example: Find the FT for rect(x) Fin(rect)(u) =

g2

- f F-r..:'rrrn. 1'.Ir.'l,',
—1j2
i

= N .
j rf."('TE.'l:}f" T X [ix‘

—

i
2w

]

sin(m ) .
e = SinC{M) .
|




The Fourier Transform

Properties: Linearity

Faplarf + a28)(u, v) = a1F(u, v) + a2 G(u, v)

Properties: Translation

f(x,y) — F(u, v)

fxﬂ}'u (JL', },'_. — f{x — X0,y — }'ﬂ) ._._.“__.._’ :FZD([rny“ )(M, v) = }"(M: ve 12r{nxg+rvg)

| Fanfroye) (14, )| = |F(ue, v)]

é.?-m{fn;”-,.“}['u, I-') = /_/.FI:H, i") — ZJT(H.‘I:{} + 1’}'(}}




The Fourier Transform

Properties: Conjugation

If f(X,y) Is complex-valued 2D signal, then

Fin(f )Y, v) = F(—u, —v)

Properties: Conjugate Symmetry

If f(X,y) is real-valued 2D signal, then

F(u,v) = F*(—u, —v)

Fp(a, v) = Fp(—u, —v) and Fi(ue, v) = —Fj(—u, —v),

|F(u, v)| = |F(—u, —v)| and LE(u,v) = —ZF(—u, —v).




The Fourier Transform

Properties: Scaling

f(x,y) b F(u, v)

_ i ) 1 H v
fd:‘li(‘r;l },] o Jf(axl b}'l) --..—-—-—--—’ “FEDJ.-JHT)("J U.} = mF(;: E)

Example: Find the FT for

X—X0 ¥y —Y0
X, y) =rect| —,
f(x,y) ( Ax Ay )

The FT for the rect function is
Fap(rect)(u, v) = sinc(u, v)

Scaling property Fap {r-.-:ct (i ) )} — AxAy sinc(Axu, Ayv)

Ax’ Ay

Translation property Fap(f)u, v) = AxAysinc(Axu, Ayv)e /27 xo+iyo)



The Fourier Transform

Properties: Rotation

f};{x, y) = f(xcos® — ysin6,xsind + ycosh)

Fon(fo)(u,v) = F(ucos@ — vsinf, usin@ + vcost)

Properties: Convolution

Fon(f = g)(u, v) = F(u, v)G(u, v)




The Fourier Transform

Example:

Find the convolution of f(x,y) = sinc(Ux,Vy) and g(x,y)=sinc(Vx,Uy) where
O<U<V.

The FT for the sinc function is Fiplsinc(x, y)) = rect(u, v)
The scaling property

1 H v 1 H v
F(u, v) = Fap(f)m,v) = T (U ,F) G(u, v) = Fap(g)(u,v) = T (V ”)

The convolution property  f(x,y) * glx, y) = F,; (Ft, )G, v))

1 H oy

=F,p l{U:.f}i reLt(h v)ru.t(% %)

Hov
7 | v e (57|

1 =1 l ) L
- EJ—E?ZD {'-,2 f{'L[(v T)!

]
= 77 sinc (Vx, Vy)



The Fourier Transform

Properties: Product

Fop(fg)(u, v) = F(u, v) * G(u,v),

zf ] G(&, mEw — &, v — ) dkdn

Properties: Separable Product

flx,y) = L)L,

Fin()(u,v) = Fi(u)Fy(v),




The Fourier Transform

Properties: Parseval’s Theorem

The energy contest of a 2D signal in the spatial domain is the same if
frequency domain.

j ] - If (x, y}."? dx dy —j ] [F(ut, v))* die dv
oo S e

Properties: Separability

The FT of a 2D signal f(x,y) can be calculated as two 1D FT

00
. A N .
(i, y) = ] f(x, y)e “"" dx, for every vy.
-"'

Fu, v) = f r(1e, y)e 12" dy, for every u.

g



The Fourier Transform

. Properties of the Fourier transform

Property

Signal

Fourier Transform

Linearity
Translation
Conjugation
Conjugate
symmetry

Signal
reversing

Scaling

Rowation
Circular
symmetry

Convolution

Product

Separable
product

fx,y)

glx,y)

ar f(x, v) + azp(x, v)
f(x —Xxp,¥ — ¥n)
[z, v)

f(x, y) is real-valued

f[ =X, - '\']

f(ax, by)

flxcos@ — ysin, xsiné + ycos#)
f(x,y) is circularly symmetric

f(x,¥) = glx, y)
flx, yglx,y)
flx)g(y)

Fla, 1)

Gu, v)

a F,v) + axGu, v)
Flu, v)e j2r{uxg +evg)
F*(~u, -v)

F(u, v) = F*(~u, —v)

Fplu, v) = Fp{—u, —v)
Free, vy = —Fi(—u, —v)
|F(ae, )| = |F(—wu, —1)|
FF(u, v) = —ZF(—u, —-v)
F(—u, —v)

1 (v
_}(ﬂq
labl \a b
Flucosf — vsinf, usin@ + vcosf
F(u, v) is circularly symmetric

|F{u, v)| = F(u, v)
ZFu,v) =10

Fu, v)Gae, v)
Fiu, v) = G(ae, 1)
Fla)G(r)

Parseval’s theorem

fufwﬁwﬁhﬁzf f'mwMW@.




The Transfer Function

The transfer function is the FT of the PSF h(x,y) and is denoted as H(u,v).

F{[IE, v) = j [ ;‘]{Ej f_”{? j27 (1g o) i.h:_ Iffl‘jr

h(x,y) = G(u, v) = H(u, v)F(u, v) ¥ du dv

The transfer function is the ratio of the output signal to input signal in the
frequency domain.

Glu, v) = H(u, v)F(ut, v)




The Transfer Function

Example: Low Pass Filter (LPF)

The transfer function for a LPF is:

H(u,v) = [ L, for Vf‘f_i;._,j =c

5 [ 3 ]
0, for vu=+ve>c

The input output signals are:

F(u, 1), for Vit + v? =cC

G(u, v) = ) —
0, for vt +v? = ¢




The Transfer Function

Example, LPF cont.,

G SRR e e
1._ : :?‘,__‘. :g_l:_i

H

[deal low-pass filter




Circular Symmetry:

A 2D signal is said to have a circular symmetry if

fo(x, ) = f(x,y), for every 6

where

fo(x, ¥) = f(xcosf — ysind, xsiné + ycosh)

The circular symmetry implies f(x,y) is even, which gives even real F(u,v)

|F(ae, v)| = F(ae,v) and ZF(u,v) =0




Hankel Transform:

Hankel transform is defined for circularly symmetric signals.

Define =2 14?2

And F(u,v) = F(g)

Hankel Transform is

Hankel Inverse transform is t(r) = 2 fn F(@)Jo(2mqr) q dq

Then [f(x,y) = (),

For q = JJ:T}-_!.E.

F(q) = H{f(n)

F(q} = In f f{?’}jr]{'l:ff{ff‘] rdr
0

Ju(r) = l/ cos(nr —rsing)d¢, n=0,1,2,...,
T Jo

1 [7 .
Jo(r) = f cos(rsin¢) d¢
0

I




Hankel Transform:

Hankel Transform

exp| —-:n,flf

1 ﬁl::ﬂ/":l'hf‘_"fﬁl:urp]
S(r — a) 2rafo(2raq)
rect(r) ‘[Jf}_:"”

. L FL"'L'IE
SIIIL{?‘:I | n..,,."fr'h]l

I 1

- -

e —

Properties: Scaling (a=b)

1
JE [t(ﬂ?')] — ?F{t}',{d]




Sampling:

A 2D continuous signal is replaced by a discrete signal whose values are
the values of the continuous signal at the vertices of a 2D rectangular grid.

For Ax and Ay sampling periods

fa(m1, ) = f(mAx, nAy)




Sampling:
More sampling:

More detectors, signal storage, subsequent processing, etc.

Less sampling:

Aliasing

aliasing




Sampling:

The sampled 2D signal is spatial domain is:

fs(x,y) = f(x,¥)8;(x, y; Ax, Ay)

00 oo
= Z Z fa(m, n)8(x — mAx,y — nAy)

HE=E=00 ==

The sampled 2D signal in frequency domain is:

Fe(u,v) = F(u, v) * comb(uAx, vAy)

] 0

(4]
= &ME; Z Z F(u — m/Ax,v — n/Ay)

M =00 H=—00




Sampling:

The spectrum of the sampled 2D signal is:

v A

Fou, v)




Sampling:

Nyquist Sampling Theorem

A 2D continuous band-limited signal f(x,y) with cutoff frequencies U and V
can be UNIQUELY determined from its samples f,(m,n) if and only if the
sampling periods Ax and Ay satisfy:
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