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Preface

It is not easy to give a precise definition of an inverse problem, but, as
they often say about other things, we know one when we see one. Loosely
speaking, direct problems involve determining the effects of known causes.
What will be the temperatures later at points within the room, given the
current temperatures? Indirect, or inverse, problems go the other way, as
we attempt to infer causes from observed effects. What was the temper-
ature distribution in the room initially, given that we have measured the
temperatures at several later times? Most remote sensing problems are
inverse problems.

Magnetic resonance, acoustic, and optical remote-sensing problems typ-
ically involve measuring Fourier transform values of the function we wish to
estimate. Transmission and emission tomographic image reconstruction is
often described this way, as well. In Chapter 1 I describe a typical remote-
sensing problem of this type, to illustrate the ways in which the measured
data is often limited and to demonstrate how projection-based methods and
minimum-norm approximate solutions can be employed. The algorithms
used here are not usually iterative, although iterative techniques can be
used to avoid difficult computational steps.

My exposure to iterative algorithms began with the algebraic recon-
struction techniqgue (ART) and the expectation mazimization mazimum
likelihood (EMML) approaches to medical imaging, both methods described
briefly in Chapter 1. Both the ART and the EMML algorithm are used for
medical image reconstruction, but there the resemblance seemed to end.
The ART is a sequential algorithm, using only one data value at a time,
while the EMML is simultaneous, using all the data at each step. The
EMML has its roots in statistical parameter estimation, while the ART is
a deterministic method for solving systems of linear equations. The ART
can be used to solve any system of linear equations, while the solutions
sought using the EMML method must be non-negative vectors. The ART
employs orthogonal projection onto hyperplanes, while the EMML algo-
rithm is best studied using the Kullback-Leibler, or cross-entropy, measure
of distance. The ART converges relatively quickly, while the EMML is
known to be slow. If there has been any theme to my work over the past
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decade, it is unification. I have tried to make connections among the vari-
ous algorithms and problems I have studied. Connecting the ART and the
EMML seemed like a good place to start.

The ART led me to its multiplicative cousin, the MART, while the
EMML brought me to the simultaneous MART (SMART), showing that
the statistical EMML could be viewed as an algorithm for solving certain
systems of linear equations, thus closing the loop. There are block-iterative
versions of all these algorithms, in which some, but not all, of the data is
used at each step of the iteration. These tend to converge more quickly than
their simultaneous relatives. Casting the EMML and SMART algorithms
in terms of cross-entropic projections led to a computationally simpler vari-
ant of the MART, called the EMART. The Landweber and Cimmino algo-
rithms are simultaneous versions of the ART. Replacing the cross-entropy
distance with distances based on Fermi-Dirac entropy provided iterative re-
construction algorithms that incorporated upper and lower bounds on the
pixel values. The next issue seemed to be how to connect these algorithms
with a broader group of iterative optimization methods.

My efforts to find unification among iterative methods has led me re-
cently to sequential optimization. A wide variety of iterative algorithms
used for continuous optimization can be unified within the framework of
sequential optimization. The objective in sequential optimization is to re-
place the original problem, which often is computationally difficult, with a
sequence of simpler optimization problems. The most common approach
is to optimize the sum of the objective function and an auxiliary function
that changes at each step of the iteration. The hope is that the sequence
of solutions of these simpler problems will converge to the solution of the
original problem.

Sequential unconstrained minimization (SUM) methods [117] for con-
strained optimization are perhaps the best known sequential optimization
methods. The auxiliary functions that are added are selected to enforce
the constraints, as in barrier-function methods, or to penalize violations of
the constraints, as in penalty-function methods.

We begin our discussion of iterative methods with auxiliary-function
(AF) algorithms, a particular class of sequential optimization methods. In
AF algorithms the auxiliary functions have special properties that serve to
control the behavior of the sequence of minimizers. As originally formu-
lated, barrier- and penalty-function methods are not AF algorithms, but
both can be reformulated so as to be included in the AF class. Many other
well known iterative methods can also be shown to be AF methods, such as
proximal minimization algorithms using Bregman distances, projected gra-
dient descent, the CQ algorithm, the forward-backward splitting method,
MART and SMART, EMART and the EMML algorithm, alternating mini-
mization (AM), and majorization minimization (MM), or optimality trans-
fer techniques, and the more general expectation maximization maximum
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likelihood EM algorithms in statistics. Most of these methods enjoy addi-
tional properties that serve to motivate the definition of the SUMMA class
of algorithms, a useful subclass of AF methods.

Some AF algorithms can be described as fixed-point algorithms, in
which the next vector in the sequence is obtained by applying a fixed
operator to the previous vector and the solution is a fixed point of the
operator. This leads us to our second broad area for discussion, itera-
tive fixed-point methods. Operators that are non-expansive in some norm
provide the most natural place to begin discussing convergence of such al-
gorithms. Being non-expansive is not enough for convergence, generally,
and we turn our attention to more restrictive classes of operators, such as
the averaged and paracontractive operators.

Convexity plays an important role in optimization and a well developed
theory of iterative optimization is available when the objective function
is convex. The gradient of a differentiable convex function is a monotone
operator, which suggests extending certain optimization problems to vari-
ational inequality problems (VIP) and modifying iterative optimization
methods to solve these more general problems. Algorithms for VIP can
then be used to find saddle points.

Our discussion of iterative methods begins naturally within the context
of the Euclidean distance on finite-dimensional vectors, but is soon broad-
ened to include other useful distance measures, such as the ! distance,
and cross-entropy and other Bregman distances. Within the context of
the Euclidean distance orthogonal projection onto closed convex sets play
an important role in constrained optimization. When we move to other
distances we shall attempt to discover the extent to which more general
notions of projection can be successfully employed.

Problems in remote sensing, such as radar and sonar, x-ray transmis-
sion tomography, PET and SPECT emission tomography, and magnetic
resonance imaging, involve solving large systems of linear equations, often
subject to constraints on the variables. Because the systems involve mea-
sured data as well as simplified models of the sensing process, finding exact
solutions, even when available, is usually not desirable. For that reason, it-
erative regularization algorithms that reduce sensitivity to noise and model
error and produce approximate solutions of the constrained linear system
are usually needed.

In a number of applications, such as medical diagnostics, the primary
goal is the production of useful images in a relatively short time; modify-
ing algorithms to accelerate convergence then becomes important. When
the problem involves large-scale systems of linear equations, block-iterative
methods that employ only some of the equations at each step often perform
as well as simultaneous methods that use all the equations at each step, in
a fraction of the time.

I have chosen to organize the topics from the general to the more spe-
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cific. In recent years I have developed the class of iterative algorithms that I
call the SUMMA class. These are related to sequential unconstrained min-
imization methods and, somewhat surprisingly, can be shown to include a
wide variety of iterative algorithms well known to researchers in different
fields. By unifying a variety of seemingly disparate algorithms, analogies
can be considered and new properties of algorithms can be derived by
analogy with known properties of other algorithms. The unification also
serves to draw the attention of researchers working in one field to related
algorithms in other fields, such as statisticians working on parameter es-
timation; image scientists processing scanning data, and mathematicians
involved in theoretical and applied optimization.

Chapter 2 gives an overview of sequential optimization and the sub-
classes of auxiliary-function methods and the SUMMA algorithms. The
next three chapters deal in greater detail with particular examples: barrier-
and penalty-function methods in Chapter 3, proximal minimization in
Chapter 4, and forward-backward splitting in chapter 5. Chapter 6 through
Chapter 9 focus on fixed-point algorithms for operators on Euclidean space.
After that, the discussion is broadened to include distance measures other
than the usual Euclidean distance. The final few chapters present specific
problems to illustrate the use of iterative methods discussed previously.

The book brings together, in one place, a number of important iter-
ative algorithms in medical imaging, optimization and statistical estima-
tion. It includes a good deal of recent workthat has not appeared in books
previously. It provides a broad theoretical unification of many of these
algorithms in terms of auxiliary-function methods and, in particular, the
recently developed class of SUMMA algorithms. The book is somewhat
limited in scope, rather than encyclopedic; the topics discussed are ones I
have been personally involved with over the past couple of decades. The
treatment of each topic is sufficiently detailed, without being exhaustive.
Most chapters contain exercises that introduce new ideas and contribute
to making the book appropriate for self study.

This book is not intended as an introduction to optimization or convex
analysis, for which there are numerous texts available, such as Kelley’s
book [140]. Several of the topics discussed here are also treated in the
books by Censor and Zenios [88], Bauschke and Combettes [18], Saad [183]
and Cegielski [73].



Chapter 1

Background

1.1 Overview

A fundamental inverse problem is the reconstruction of a function from
finitely many measurements pertaining to that function. This problem is
central to radar, sonar, optical imaging, transmission and emission tomog-
raphy, magnetic resonance imaging, and many other applications. Because
the measured data is limited, it cannot serve to determine one single correct
answer. In each of these applications some sort of prior information is incor-
porated in the reconstruction process in order to produce a usable solution.
Minimizing a cost function is a standard technique used to single out one
solution from the many possibilities. The reconstruction algorithms often
employ projection techniques to guarantee that the reconstructed function
is consistent with the known constraints. Typical image reconstruction
problems involve thousands of data values and iterative algorithms are re-
quired to perform the desired optimization.

1.1.1 Fourier-Transform Data

We begin with an example of a common remote-sensing problem in which
the available data are values of the Fourier transform of the function we
wish to reconstruct. In our example the function we wish to reconstruct is
the amplitude function associated with a spatially extended object trans-
mitting or reflecting electromagnetic radiation. Problems of this sort arise
in a variety of applications, from mapping the sourses of sunspot activity to
synthetic-aperture radar and magnetic-resonance imaging. Our example is
a somewhat simplified version of what is encountered in the real world, but
it serves to illustrate several key aspects of most remote-sensing problems.
From this example we see why it is that the data is limited, apart, of course,
from the obvious need to limit ourselves to finitely many data values, and
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come to understand how resolution depends on the relationship between
the size of the object being imaged and the frequency of the probing or
tranmitted signal.

Because our data is limited and the reconstruction problems are under-
determined, we are led to consider constrained optimization methods, such
as constraint-consistent minimum-norm reconstructions. Once we have set-
tled on an appropriate ambient space, usually a Hilbert space, in which to
place the function to be reconstructed, it is reasonable to take as the re-
construction the data-consistent member of the space having the smallest
norm. If we have additional constraints that we wish to impose, we can
use orthogonal projection onto convex sets to satisfy the constraints. A
key step, and one that is too often overlooked, is the choice of the ambient
space. As we shall see, soft constraints coming from prior information, such
as knowledge of the overall shape of the function being reconstructed, or of
some prominent features of that function, can often be incorporated in the
reconstruction process through the choice of the ambient space. Although
Hilbert space norms are the most convenient, other Banach space norms,
or distance measures not derived from norms, such as cross-entropy, can
also be helpful.

It is usually the case that the function we wish to reconstruct is a real- or
complex-valued function of one or more continuous variables. At some stage
of the reconstruction, we must discretize the function or its estimate, if only
to plot the estimate at the final step. It can be helpful to introduce the
discretization earlier in the process, and most of our discussion in this book
will focus on reconstructing a finite vector in R7. Once we have decided
to base the reconstruction on the minimization of some cost function, we
need to find an appropriate algorithm; our focus here will be on iterative
minimization algorithms.

1.1.2 Transmission Tomography

Our second example is the problem of reconstructing an image from trans-
mission tomographic data. In transmission tomography x-rays are trans-
mitted through the object and the initial and final intensities of the x-ray
beams are measured. In the continuous-variable model, the data are taken
to be line integrals of the attenuation function to be reconstructed. In
theory, if we had available all the line integrals, Fourier transform meth-
ods would provide the solution. In practice, the attenuation function is
discretized. It is still possible to mimic the continuous-variable case and
obtain reconstructions using discrete Fourier transformation and filtered
back-projection. Alternatively, one can relate the line-integral data to a
large system of linear equations to be solved using iterative methods, such
as the algebraic reconstruction technique (ART) and its multiplicative ver-
sion, the MART [125].
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1.1.3 Emission Tomography

Our third example is also taken from tomography. In emission tomogra-
phy, such as positron emission tomography (PET) or single-photon emis-
sion computed tomography (SPECT), a radionuclide is introduced into the
body of the living object, a human being or animal, the data are counts
of photons detected at gamma cameras positioned close to the body , and
the reconstructed image provides an indication of where the metabolic pro-
cesses have deposited the radionuclide. In the discrete model, each pixel or
voxel within the body is associated with an unknown non-negative quan-
tity, the amount of radionuclide present at that location, which is assumed
to be proportional to the expected number of photons emitted at that
site during the scanning time. The randomness involved here suggests the
use of statistical methods for parameter estimation, and approaches such
as iterative likelihood maximization have been used for the reconstruction
[182]. The expectation maximization mazimum likelihood (EMML) algo-
rithm converges to a maximizer of likelihood for the model of independent
Poisson-distributed emitters [185, 145, 193, 146, 46].

1.2 Measuring the Fourier Transform

Let f(z) : [-L, L] — C have Fourier series representation

f(l‘) = i Cneinﬂz/Ly (11)

n=—oo

where the Fourier coefficient ¢,, is given by

1 [F :
_ —inmx/L
Cn = 57 [L f(z)e dz. (1.2)

We shall see how Fourier coefficients can arise as data obtained through
measurements. However, we shall be able to measure only a finite number
of the Fourier coefficients. One issue that will concern us is the effect on the
approximation of f(x) if we use some, but not all, of its Fourier coeflicients.

1.2.1 The Discrete Fourier Transform

Suppose that we have ¢, for |n| < N. It is not unreasonable to try to
estimate the function f(x) using the discrete Fourier transform (DFT)
estimate, which is

N
fDFT('r) = Z Cneinﬁz/L- (13)

n=—N
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In Figure 1.1 below, the function f(x) is the solid-line figure in both graphs.
In the bottom graph, we see the true f(z) and a DFT estimate. The top
graph is the result of band-limited extrapolation, a technique for predicting
missing Fourier coeflicients that we shall discuss later.
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Figure 1.1: The non-iterative band-limited extrapolation method (MDFT)
(top) and the DFT (bottom) for 30 times over-sampled data. The solid
line is the true object.

1.2.2 The Unknown Amplitude Problem

In this example, we imagine that each point x in the interval [—L, L] is
sending a signal at the frequency w, each with its own amplitude f(z);
that is, the signal sent by the point x is

fl@)e™; (1.4)

here the amplitude contains both magnitude and phase, so is complex.
We imagine that the amplitude function f(z) is unknown and we want to
determine it. It could be the case that the signals originate at the points
x, as with light or radio waves from the sun, or are simply reflected from
the points z, as is sunlight from the moon or radio waves in radar.
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Now let us consider what is received by a point P on the circumference
of a circle centered at the origin and having large radius D. The point P
corresponds to the angle 8 as shown in Figure 1.2. It takes a finite time for
the signal sent from x at time ¢ to reach P, so there is a delay.

We assume that c is the speed at which the signal propagates. Because
D is large relative to L, we make the far-field assumption, which allows us
to approximate the distance from x to P by D — x cos(6). Therefore, what
P receives at time ¢ from z is approximately what was sent from = at time
t—1(D — xcos(9)).

At time t, the point P receives from z the signal

F(z)eiwt=e(Dwcos(9)) (1.5)
or
eiw(t*%D)f(:r)eiwmCos(e)/c. (1.6)

Therefore, from our measurement at P, we obtain
L
eiw(t—%D)/ f(x)eiwwcos(é)/cdm. (17)
L
Consequently, from measurements in the farfield we obtain the values

L
/Lf(x)eiwaccos(ﬁ)/cdx’ (18)

where 6 can be chosen as any angle between 0 and 27. When we select 6
so that

weos\y) _ nm (1.9)

we have c_,,.

1.2.3 Limited Data
Note that we will be able to solve Equation (1.9) for 6 only if we have

n| < —. 1.10

nl < == (1.10)

This tells us that we can measure only finitely many of the Fourier coeffi-

cients of f(x). It is common in signal processing to speak of the wavelength

of a sinusoidal signal; the wavelength associated with a given w and c is
_ 2mc

A==C (1.11)



10 CHAPTER 1. BACKGROUND

Therefore, we can measure ¢, for |n| not greater than %, which is the
length of the interval [—L, L], measured in units of wavelength A\. We
get more Fourier coefficients when the product Lw is larger; this means
that when L is small, we want w to be large, so that X is small and we
can measure more Fourier coefficients. As we saw previously, using these
finitely many Fourier coefficients to calculate the DFT reconstruction of
f(z) can lead to a poor estimate of f(z), particularly when we don’t have

many Fourier coeflicients.

1.2.4 Can We Get More Data?

As we just saw, we can make measurements at any point P in the far-field;
perhaps we do not need to limit ourselves to just those angles that lead to
the limited number of Fourier coefficients c¢,,.

We define the Fourier transform of the function f(z) to be the function

L
F(y) = /_L f(x)e*da. (1.12)

Therefore, when we measure the signals received at the point P in the
far-field, we obtain the value F'(vy) for v = wcos(f)/c. Therefore, in prin-
ciple, we have available to us all the values of F(vy) for v in the interval
[~w/c,w/c]. These are not all of the non-zero values of F(7), of course,
since F'(7) is band-limited, but not support-limited.

1.2.5 Over-Sampling

It is sometimes argued that once we have obtained all the values of ¢,, that
are available to us, there is no more information about f(z) that we can
obtain through further measurements in the far-field; this is wrong. It may
come as somewhat of a surprise, but from the theory of complex analytic
functions we can prove that there is enough data available to us here to
reconstruct f(z) perfectly, at least in principle. The drawback, in practice,
is that the measurements would have to be free of noise and impossibly
accurate. All is not lost, however.

Suppose, for the sake of illustration, that we measure the far-field signals
at points P corresponding to angles 6 that satisfy

wcos(d) nw
AN 1.1
c 2L° (1.13)

instead of



1.2. MEASURING THE FOURIER TRANSFORM 11

Now we have twice as many data points and from our new measurements
we can obtain
2L

L
Ay, = i /_L f(z)e 38 do = ﬁ . f(z)e 5 da, (1.14)
for |m| < M, which are Fourier coeffcients of f(x) when viewed as a func-
tion defined on the interval [—2L,2L], but still zero outside [—L, L]. We
say now that our data is twice over-sampled. Note that we call it over-
sampled because the rate at which we are sampling is higher, even though
the distance between samples is lower.

For clarity, let us denote the function defined on the interval [—2L, 2L]
that equals f(z) for « in [—L, L] and is equal to zero elsewhere as g(z).
We have twice the number of Fourier coefficients that we had previously,
but for the function g(z). A DFT reconstruction using this larger set of
Fourier coefficients will reconstruct g(z) on the interval [—2L,2L]; this
DFT estimate is

M
gprr(x) = Z A2 (1.15)
m=—M

for || < 2L. This will give us a reconstruction of f(z) itself over the
interval [—L, L], but will also give us a reconstruction of the rest of g(z),
which we already know to be zero. So we are wasting the additional data
by reconstructing g(x) instead of f(x). We need to use our prior knowledge
that g(z) =0 for L < |z| < 2L.

We want to use the prior knowledge that f(z) = 0 for L < |z| < 2L
to improve our reconstruction. Suppose that we take as our reconstruction
the modified DFT (MDFT) [39]:

M
fMDFT(I): Z bjeijﬂz/ZL, (116)
j=—M

for |z] < L, and zero elsewhere, with the b; chosen so that faprr(x)
is consistent with the measured data. Calculating this estimator involves
solving a system of linear equations for the b;.

The top graph in Figure (1.1) illustrates the improvement over the DFT
that can be had using the MDFT. In that figure, we took data that was
thirty times over-sampled, not just twice over-sampled, as in our previous
discussion. Consequently, we had thirty times the number of Fourier coeffi-
cients we would have had otherwise, but for an interval thirty times longer.
To get the top graph, we used the MDFT, with the prior knowledge that
f(x) was non-zero only within the central thirtieth of the long interval. The
bottom graph shows the DFT reconstruction using the larger data set, but
only for the central thirtieth of the full period, which is where the original
f(x) is non-zero.
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1.2.6 A Projection-Based View

When we view the function f(x) as a member of the Hilbert space L?(—L, L),
we find that the DFT estimate of f(x) is the orthogonal projection of the
zero function onto the closed convex subset of all members of L?(—L, L)
that are consistent with the data; that is, the DFT estimate is the member
of L?(—L, L) that has minimum norm among all those members consis-
tent with the data. The MDFT estimate is the member of L?(—2L,2L) of
minimum norm among all members that are both consistent with the data
and supported on the interval [—L, L]. The MDFT estimate is also the
member of L?(—L, L) of minimum norm consistent with the over-sampled
data. The MDFT is not the DFT in this case, since the functions e*/7%/2L
are not orthogonal with respect to the usual inner product on L?(—L, L).

1.2.7 Other Forms of Prior Knowledge

As we just showed, knowing that we have over-sampled in our measure-
ments can help us improve the resolution in our estimate of f(x). We may
have other forms of prior knowledge about f(z) that we can use. If we know
something about large-scale features of f(z), but not about finer details,
we can use the PDFT estimate, which is a generalization of the MDFT
[40, 41].

We can write the MDFT estimate above as

M
fuprr(z) = Xx[—L,1)(7) Z bjetime/2L, (1.17)
j=—M

here x(_r,z)(x) is one for |z| < L, and zero, otherwise. Written this way,
we see that the second factor has the algebraic form of the DFT estimate,
while the first factor incorporates our prior knowledge that f(x) is zero for
|z| > L.

Suppose that we have some prior knowledge of the function |f(x)| be-
yond simply support information. Let us select p(z) > 0 as a prior estimate
of |f(x)] and let our PDFT estimate of f(z) have the form

M
feprr(z) =p(z) > d;je™ Pk, (1.18)
j=—M

with the coefficients d; computed by forcing fpprr(z) to be consistent
with the measured data. Again, this involves solving a system of linear
equations, although there are other ways to handle this. By discretizing the
problem, the PDFT can be calculated using the ART algorithm discussed
below [186, 187]. The PDFT approach extends to higher dimensions, as we
illustrate in the following example.
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The original image on the upper right of Figure 1.3 is a discrete rect-
angular array of intensity values simulating a slice of a head. The data
was obtained by taking the two-dimensional discrete Fourier transform of
the original image, and then discarding, that is, setting to zero, all these
spatial frequency values, except for those in a smaller rectangular region
around the origin. The problem then is under-determined. A minimum-
norm solution would seem to be a reasonable reconstruction method.

The DFT reconstruction is the minimum-two-norm solution shown on
the lower right. It is calculated simply by performing an inverse discrete
Fourier transform on the array of retained discrete Fourier transform values.
The original image has relatively large values where the skull is located,
but the minimum-norm reconstruction does not want such high values; the
norm involves the sum of squares of intensities, and high values contribute
disproportionately to the norm. Consequently, the minimum-norm recon-
struction chooses instead to conform to the measured data by spreading
what should be the skull intensities throughout the interior of the skull.
The minimum-norm reconstruction does tell us something about the orig-
inal; it tells us about the existence of the skull itself, which, of course, is
indeed a prominent feature of the original. However, in all likelihood, we
would already know about the skull; it would be the interior that we want
to know about.

Using our knowledge of the presence of a skull, which we might have ob-
tained from the minimum-norm reconstruction itself, we construct the prior
estimate shown in the upper left. Now we use the same data as before, and
calculate a minimum-weighted-norm reconstruction, using as the weight
vector the reciprocals of the values of the prior image. This minimum-
weighted-norm reconstruction is shown on the lower left; it is clearly almost
the same as the original image. The calculation of the minimum-weighted
norm solution can be done iteratively using the ART algorithm [187].

When we weight the skull area with the inverse of the prior image,
we allow the reconstruction to place higher values there without having
much of an effect on the overall weighted norm. In addition, the reciprocal
weighting in the interior makes spreading intensity into that region costly,
so the interior remains relatively clear, allowing us to see what is really
present there.

When we try to reconstruct an image from limited data, it is easy to
assume that the information we seek has been lost, particularly when a
reasonable reconstruction method fails to reveal what we want to know.
As this example, and many others, show, the information we seek is often
still in the data, but needs to be brought out in a more subtle way.
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1.3 Transmission Tomography

The ART and the MART are two iterative algorithms that were designed to
address issues that arose in solving large-scale systems of linear equations
for medical imaging [125]. The EMART is a more recently discovered
method that combines useful features of both ART and MART [49]. In
this chapter we give an overview of ART and MART; we shall revisit them
later in more detail.

1.3.1 The ART and MART

In many applications, such as in image processing, we need to solve a sys-
tem of linear equations that is quite large, often several tens of thousands
of equations in about the same number of unknowns. In these cases, issues
such as the costs of storage and retrieval of matrix entries, the computa-
tion involved in apparently trivial operations, such as matrix-vector prod-
ucts, and the speed of convergence of iterative methods demand greater
attention. At the same time, the systems to be solved are often under-
determined, and solutions satisfying certain additional constraints, such as
non-negativity, are required.

Both the algebraic reconstruction technique (ART) and the multiplica-
tive algebraic reconstruction technique (MART) were introduced as two
iterative methods for discrete image reconstruction in transmission tomog-
raphy.

Both methods are what are called row-action methods, meaning that
each step of the iteration uses only a single equation from the system. The
MART is limited to non-negative systems for which non-negative solutions
are sought. In the under-determined case, both algorithms find the solution
closest to the starting vector, in the two-norm or weighted two-norm sense
for ART, and in the cross-entropy sense for MART, so both algorithms can
be viewed as solving optimization problems. In Chapter 14 we describe the
use of MART to solve the dual geometric programming problem. For both
algorithms, the starting vector can be chosen to incorporate prior infor-
mation about the desired solution. In addition, the ART can be employed
in several ways to obtain a least-squares solution, in the over-determined
case.

The simultaneous MART (SMART) algorithm is a simultaneous vari-
ant of the MART in which all the equations are employed at each step of
the iteration. Closely related to the SMART is the expectation mazimiza-
tion mazimum likelihood (EMML) method, which is also a simultaneous
algorithm.

The EM-MART is a row-action variant of the EMML algorithm. Like
MART, it applies to non-negative systems of equations and produces non-
negative solutions, but, like ART, does not require exponentiation, so is



1.3. TRANSMISSION TOMOGRAPHY 15

computationally simpler than MART.

1.3.2 The ART in Tomography

In x-ray transmission tomography, as an x-ray beam passes through the
body, it encounters various types of matter, such as soft tissue, bone, lig-
aments, air, each weakening the beam to a greater or lesser extent. If the
intensity of the beam upon entry is I;,, and I,,; is its lower intensity after
passing through the body, then, at least approximately,

Iout = Iin67 fL fv

where f = f(x,y) > 0 is the attenuation function describing the two-
dimensional distribution of matter within the slice of the body being scanned
and [} f is the integral of the function f over the line L along which the x-
ray beam has passed. This is the continuous model. In the discrete model
the slice of the body being scanned is viewed as consisting of pixels, which
we number j = 1,2, ..., J. The x-rays are sent into the body along I lines,
which we number ¢ = 1,2,...,I. The line integral of f along the ith line
is measured, approximately, from the entering and exiting strengths of the
x-ray beams; these measurements are denoted b;.

For ¢ = 1,...,I, let L; be the set of pixel indices j for which the j-th
pixel intersects the i-th line segment, as shown in Figure 1.4, and let |L;]
be the cardinality of the set L;. Let A;; = 1 for j in L;, and A;; = 0
otherwise. With ¢ = k(mod I') + 1, the iterative step of the ART algorithm
is

1
x?“ = xf + m(bi — (Az")y), (1.19)
for j in L;, and
ot =k, (1.20)

if j is not in L;. In each step of ART, we take the error, b; — (Ax");,
associated with the current z* and the i-th equation, and distribute it
equally over each of the pixels that intersects L;.

This model is too simple; we are assuming that if the line segment in-
tersects a pixel, then the entire amount of attenuating material within that
pixel affects the x-ray strength. A somewhat more sophisticated version
of ART allows A;; to include the length of the i-th line segment that lies
within the j-th pixel; A;; is taken to be the ratio of this length to the length
of the diagonal of the j-th pixel.

More generally, ART can be viewed as an iterative method for solving
an arbitrary system of linear equations, Az = b.



16 CHAPTER 1. BACKGROUND

1.3.3 The ART in the General Case

Let A be a matrix with complex entries, having I rows and J columns, and
let b be a member of C!. We want to solve the system Az = b. Note that
when we say that A is a complex matrix and b a complex vector, we do not
exclude the case in which the entries of both A and b are real.

Associated with each equation (Az); = b; in the system Ax = b there is
a hyperplane H; defined to be the subset of J-dimensional column vectors
given by

Definition 1.1 The orthogonal projection operator onto the hyperplane
H; is the function P; : C' — C’ defined for each z in C’ by Pz = x,
where x is the member of H; closest to z.

The ART algorithm can be expressed in terms of the operators P;. Let z°
be arbitrary and, for each nonnegative integer k, let i(k) = k(mod I) + 1.
The iterative step of the ART is

"t = Pygyat (1.22)

We can write the iterative step of the ART explicitly, as follows:

Algorithm 1.1 (ART) Let o; = E;-le |Aij|?. For k =0,1,... and i =
i(k) = k(mod I) + 1, the entries of x**1 are

Because the ART uses only a single equation at each step, it has been called
a row-action or sequential method.

When Ax = b Has Solutions

For the consistent case we have the following result concerning the ART.

Theorem 1.1 Let A = b and let 2° be arbitrary. Let {z*} be gener-
ated by the ART. Then the sequence of Euclidean distances {||& — z¥||2} is
decreasing and {x*} converges to the solution of Ax = b closest to x°.

So, when the system Ax = b has exact solutions, the ART converges
to the solution closest to z¥, in the Euclidean distance. How fast the
algorithm converges will depend on the ordering of the equations and on
whether or not we use relazation, which we shall discuss later. In selecting
the equation ordering, the important thing is to avoid particularly bad
orderings, in which the hyperplanes H; and H;; are nearly parallel [132].
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When Az = b Has No Solutions

When there are no exact solutions, the ART does not converge to a single
vector, but, for each fixed 7, the subsequence {2™"/*+% n = 0,1,...} converges
to a vector z% and the collection {z%|i = 1,...,I} is called the limit cycle
[189]. The ART limit cycle will vary with the ordering of the equations,
and contains more than one vector unless an exact solution exists. Figures
1.5 and 1.6 illustrate the behavior of the ART in the two cases.

1.3.4 The MART

The multiplicative ART (MART) is an iterative algorithm closely related to
the ART. It also was devised to obtain tomographic images, but, like ART,
applies more generally; MART applies to non-negative systems of linear
equations Az = b for which the b; are positive, the A;; are nonnegative,
and the solution x we seek is to have nonnegative entries. It is not so easy
to see the relation between ART and MART if we look at the most gen-
eral formulation of MART. For that reason, we begin with a simpler case,
transmission tomographic imaging, in which the relation is most clearly
apparent.

A Special Case of MART

We begin by considering the application of MART to the transmission
tomography problem. Once again, for i = 1,..., I, let L; be the set of pixel
indices j for which the j-th pixel intersects the i-th line segment, and let
|L;| be the cardinality of the set L;. Let A;; =1 for j in L;, and A;; =0
otherwise. In each step of ART, we take the error, b; — (Az*);, associated
with the current zF and the i-th equation, and distribute it equally over
each of the pixels that intersects L;. Suppose, now, that each b; is positive,
and we know in advance that the desired image we wish to reconstruct
must be nonnegative. We can begin with 2z > 0, but as we compute the
ART steps, we may lose nonnegativity. One way to avoid this loss is to
correct the current ¥ multiplicatively, rather than additively, as in ART.
This leads to the multiplicative ART (MART).
The MART, in this case, has the iterative step

b;
£ = x?((Axk)»)’ (1.24)
for those j in L;, and
k+1 _ _k
;T =], (1.25)
otherwise. Therefore, we can write the iterative step as
b, A”
k41 _ _k i
i = ((Axk)i) ‘ (1.26)
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The MART in the General Case

Taking the entries of the matrix A to be either one or zero, depending on
whether or not the j-th pixel is in the set L;, is too crude. The line L;
may just clip a corner of one pixel, but pass through the center of another.
Surely, it makes more sense to let A;; be the length of the intersection of
line L; with the j-th pixel, or, perhaps, this length divided by the length
of the diagonal of the pixel. It may also be more realistic to consider a
strip, instead of a line. Other modifications to A;; may be made, in order
to better describe the physics of the situation. Finally, all we can be sure
of is that A;; will be nonnegative, for each ¢ and j. In such cases, what is
the proper form for the MART?

The MART, which can be applied only to nonnegative systems, is a
sequential, or row-action, method that uses one equation only at each step
of the iteration.

Algorithm 1.2 (MART) Let 2° be a positive vector. For k = 0,1, ...,
and i = k(mod I) + 1, having found z* define 2**1 by

P+ = g (D )’" (127)
J 7 (Aack)i ’ '

where m; = max{4;; | =1,2,...,J}.

Some treatments of MART leave out the m;, but require only that the
entries of A have been rescaled so that A;; <1 for all 4 and j. The m; is
important, however, in accelerating the convergence of MART.

Notice that we can write 2511 as a weighted geometric mean of xf and

J
b; .

ORI R

This will help to motivate the EM-MART.

Cross-Entropy

For a > 0 and b > 0, let the cross-entropy or Kullback-Leibler (KL) distance
from a to b be

KIL(a,b) :alog% +b—a, (1.29)

with K'L(a,0) = 400, and KL(0,b) = b. Extend to nonnegative vectors
coordinate-wise, so that

J
KL(x,2) =Y KL(z;,2). (1.30)
j=1
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Then KL(z,z) >0 and KL(z,z) =0 if and only if = = .

Unlike the Euclidean distance, the KL distance is not symmetric; K L( Az, b)
and KL(b, Az) are distinct, and we can obtain different approximate so-
lutions of Az = b by minimizing these two distances with respect to non-
negative x. We discuss this point further in Chapter 11.

Convergence of MART

In the consistent case, by which we mean that Ax = b has nonnegative
solutions, we have the following convergence theorem for MART.

Theorem 1.2 In the consistent case, the MART converges to the unique
nonnegative solution of b = Ax for which the distance K L(z,z") is mini-
mized.

If the starting vector x° is the vector whose entries are all one, then the
MART converges to the solution that maximizes the Shannon entropy,

J
SE(x) = ij logz; — x;. (1.31)
j=1

As with ART, the speed of convergence is greatly affected by the order-
ing of the equations, converging most slowly when consecutive equations
correspond to nearly parallel hyperplanes.

Open Question: When there are no nonnegative solutions, MART does
not converge to a single vector, but, like ART, is always observed to produce
a limit cycle of vectors. Unlike ART, there is no proof, so far, of the
existence of a limit cycle for MART.

1.4 Emission Tomography

In our third example we focus on SPECT, which is somewhat simpler to
describe than PET, although the reconstruction problems are essentially
the same. We take x; > 0, j = 1,...,J, to be the unknown concentrations
of radionuclide at the jth pixel, and assume that x; is also the expected
number of photons emitted at the jth pixel during the scanning time.
For i = 1,..., 1, the random variable Y; is the expected number of photons
detected at the ¢th gamma camera during the scanning, the quantity y; > 0
is the actual photon count, and P; ; is the probability that a photon emitted
from pixel j will be detected at detector i. The entries of the matrix
P = [P, ;] are non-negative and we assume that s; = Zi]:l P;; > 0, for all
j. It is assumed that the random variables Y; are independent, and each is
Poisson-distributed, with mean (Pz);, where = (x1,...,x7)7 is the vector
of unknown intensities. The entries of z are taken to be parameters to be
estimated by likelihood maximization.
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1.4.1 The EMML Algorithm

The expectation mazimization (EM) approach to likelihood maximization
[100] is not a single algorithm, but a template for the design of algorithms.
For the SPECT case, the EM approach leads to the EMML algorithm.
Having selected a positive starting vector z°, and having calculated z*,
the next iterate 2**! is found using

I

k+1 _ k-1 Y
z; T = s ;H,J(ka)i, (1.32)

for each j. It has been shown that, for any 2° > 0, the sequence {z*}

converges to a maximizer of the likelihood. It is reasonable to ask if there
is any connection between the ART and the EMML.

1.4.2 Relating the ART and the EMML

Both the ART and the EMML algorithm are used for medical image recon-
struction, but there the resemblance seems to end. The ART is a sequential
algorithm, using only one data value at a time, while the EMML is simul-
taneous, using all the data at each step. The EMML has its roots in
statistical parameter estimation, while the ART is a deterministic method
for solving systems of linear equations. The ART can be used to solve any
system of linear equations, while the solutions sought using the EMML
method must be non-negative vectors. The ART employs orthogonal pro-
jection onto hyperplanes, while the EMML algorithm is best studied using
the Kullback-Leibler, or cross-entropy, measure of distance. The ART con-
verges relatively quickly, while the EMML is known to be slow.

The first step in connecting the ART and the EMML algorithm is to
formulate the EMML as a method for solving a system of linear equa-
tions. The Kullback-Leibler distance is essential here. Maximizing the
likelihood in the SPECT case is equivalent to minimizing K L(y, Pz) over
all non-negative vectors x, where y = (y1,...,y7)”. Therefore, the EMML
algorithm can be viewed as a general iterative method for finding an exact
or approximate non-negative solution for a non-negative system of linear
equations. The ART is a sequential algorithm, but it has simultaneous ver-
sions, Cimmino’s algorithm and the more general Landweber and projected
Landweber methods.

The MART provides a second link between the ART and the EMML
algorithm. Like the EMML, the MART can be viewed as a method for
solving non-negative systems of linear equations. Like the EMML, the
properties of the MART are best revealed using the KL distance. Finally,
while the MART is a sequential algorithm, it has a simultaneous version,
the SMART [98, 184, 86, 46]. By developing the SMART and the EMML
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in tandem, as in [48], we can see just how closely related these algorithms
are. While the EMML minimizes K L(y, Px), the SMART can be shown
to minimize K L(Pz,y).

1.5 A Unifying Framework

The Landweber algorithm minimizes the function f(z) = £||Az —b|3, and
converges to the least-squares solution of Az = b closest to the starting vec-
tor 20 in the Euclidean distance. The EMML minimizes f(x) = K L(y, Px),
while the SMART minimizes f(z) = KL(Px,y). All of these algorithms are
sequential optimization methods, in the sense that one difficult minimiza-
tion problem is replaced by a sequence of simpler ones. At each step of the
iteration, we minimize a function of the form f(x)+ gx(z), where the g ()
can be chosen to permit the next iterate to be calculated in closed form, to
impose constraints or penalize violations of the constraints, and to control
the behavior of the sequence {f(z*)}. In Chapter 2 we give some examples
of sequential optimization, define the subclasses of auxiliary-function and
SUMMA algorithms, and present brief discussions of several topics to be
considered in more detail in subsequent chapters.



22 CHAPTER 1. BACKGROUND

Figure 1.2: Farfield Measurements. The distance from z to P is approxi-
mately D — x cosf.
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Original

DFT:Low-Pass

Figure 1.3: Extracting information in image reconstruction. The original
is top, right. The DFT is the minimum-two-norm solution, and the PDFT
is a minimum weighted-two-norm solution. The prior estimate is top, left.
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Aﬁ)

x(12)

A

x(36)

Figure 1.4: Line integrals through a discretized object.
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equation 1

equation 2

equation 3

Figure 1.5: The ART algorithm in the consistent case.
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Equation 1

LC1,LC2, LC3
form the limit cycle

Figure 1.6: The ART algorithm in the inconsistent case, illustrating sub-
sequential convergence to a limit cycle.



Chapter 2

Sequential Optimization

The Landweber and projected Landweber algorithms, the SMART and
the EMML are all examples of sequential optimization methods. Perhaps
the best known examples of sequential optimization are the sequential un-
constrained minimization (SUM) methods [117]. Auxiliary-function algo-
rithms, a broad subclass of sequential optimization methods, provide a
unifying framework for these and many other iterative algorithms. In this
chapter we consider examples of SUM methods, define the AF and SUMMA
classes of algorithms, and present brief discussions of several topics to be
considered in more detail in subsequent chapters.

2.1 Overview

Consider the problem of optimizing a real-valued function f over a subset
C of an arbitrary set X. There may well be no simple way to solve this
problem and iterative methods may be required. Many well known iterative
optimization methods can be described as sequential optimization methods.
In such methods we replace the original problem with a sequence of simpler
optimization problems, obtaining a sequence {z*} of members of the set
X. Our hope is that this sequence {z*} will converge to a solution of the
original problem, which, of course, will require a topology on X. We may
lower our expectations and ask only that the sequence {f(z*)} converge to
d = inf,ec f(x). Failing that, we may ask only that the sequence {f(z*)}
be non-increasing. One way to design a sequential optimization algorithm
is to use auxiliary functions. At the kth step of the iteration we minimize
a function

Gr(z) = f(z) + gr(x), (2.1)

to obtain z¥.

27
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In SUM methods the auxiliary functions gx(x) are selected to enforce
the constraint that x be in C as in barrier-function methods, or to penalize
violations of that constraint, such as in penalty-function methods.

Auxiliary-function (AF) methods, which we shall discuss in some de-
tail, closely resemble SUM methods. In AF methods certain restrictions
are placed on the auxiliary functions gx(z) to control the behavior of the
sequence { f(x*)}. Even when there are no constraints, the problem of min-
imizing a real-valued function may require iteration; the formalism of AF
minimization can be useful in deriving such iterative algorithms, as well
as in proving convergence. As originally formulated, barrier- and penalty-
function algorithms are not in the AF class, but can be reformulated as
AF algorithms.

In AF methods the auxiliary functions satisfy additional properties that
guarantee that the sequence {f(z*)} is non-increasing. To have the se-
quence {f(z*)} converging to d we need to impose an additional condition
on the gi(z), the SUMMA condition. The SUMMA condition may seem
quite restrictive and ad hoc, and the resulting SUMMA class of algorithms
fairly limited, but this is not the case. Many of the best known iterative op-
timization methods either are in the SUMMA class, or, like the barrier- and
penalty-function methods, can be reformulated as SUMMA algorithms.

2.2 Examples of SUM

Barrier-function algorithms and penalty-function algorithms are two of the
best known examples of SUM.

2.2.1 Barrier-Function Methods

Suppose that C € R7 and b: C' — R is a barrier function for C, that is, b
has the property that b(x) — 400 as x approaches the boundary of C. At
the kth step of the iteration we minimize

Bu(r) = f(@) + 1b(z) (2.2)

to get z¥. Then each 2% is in C. We want the sequence {z*} to converge
to some z* in the closure of C that solves the original problem. Barrier-
function methods are called interior-point methods because each x* satisfies
the constraints.

For example, suppose that we want to minimize the function f(z) =
f(x1,22) = 22 + 22, subject to the constraint that x; + xo > 1. The
constraint is then written g(z1,z2) = 1 — (x1 + x2) < 0. We use the
logarithmic barrier function b(z) = —log(z1 + z2 — 1). For each positive
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integer k, the vector x* = (%, r%) minimizing the function

1
By(z) = 2] + a3 — ~log(z1 + 22 — 1) = f(x) +

: b(x)

has entries

1 N 1 1+ 4
4 4 k’
Notice that z¥ + 25 > 1, so each z* satisfies the constraint. As k — +oo,
z* converges to (1, 1), which is the solution to the original problem. The
use of the logarithmic barrier function forces x1 + xo — 1 to be positive,

thereby enforcing the constraint on « = (1, z2).

af =2k =

2.2.2 Penalty-Function Methods

Again, our goal is to minimize a function f : R/ — R, subject to the
constraint that z € C, where C' is a non-empty closed subset of R7. We
select a non-negative function p : R/ — R with the property that p(x) = 0
if and only if z is in C and then, for each positive integer k, we minimize

Pi(x) = f(z) + kp(=), (2.3)

to get 2. We then want the sequence {x*} to converge to some z* € C
that solves the original problem. In order for this iterative algorithm to be
useful, each z* should be relatively easy to calculate.

If, for example, we should select p(x) = +oo for  not in C and p(z) =0
for x in C, then minimizing Py (x) is equivalent to the original problem and
we have achieved nothing.

As an example, suppose that we want to minimize the function f(z) =
(x+1)2, subject to > 0. Let us select p(z) = 22, for z < 0, and p(x) =0
otherwise. Then z* = which converges to the right answer, * = 0,
as k — oc.

=1
[ESE

2.3 Auxiliary-Function Methods

In this section we define auxiliary-function methods, establish their basic
properties, and give several examples to be considered in more detail later.

2.3.1 General AF Methods

Let C be a non-empty subset of an arbitrary set X, and f: X — R. We
want to minimize f(x) over x in C. At the kth step of an auxiliary-function
(AF) algorithm we minimize

Gr(z) = f(x) + gr(x) (2.4)
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over z € C to obtain z¥. Our main objective is to select the gi(z) so

that the infinite sequence {z*} generated by our algorithm converges to
a solution of the problem; this, of course, requires some topology on the
set X. Failing that, we want the sequence {f(z*)} to converge to d =
inf{f(z)|z € C} or, at the very least, for the sequence {f(2*)} to be non-
increasing.

2.3.2 AF Requirements

For AF methods we require that the auxiliary functions gx(x) be chosen so
that gx(z) > 0 for all z € C and gi(2*~1) = 0. We then have the following
proposition.

Proposition 2.1 Let the sequence {x*} be generated by an AF algorithm.
Then the sequence {f(x*)} is non-increasing, and, if d is finite, the se-
quence {gi(z*)} converges to zero.

Proof: We have
Fb) + (o) = Gula®) € Gula™) = £ + gula ) = £,

Therefore,
Fat) = f@*) = gu(=®) > 0.

Since the sequence {f(z*)} is decreasing and bounded below by d, the dif-
ference sequence must converge to zero, if d is finite; therefore, the sequence
{g1r(z*)} converges to zero in this case. |

The auxiliary functions used in Equation (2.2) do not have these prop-
erties but the barrier-function algorithm can be reformulated as an AF
method. The iterate z* obtained by minimizing By () in Equation (2.2)
also minimizes the function

Gi(z) = f(z) + [(k = 1) f(z) + b(2)] = [(k = D)f (") + b(=" )] (2.5)
The auxiliary functions

ge(x) = [(k = D) f(x) +b(@)] = [(k = 1) (") + (")) (2.6)

now have the desired properties. In addition, we have Gy (z) — G (2*) =
gk+1(z) for all z € C, which will become significant shortly.

As originally formulated, the penalty-function methods do not fit into
the class of AF methods we consider here. However, a reformulation of the
penalty-function approach, with p(z) and f(z) switching roles, permits the
penalty-function methods to be studied as barrier-function methods, and
therefore as acceptable AF methods.
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2.3.3 Majorization Minimization

Majorization minimization (MM), also called optimization transfer, is a
technique used in statistics to convert a difficult optimization problem into
a sequence of simpler ones [173, 21, 147]. The MM method requires that we
majorize the objective function f(z) with g(x|y), such that g(z|y) > f(z),
for all z, and g(y|y) = f(y). At the kth step of the iterative algorithm we
minimize the function g(z|z*~1) to get x*.

The MM methods are members of the AF class. At the kth step of an
MM iteration we minimize

Gi(w) = f(2) + [g(zla"") = f(2)] = f(x) + d(w,2"7), (2.7)

where d(z, z) is some distance function satisfying d(x, z) > 0 and d(z, z) =
0. Since gy(z) = d(x,2""1) > 0 and gi(2*~!) = 0, MM methods are also
AF methods; it then follows that the sequence {f(x*)} is non-increasing.

All MM algorithms have the form z* = T2*~!, where T is the operator
defined by

Tz = argmin, {f(z) + d(z, 2)}. (2.8)
If d(z,z) = %||z — z||3, then T is Moreau’s proximity operator Tz =
prox;(z) [159, 160, 161].
2.3.4 The Method of Auslander and Teboulle

The method of Auslander and Teboulle [7] is a particular example of an
MM algorithm. We take C to be a closed, non-empty, convex subset of R,
with interior U. At the kth step of their method one minimizes a function

Gi(w) = f(w) +d(z, 2" 1) (2.9)

to get ®. Their distance d(z,y) is defined for z and y in U, and the
gradient with respect to the first variable, denoted Vid(z,y), is assumed
to exist. The distance d(z,y) is not assumed to be a Bregman distance.
Instead, they assume that the distance d has an associated induced proximal
distance H(a,b) > 0, finite for a and b in U, with H(a,a) = 0 and

(Vid(b,a),c — by < H(e,a) — H(e,b), (2.10)

for all ¢cin U.
If d = Dy, that is, if d is a Bregman distance, then from the equation

(Vid(b,a),c —b) = Dp(c,a) — Dp(c,b) — Dp(b, a) (2.11)

we see that Dy has H = D, for its associated induced proximal distance,
so Dy, is self-prozimal, in the terminology of [7].
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2.3.5 The EM Algorithm

The expectation mazimization maximum likelihood (EM) “algorithm” is
not a single algorithm, but a framework, or, as the authors of [21] put it,
a “prescription” , for constructing algorithms. Nevertheless, we shall refer
to it as the EM algorithm.

The EM algorithm is always presented within the context of statistical
likelihood maximization, but the essence of this method is not stochastic;
the EM algorithms can be shown to form a subclass of AF methods. We
present now the essential aspects of the EM algorithm without relying on
statistical concepts.

The problem is to maximize a non-negative function f : Z — R, where
Z is an arbitrary set; in the stochastic context f(z) is a likelihood function
of the parameter vector z. We assume that there is z* € Z with f(z*) >
f(z), for all z € Z.

We also assume that there is a non-negative function b: R x Z — R
such that

£(z) = / b(x, 2)dz.

k=1 we maximize the function

Having found z
H(ZF12) = /b(x,zk_l)logb(%z)dx (2.12)

to get 2*. Adopting such an iterative approach presupposes that maximiz-
ing H(z"~1, 2) is simpler than maximizing f(z) itself. This is the case with
the EM algorithms.

One of the most useful and easily proved facts about the Kullback-
Leibler distance is contained in the following lemma.

Lemma 2.1 For non-negative vectors x and z, with z4 = Z‘I

j=1 Zj > 0,
we have

KL(z,z) = KL(x4,24) + KL(x, I—Jrz) (2.13)
2+

This lemma can be extended to obtain the following useful identity; we
simplify the notation by setting b(z) = b(z, 2).

Lemma 2.2 For f(2) and b(x, z) as above, and z and w in Z, with f(w) >
0, we have

KL(b(2),b(w)) = KL(f(2), f(w)) + KL(b(2), (f(2)/f (w))b(w)). (2.14)
Maximizing H (271, 2) is equivalent to minimizing

Gr(z) = G(z"1,2) = — f(2) + KL(b(z""1),b(2)), (2.15)
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where
gu(2) = KL(b(z51),b()) = / KL(b(z, 1), bz, 2))dz.  (2.16)

Since gx(z) > 0 for all z and g (2*~!) = 0, we have an AF method. Without
additional restrictions, we cannot conclude that { f(2*)} converges to f(2*).

We get zF by minimizing Gp(z) = G(2*7!,2). When we minimize
G(z,2%), we get 2¥ again. Therefore, we can put the EM algorithm into
the alternating minimization (AM) framework of Csiszar and Tusnddy [97],
to be discussed later.

2.4 The SUMMA Class of AF Methods

As we have seen, whenever the sequence {z*} is generated by an AF algo-
rithm, the sequence { f(z¥)} is non-increasing. We want more, however; we
want the sequence {f(z*)} to converge to d = inf,cc f(x). This happens
for those AF algorithms in the SUMMA class.

2.4.1 The SUMMA Property

An AF algorithm is said to be in the SUMMA class if the auxiliary functions
gr(x) are chosen so that the SUMMA property holds; that is,

Gr(x) — Gi(2*) > grya(x) >0, (2.17)

for all z € C. As we saw previously, the reformulated barrier-function
method is in the SUMMA class. We have the following theorem.

Theorem 2.1 If the sequence {x*} is generated by an algorithm in the
SUMMA class, then the sequence {f(z*)} converges to d = inf,cc f(x).

Proof: Suppose that there is d* > d with f(z*) > d*, for all k. Then there
is z in C with
fla®) > d* > f(z) > d,

for all k. Using the inequality (2.17) we have

91(2) = g1 (2) > f(@%) + gu(a®) = f(2) > f(a¥) = f(2) > d* — f(2) > 0.

This tells us that the nonnegative sequence {gx(z)} is decreasing, but that
successive differences remain bounded away from zero, which cannot hap-
pen. |
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2.4.2 Auslander and Teboulle Revisited

The method of Auslander and Teboulle described previously seems not
to be a particular case of SUMMA. However, we can adapt the proof of
Theorem 2.1 to prove the analogous result for their method. We assume
that f(2) < f(z), for all z in C.

Theorem 2.2 For k =2,3,..., let 2¥ minimize the function
Gi() = f(2) + d(@,a*7).
If the distance d has an induced prozimal distance H, then {f(z*)} — f(2).

Proof: We know that the sequence { f(2*)} is decreasing and the sequence
{d(z*,2*~1)} converges to zero. Now suppose that

f@®) > f(@)+0,

for some d > 0 and all k. Since Z is in C, there is z in U with

k

for all k. Since " minimizes Fj(x), it follows that

0= Vf(z") + Vid(z*, 2" ).

Using the convexity of the function f(x) and the fact that H is an induced
proximal distance, we have

0< 2 < fh)— 1) < (- f(ah), 2 —a¥) =

(Vld(xk,xk_l), z— .Tk> < H(z, a:k_l) — H(z,xk)

Therefore, the nonnegative sequence {H(z, %)} is decreasing, but its suc-
cessive differences remain bounded below by g, which is a contradiction.

It is interesting to note that the Auslander-Teboulle approach places a
restriction on the function d(z,y), the existence of the induced proximal
distance H, that is unrelated to the objective function f(x), but this con-
dition is helpful only for convex f(z). In contrast, the SUMMA approach
requires that

0 < grra(z) < Gi(z) — Gi(ah),

which involves the f(z) being minimized, but does not require that this
f(z) be convex.
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2.4.3 Proximal Minimization

Let f : R/ — (—o00,+00] be a convex differentiable function. Let h be
another convex function, with effective domain D, that is differentiable on
the nonempty open convex set int D. Assume that f(x) is finite on C' = D
and attains its minimum value on C' at &. The corresponding Bregman
distance Dp(z, z) is defined for z in D and z in int D by

Dy (z,2z) = h(z) — h(z) — (Vh(2),x — 2). (2.18)

Note that Dp(z,z) > 0 always. If h is essentially strictly convex, then
Dy (x,z) = 0 implies that = z. Our objective is to minimize f(z) over x

inC=D.
At the kth step of a prozimal minimization algorithm (PMA) [88, 54],
we minimize the function

Gi(x) = f(x) + Dp(z, 2" ), (2.19)
to get z*. The function
g(x) = Dy (z,2*) (2.20)

is nonnegative and g (z*~!) = 0. We assume that each x* lies in int D.
As we shall see,

Gu() — Gu(a®) = Da(a,a*) = g (@) 2 0, (2.21)

so the PMA is in the SUMMA class.
The PMA can present some computational obstacles. When we mini-
mize Gi(x) to get z* we find that we must solve the equation

Vh(z"=1) — Vh(z®) € of (2"), (2.22)
where the set df(x) is the sub-differential of f at x, given by
Of(x) == {ul(u,y — x) < f(y) — f(x), forally}. (2.23)
When f(x) is differentiable, we must solve
Vf(z®) + Vh(z*) = Vh(zF1). (2.24)

A modification of the PMA, called the IPA for interior-point algorithm [54,
62], is designed to overcome these computational obstacles. We describe
the TPA in the next subsection. Another modification of the PMA that is
similar to the IPA is the forward-backward splitting (FBS) method to be
discussed in Chapter 5.
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2.4.4 The IPA

In this subsection we describe a modification of the PMA, an interior-
point algorithm called the IPA, that helps us overcome the computational
obstacles encountered in the PMA. To simplify the discussion, we assume
in this subsection that f(z) is differentiable.

At the kth step of the PMA we minimize

Gr(z) = f(z) + Dp(z,2*1), (2.25)
where h(z) is as in the previous subsection. Writing
a(x) = h(z) + f(z), (2.26)
we must solve the equation
Va(zF) = Va(z* 1) — Vf(z*1). (2.27)

In the TPA we select a(z) so that Equation (2.27) is easily solved and so
that h(z) = a(z) — f(z) is convex and differentiable. We shall present
several examples of the IPA in Chapter 4.



Chapter 3

Barrier-Function and

Penalty-Function
Methods

Barrier-function and penalty-function methods are the best known exam-
ples of sequential optimization. In their usual formulations neither fits into
the AF class of algorithms. However, barrier-function algorithms can be
reformulated to fit into the SUMMA class, while penalty-function methods
can be converted to barrier-function methods by switching the roles of the
objective and penalty functions.

3.1 Barrier Functions

Let b(z) : R7 — (—o0, +-00] be continuous, with effective domain the set
D = {z|b(x) < +00}.

The goal is to minimize the objective function f(z), over x in C, the closure
of D. We assume that there is € C with f(2) < f(x), for all z in C.
In the barrier-function method, we minimize

Be(w) = f(x) + 1b(x) (3.1)
over z in D to get z¥. Each z* lies within D, so the method is an interior-
point algorithm. If the sequence {z*} converges, the limit vector z* will
be in C and f(z*) = f().

Barrier functions typically have the property that b(x) — 400 as z
approaches the boundary of D, so not only is 2* prevented from leaving
D, it is discouraged from approaching the boundary.

37
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3.2 Examples of Barrier Functions

Consider the convex programming (CP) problem of minimizing the convex
function f : RY — R, subject to g;(x) < 0, where each g; : R/ — R is
convex, for i =1,...,I. Let D = {z|g;(z) < 0,i=1,...,1}; then D is open.
We consider two barrier functions appropriate for this problem.

3.2.1 The Logarithmic Barrier Function

A suitable barrier function is the logarithmic barrier function

o) = (- ilog(—gzv(:c))). (3:2)

The function —log(—g;(z)) is defined only for those z in D, and is positive
for g;(x) > —1. If g;(x) is near zero, then so is —g;(z) and b(z) will be
large.

3.2.2 The Inverse Barrier Function

Another suitable barrier function is the inverse barrier function

ba) = > f(i), (3.3)

iz Ji

defined for those z in D.

In both examples, when k is small, the minimization pays more at-
tention to b(x), and less to f(z), forcing the g;(x) to be large negative
numbers. But, as k& grows larger, more attention is paid to minimizing
f(z) and the g;(x) are allowed to be smaller negative numbers. By let-
ting £ — 00, we obtain an iterative method for solving the constrained
minimization problem.

Barrier-function methods are particular cases of the SUMMA. The it-
erative step of the barrier-function method can be formulated as follows:
minimize

f(@) + (k= 1) f(z) + b(=)] (34)
to get z¥. Since, for k = 2,3, ..., the function
(k—=1)f(z) + b(x) (3.5)

is minimized by 2*~1, the function

ge(x) = (k= 1) f(x) +b(x) = (k = 1) f(@"1) = b(z" 1) (3.6)
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is nonnegative, and ¥ minimizes the function
Gr(z) = f(x) + gr(x). (3.7)
From
Gi(z) = f(z) + (k= 1) f(z) +b(z) — (k= 1)f (") = b(="),
it follows that
Gi(z) — Gr(z®) = kf(z) + b(z) — kf(a*) = b(z") = grs1(2),

so that gx41(2) satisfies the condition in (2.17). This shows that the barrier-
function method is a particular case of SUMMA.

From the properties of SUMMA algorithms, we conclude that {f(z*)}
is decreasing to f(&), and that {gx(z*)} converges to zero. From the non-
negativity of gx(2*) we have that

(k= 1)(f(a") = f@@"71) = b(a" 1) = b(").

Since the sequence {f(z*)} is decreasing, the sequence {b(z*)} must be
increasing, but might not be bounded above.

If & is unique, and f(z) has bounded level sets, then it follows, from our
discussion of SUMMA, that {z*} — 2. Suppose now that # is not known
to be unique, but can be chosen in D, so that Gy (%) is finite for each k.
From

. 1. .. 1
f(2) + %b(ﬂf) > f(a®) + %b(xk)
we have )
= (0@ = b)) 2 164 - 1(@) 2 0,
so that

b(&) — b(«*) > 0,

for all k. If either f or b has bounded level sets, then the sequence {x*} is
bounded and has a cluster point, «* in C. It follows that b(z*) < b(2) <
+00, so that z* is in D. If we assume that f(z) is convex and b(z) is
strictly convex on D, then we can show that x* is unique in D, so that
r* =2 and {2F} — 2.

To see this, assume, to the contrary, that there are two distinct cluster
points x* and =** in D, with

{aFn} — 2,

and .
{z/"} — 2.
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Without loss of generality, we assume that

for all n, so that ‘
b(akn) < b(aln) < b(zkn+).

Therefore,
b(z*) = b(z™) < b().

From the strict convexity of b(x) on the set D, and the convexity of f(x),
we conclude that, for 0 < A < 1 and y = (1 — A)z* + A\z™*, we have
b(y) < b(z*) and f(y) < f(«*). But, we must then have f(y) = f(z*).
There must then be some k,, such that

G () = F(9) + 1-bly) < Flan,) + 7-blaw,) = G, (2.

n n

But, this is a contradiction. |

The following theorem summarizes what we have shown with regard to
the barrier-function method.

Theorem 3.1 Let f : R — (—o0,+00] be a continuous function. Let
b(z) : R7 — (0,400] be a continuous function, with effective domain the
nonempty set D. Let & minimize f(x) over all x in C = D. For each
positive integer k, let z* minimize the function f(x) + 1b(z). Then the
sequence {f(z*)} is monotonically decreasing to the limit f(&), and the
sequence {b(x*)} is increasing. If & is unique, and f(x) has bounded level
sets, then the sequence {z*} converges to &. In particular, if & can be chosen
in D, if either f(x) or b(x) has bounded level sets, if f(x) is convex and if
b(z) is strictly conver on D, then 3 is unique in D and {x*} converges to

x.

At the kth step of the barrier method we must minimize the function
f(x) 4+ £b(z). In practice, this must also be performed iteratively, with,
say, the Newton-Raphson algorithm. It is important, therefore, that bar-
rier functions be selected so that relatively few Newton-Raphson steps are
needed to produce acceptable solutions to the main problem. For more on
these issues see Renegar [180] and Nesterov and Nemirovski [166].

3.3 Penalty Functions

When we add a barrier function to f(z) we restrict the domain. When
the barrier function is used in a sequential unconstrained minimization
algorithm, the vector 2* that minimizes the function By(z) = f(z)+ 1b(z)
lies in the effective domain D of b(x), and we proved that, under certain
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conditions, the sequence {x*} converges to a minimizer of the function f(z)
over the closure of D. The constraint of lying within the set D is satisfied
at every step of the algorithm; for that reason such algorithms are called
interior-point methods. Constraints may also be imposed using a penalty
function. In this case, violations of the constraints are discouraged, but not
forbidden. When a penalty function is used in a sequential unconstrained
minimization algorithm, the 2* need not satisfy the constraints; only the
limit vector need be feasible.

3.4 Examples of Penalty Functions

Consider the convex programming problem. We wish to minimize the con-
vex function f(z) over all = for which the convex functions g;(z) < 0, for
i=1,..1.

3.4.1 The Absolute-Value Penalty Function
We let g;f (r) = max{g;(x),0}, and

p(x) =3 i (@). (38)

This is the Absolute- Value penalty function; it penalizes violations of the
constraints g;(x) < 0, but does not forbid such violations. Then, for k =
1,2, ..., we minimize

Py(x) = f(z) + kp(), (3.9)

to get 2. As k — 400, the penalty function becomes more heavily
weighted, so that, in the limit, the constraints g;(z) < 0 should hold. Be-
cause only the limit vector satisfies the constraints, and the z* are allowed
to violate them, such a method is called an exterior-point method.

3.4.2 The Courant-Beltrami Penalty Function

The Courant-Beltrami penalty-function method is similar, but uses

I

p(x) =) lgf (@) (3.10)

=1

3.4.3 The Quadratic-Loss Penalty Function

Penalty methods can also be used with equality constraints. Consider the
problem of minimizing the convex function f(z), subject to the constraints
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p(z) = %Z(gl(ac))2 (3.11)

The inclusion of a penalty term can serve purposes other than to impose
constraints on the location of the limit vector. In image processing, it is
often desirable to obtain a reconstructed image that is locally smooth, but
with well defined edges. Penalty functions that favor such images can then
be used in the iterative reconstruction [119]. We survey several instances
in which we would want to use a penalized objective function.

3.4.4 Regularized Least-Squares

Suppose we want to solve the system of equations Az = b. The prob-
lem may have no exact solution, precisely one solution, or there may be
infinitely many solutions. If we minimize the function

1
fl@) = 5114z — bl

we get a least-squares solution, generally, and an exact solution, whenever
exact solutions exist. When the matrix A is ill-conditioned, small changes
in the vector b can lead to large changes in the solution. When the vector
b comes from measured data, the entries of b may include measurement
errors, so that an exact solution of Ax = b may be undesirable, even
when such exact solutions exist; exact solutions may correspond to z with
unacceptably large norm, for example. In such cases, we may, instead, wish
to minimize a function such as

1 €
SAz = bl + Sz — 213, (3.12)

for some vector z. If z = 0, the minimizing vector z. is then a norm-
constrained least-squares solution. We then say that the least-squares prob-
lem has been regularized. In the limit, as € — 0, these regularized solutions
x. converge to the least-squares solution closest to z.

Suppose the system Ax = b has infinitely many exact solutions. Our
problem is to select one. Let us select z that incorporates features of the
desired solution, to the extent that we know them a priori. Then, as e — 0,
the vectors x. converge to the exact solution closest to z. For example,
taking z = 0 leads to the minimum-norm solution.

3.4.5 Minimizing Cross-Entropy

In image processing, it is common to encounter systems Px = y in which all
the terms are non-negative. In such cases, it may be desirable to solve the
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system Px = y, approximately, perhaps, by minimizing the cross-entropy
or Kullback-Leibler distance

KL(y, Pz) = Z (yi log (Py;> + (Px); — yi>, (3.13)

over vectors x > 0. When the vector y is noisy, the resulting solution,
viewed as an image, can be unacceptable. It is wise, therefore, to add a
penalty term, such as p(z) = eK L(z,x), where z > 0 is a prior estimate of
the desired x [145, 193, 146, 46].

A similar problem involves minimizing the function K L(Pz,y). Once
again, noisy results can be avoided by including a penalty term, such as
p(x) = eK L(x, z) [46].

3.4.6 The Lagrangian in Convex Programming

When there is a sensitivity vector A for the CP problem, minimizing f(x)
is equivalent to minimizing the Lagrangian,

fx) + Z)\igi<x) = f(z) +p(z); (3.14)

in this case, the addition of the second term, p(z), serves to incorporate
the constraints g;(z) < 0 in the function to be minimized, turning a con-
strained minimization problem into an unconstrained one. The problem of
minimizing the Lagrangian still remains, though. We may have to solve
that problem using an iterative algorithm.

3.4.7 Infimal Convolution

The infimal convolution of the functions f and g is defined as
(f@9)(z) = inf { f(x) + g(z —2) }.
The infimal deconvolution of f and g is defined as

(f ©9)(=) =sup {f(z ~ =) — g(@)}.

3.4.8 Moreau’s Proximity-Function Method

The Moreau envelope of the function f is the function

my(z) =it {f(2) + Slle — =13}, (3.15)
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which is also the infimal convolution of the functions f(x) and 3|z||3. It
can be shown that the infimum is uniquely attained at the point denoted
x = prox;z (see [181]). In similar fashion, we can define m -z and prox;. z,
where f*(z) denotes the function conjugate to f.

Let z be fixed and & minimize the function

1
f($)+5||$—2\\3' (3.16)
Then we have 1
0e€df(z)+ ;(i —z),
or
=5 0(f)(0).
If z—2 € 0f(x) and z —y € Of(y), then x = y: we have
fy)—f@) =2 (z—=zy —x),
and
f@)=fly) 2 z—yx—y)=—(z—yy—2).
Adding, we get
0> (y—z,y—a) = [lz —yl3
We can then say that x = prox;(z) is characterized by the inequality
z—x € 0f(x). (3.17)
Consequently, we can write
& = prox. ;(2).

Proposition 3.1 The infimum of my(z), over all z, is the same as the
infimum of f(x), over all x.

Proof: We have

1
inf my(z) = inf inf{ f(x) + §||:E — 2|3}

= inf inf{f(x) + gz — 23} = mf(f(x) + 3 inf [}z — 2[3) = n F ().
1

The minimizers of m¢(z) and f(z) are the same, as well. Therefore,
one way to use Moreau’s method is to replace the original problem of
minimizing the possibly non-smooth function f(z) with the problem of
minimizing the smooth function ms(z). Another way is to convert Moreau’s
method into a sequential minimization algorithm, replacing z with z*~!
and minimizing with respect to z to get x*.This leads to the proximal
minimization algorithm.
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3.5 Basic Facts

Once again, our objective is to find a sequence {z*} such that {f(2*)} — d.
We select a penalty function p(z) with p(z) > 0 and p(x) = 0 if and only if =
isin C. For k = 1,2,..., let ¥ be a minimizer of the function f(z)+ kp(z).
As we shall see, we can formulate this penalty-function algorithm as a
barrier-function iteration.

In order to relate penalty-function methods to barrier-function meth-
ods, we note that minimizing Py (x) = f(z) + kp(x) is equivalent to mini-
mizing p(z)+ ¢ f(x). This is the form of the barrier-function iteration, with
p(z) now in the role previously played by f(z), and f(x) now in the role
previously played by b(z). We are not concerned here with the effective
domain of f(x). Therefore, we can now mimic most, but not all, of what
we did for barrier-function methods.

We assume that there is @ € R such that a < f(z), for all z € R”7.

Lemma 3.1 The sequence { Py(2*)} is increasing, bounded above by d and
converges to some v < d.

Proof: We have
Py(a®) < Py(a"*h) < Pp(a®h) 4 p(a™*!) = Tipa (aF).
Also, for any z € C, and for each k, we have
f(2) = f(2) + kp(2) = Pi(2) 2 Py(a");
therefore d > . |
Lemma 3.2 The sequence {p(z*)} is decreasing to zero, the sequence { f(z*)}
is increasing and converging to some 8 < d.

k k+1

Proof: Since " minimizes Py (z) and "t minimizes Ty1(z), we have
F(@*) + kp(a®) < f(@) + kp(a™),

and
FEEY 4+ (k+ Dp(ath) < f(@%) + (k+ 1)p(z").

Consequently, we have
(k+ Dlp(a*) — p(a®*tH)] > f*) — f(2*) > k[p(z*) — p(«*1)].

Therefore,

and
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From
f(@*) < (") + kp(a®) = Pu(a®) <y < d,

it follows that the sequence {f(z*)} is increasing and converges to some
B <. Since

a+kp(a®) < f(@*) + kp(a") = Py(a*) <~

for all k, we have 0 < kp(2¥) < v — a. Therefore, the sequence {p(z*)}
converges to zero.

We want 8 = d. To obtain this result, it appears that we need to make
more assumptions: we assume, therefore, that X is a complete metric
space, C is closed in X, the functions f and p are continuous and f has
compact level sets. From these assumptions, we are able to assert that the
sequence {x*} is bounded, so that there is a convergent subsequence; let
{xFn} — x*. Tt follows that p(z*) = 0, so that z* is in C. Then

*) * *) . kn kn < : kn — <d.
Fa) = ) 4p(at) = lm () ep(at) < lim Ty, (@A) =y <d
But z* € C, so f(z*) > d. Therefore, f(z*) =d.

It may seem odd that we are trying to minimize f(x) over the set C
using a sequence {z*} with {f(2*)} increasing, but remember that these
x¥ are not in C.

Definition 3.1 Let X be a complete metric space. A real-valued function
p(x) on X has compact level sets if, for all real 7y, the level set {z|p(x) < ~}
18 compact.

Theorem 3.2 Let X be a complete metric space, f(x) be a continuous
function, and the restriction of f(x) to x in C have compact level sets.
Then the sequence {x*} is bounded and has convergent subsequences. Fur-
thermore, f(x*) = d, for any subsequential limit point x* € X. If & is the
unique minimizer of f(x) for x € C, then x* = 3 and {a*} — 2.

Proof: From the previous theorem we have f(x*) = d, for all subsequential
limit points z*. But, by uniqueness, z* = &, and so {z*} — . |

Corollary 3.1 Let C C R’ be closed and convex. Let f(x) : R — R be
closed, proper and convex. If Z is the unique minimizer of f(x) over z € C,
the sequence {x*} converges to .

Proof: Let tc(z) be the indicator function of the set C, that is, .o (z) = 0,
for all z in C, and tc(x) = +00, otherwise. Then the function g(x) =
f(z) + te(x) is closed, proper and convex. If Z is unique, then we have

{z|f(z) +1o(z) < f(2)} = {2}
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Therefore, one of the level sets of g(x) is bounded and nonempty. It follows
from Corollary 8.7.1 of [181] that every level set of g(z) is bounded, so that
the sequence {z*} is bounded. |

If # is not unique, we can still prove convergence of the sequence {z*}
for particular cases of SUMMA.
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Chapter 4

Proximal Minimization

In this chapter we consider the use of Bregman distances in constrained
optimization through the proximal minimization method. The proximal
minimization algorithm (PMA) is in the SUMMA class and this fact is
used to establish important properties of the PMA. A detailed discussion
of the PMA and its history is found in the book by Censor and Zenios [88].

4.1 The Basic Problem

We want to minimize a convex function f : R/ — R over a closed, non-
empty convex subset C' C R”. If the problem is ill-conditioned in some way,
perhaps because the function f(x) is not strictly convex, then regularization
is needed.

For example, the least-squares approximate solution of Az = b is ob-
tained by minimizing the function f(z) = %||Az — b3 over all 2. When
the matrix A is ill-conditioned the least-squares solution may have a large
two-norm. To regularize the least-squares problem we can impose a norm

constraint and minimize

1 €
=[[ Az —b]l3 + S ||=l13, (4.1)
2 2

where € > 0 is small.

Returning to our original problem, we can impose strict convexity and
regularize by minimizing the function

£(a) + 5l — al (12)

to get z¥, for some selected vector a and k = 1,2,.... One difficulty with
this approach is that, for small k, there may be too much emphasis on

49
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the second term in Equation (4.2), while the problem becomes increasingly
ill-conditioned as k increases. As pointed out in [88], one way out of this
difficulty is to obtain x* by minimizing

f(@) + 2lle — a1, (4.3)

This suggests a more general technique for constrained optimization, called
proximal minimization with D-functions in [88].

4.2 Proximal Minimization Algorithms

Let f : RY — (—00,+o0] be a convex differentiable function. Let h be
another convex function, with effective domain D, that is differentiable on
the nonempty open convex set int D. Assume that f(z) is finite on C = D
and attains its minimum value on C at &. The corresponding Bregman
distance Dy (zx, z) is defined for z in D and z in int D by

Dy(z,z) = h(z) — h(z) — (Vh(z),z — 2). (4.4)

Note that Dp(x,z) > 0 always. If h is essentially strictly convex, then
Dy (z, 2z) = 0 implies that x = z. Our objective is to minimize f(z) over x

in C = D. The distance Dy, is sometimes called a proximity function.
At the kth step of a proximal minimization algorithm (PMA) [88, 54],
we minimize the function

Gr(z) = f(z) + Dp(z,2*1), (4.5)
to get *. The function
gi(x) = Dy (2" ") (4.6)

is nonnegative and gi(z*~!) = 0. We assume that each z* lies in int D.
As we shall see,

Gi(z) — Gu(z") 2 Dp(z,2%) = grar(2) 2 0, (4.7)

so the PMA is in the SUMMA class.
The Newton-Raphson algorithm for minimizing a function f:RY — R
has the iterative step

A v O BEAVA (A B (4.8)

Suppose now that f is twice differentiable and convex. It is interesting to
note that, having calculated =1, we can obtain z* by minimizing

Gi(z) = f(z) + (x — xk_l)Tvzf(xk_l)(x — xk_l) — Df(;v,xk_l). (4.9)
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4.3 Some Obstacles

The PMA can present some computational obstacles. When we minimize
G(z) to get ¥ we find that we must solve the equation

Vh(z"1) — Vh(z®) € of ("), (4.10)
where the set 0f(z) is the sub-differential of f at x, given by
0f(x) = {ul{u,y — ) < f(y) — (), forally}. (4.11)
When f(x) is differentiable, we must solve
Vf(zF) + Vh(z*) = Vh(z" ). (4.12)

A modification of the PMA, called the IPA for interior-point algorithm
[54, 62], is designed to overcome these computational obstacles. We discuss
the IPA later in this chapter. Another modification of the PMA that is
similar to the IPA is the forward-backward splitting (FBS) method to be
discussed in a later chapter.

4.4 All PMA are SUMMA

We show now that the PMA is a particular case of the SUMMA. We remind
the reader that f(x) is now assumed to be convex.

Lemma 4.1 For each k we have

Gr(z) — Gr(z®) > Dy (x,2%) = gp i1 (2). (4.13)
Proof: Since 2* minimizes Gy (x) within the set D, we have
0 € df(2®) + Vh(z®) — Vh(z"1), (4.14)
so that
Vh(z"=1) = u* + Vh(z"), (4.15)

for some u* in &f(2*). Then
Gi(z) = Gi(a") = f(2) = [(2") + h(z) = h(a®) = (Vh(z""1), 2 — a¥).
Now substitute, using Equation (4.15), to get
Gr(z) — Gr(a®) = f(z) = f(z*) = (WF, x — 2*) + Dy (z,2%).  (4.16)

Therefore,
Gr(z) — Gi(z®) > Dy (x, 2%),

since u* is in Of (z%). |
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4.5 Convergence of the PMA

From the discussion of the SUMMA we know that {f(z*)} is monotoni-
cally decreasing to f(#). As we noted previously, if the sequence {z*} is
bounded, and # is unique, we can conclude that {z*} — .

Suppose that & is not known to be unique, but can be chosen in D; this
will be the case, of course, whenever D is closed. Then G(%) is finite for
each k. From the definition of G (z) we have

Gr(2) = f(2) + Dp(@, 25 71). (4.17)
From Equation (4.16) we have
Gr(2) = Gi(a") + f(&) — f(a*) — (u¥, & — 2%) + Dy(2,2%).  (4.18)

Therefore,
Dh('f;axk_l) - Dh(i‘7xk) =

F@®) = f(@) + Dp(a®, 2" 1) + f(&) = f(2*) = (u*, 2 —2).  (4.19)

It follows that the sequence {Dj,(#,2*%)} is decreasing and that {f(z*)}
converges to f(Z). If either the function f(x) or the function Dy(Z,-) has
bounded level sets, then the sequence {2*} is bounded, has cluster points
z* in C, and f(z*) = f(2), for every z*. We now show that £ in D implies
that a* is also in D, whenever h is a Bregman -Legendre function (see
Chapter 19).

Let * be an arbitrary cluster point, with {z¥»} — z*. If # is not in
the interior of D, then, by Property B2 of Bregman-Legendre functions, we
know that

Dy (x*, zF) = 0,

so x* is in D. Then the sequence {Dy(z*, %)} is decreasing. Since a
subsequence converges to zero, we have { Dy (z*,2%)} — 0. From Property
R5, we conclude that {zF} — z*.

If # is in int D, but z* is not, then { Dy (%, 2¥)} — +o0, by Property R2.
But, this is a contradiction; therefore z* is in D. Once again, we conclude
that {a*} — 2*.

Now we summarize our results for the PMA. Let f : R/ — (—o0, +0o0]
be closed, proper, convex and differentiable. Let h be a closed proper
convex function, with effective domain D, that is differentiable on the
nonempty open convex set int D. Assume that f(z) is finite on C = D
and attains its minimum value on C' at . For each positive integer k, let
2 minimize the function f(x) + Dy (z,2*~1). Assume that each z* is in
the interior of D.

Theorem 4.1 If the restriction of f(x) to x in C' has bounded level sets
and & is unique, and then the sequence {x*} converges to &.
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Theorem 4.2 If h(x) is a Bregman-Legendre function and & can be chosen
in D, then {z*} — z*, x* in D, with f(z*) = f(2).

4.6 The IPA

The IPA is a modification of the PMA designed to overcome some of the
computational obstacles encountered in the PMA [54, 62]. At the kth step
of the PMA we must solve the equation

Vf(®) + Vh(z®) = Vh(z1) (4.20)

for ¥, where, for notational convenience, we have assumed that f is differ-
entiable. Solving Equation (4.20) is probably not a simple matter, however.
In the IPA approach we begin not with h(z), but with a convex differen-
tiable function a(x) such that h(z) = a(z) — f(z) is convex. Equation
(4.20) now reads

Va(z*) = Va(z* 1) — Vf(z*1), (4.21)

and we choose a(x) so that Equation (4.21) is easily solved. We turn now
to several examples of the IPA.

4.7 Projected Gradient Descent

The problem now is to minimize f : RY — R, over the closed, non-empty
convex set C, where f is convex and differentiable on RY. We assume now
that the gradient operator V f is L-Lipschitz continuous; that is, for all x
and y, we have

IVf(x) = Vil < Lz =yl (4.22)
To employ the IPA approach, we let 0 < v < % and select the function

1
a(r) = glle%; (4.23)

the upper bound on v guarantees that the function h(z) = a(x) — f(x) is
convex. At the kth step we minimize

Gi(z) = f(z) + Du(z,a*) =

1 _ _
f(fﬂ)JrﬂHf*xk 3 = Dy, ™), (4.24)



54 CHAPTER 4. PROXIMAL MINIMIZATION

k

over € C. The solution z” is in C and satisfies the inequality

(2" — (1 = V() e — a¥) > 0, (4.25)
for all ¢ € C. It follows then that
ot = Po(a"h =4V (") (4.26)

here Po denotes the orthogonal projection onto C. This is the projected
gradient descent algorithm. For convergence we must require that f have
certain additional properties needed for convergence of a PMA algorithm.
Note that the auxiliary function

1 _ -
gk(a?):gHw—xk 3 = Dy, a7 (4.27)

is unrelated to the set C, so is not used here to incorporate the constraint;
it is used to provide a closed-form iterative scheme.

When C = R’ we have no constraint and the problem is simply to
minimize f. Then the iterative algorithm becomes

A A VS { AR T (4.28)

this is the gradient descent algorithm.

4.8 Relaxed Gradient Descent

In the gradient descent method we move away from the current z*~' by
the vector YV f(z¥~!). In relaxed gradient descent, the magnitude of the
movement is reduced by «, where o € (0,1). Such relaxation methods are
sometimes used to accelerate convergence. The relaxed gradient descent
method can also be formulated as an AF method.

At the kth step we minimize

Gu(x) = f(x) + %ianx — 22 = Dy(z, 2t ), (4.20)

obtaining

2 =gb T — V(R TY). (4.30)

4.9 Regularized Gradient Descent

In many applications the function to be minimized involves measured data,
which is typically noisy, as well as some less than perfect model of how the
measured data was obtained. In such cases, we may not want to minimize
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f(z) exactly. In regularization methods we add to f(x) another function
that is designed to reduce sensitivity to noise and model error.
For example, suppose that we want to minimize

11—«
2

af(z) + l = pl%, (4.31)
where p is chosen a priori. The regularized gradient descent algorithm for
this problem can be put in the framework of a sequential unconstrained
minimization problem.

At the kth step we minimize

l—«

Gu(w) = f(a) + gollo =" = ~ (s )]+ e =l (432)
obtaining
2 = a(z* T — AV + (1 - a)p. (4.33)
If we select p = 0 the iterative step becomes
zF = a(zF 7t — AV f(2FY). (4.34)

4.10 The Projected Landweber Algorithm

The Landweber (LW) and projected Landweber (PLW) algorithms are spe-
cial cases of projected gradient descent. The objective now is to minimize
the function

F(a) = 314z — b3 (435)

over x € R7 or z € C, where A is a real I by J matrix. The gradient of
f(z) is
Vf(x) = AT (Az —b) (4.36)

and is L-Lipschitz continuous for L = p(AT A), the largest eiqenvalue of
AT A. The Bregman distance associated with f(x) is

1
Dy(z,2) = §HAJC — Az||2. (4.37)
We let
1 2
a(x) = Z”‘T”% (4.38)

where 0 < 7 < 1, so that the function h(z) = a(z) — f(z) is convex.
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At the kth step of the PLW we minimize
Gi(z) = f(x) + Dp(z,a"") (4.39)
over x € C to get
2 = Po(2Pt — AT (AP —b)); (4.40)

in the case of C = R’ we get the Landweber algorithm.

4.11 Another Job for the PMA

As we have seen, the original goal of the PMA is to minimize a convex
function f(x) over the closure of the domain of h(x). Since the PMA is a
SUMMA algorithm, we know that, whenever the sequence converges, the
limit z* satisfies f(z*) = d, where d is the finite infimum of f(z) over z in
the interior of the domain of h. This suggests another job for the PMA.

Consider the problem of minimizing a differentiable convex function
h : R7 — R over all z for which Az = b, where A is an M by N matrix
with rank M and b is arbitrary. With

1
fx) = 5llAz = b3, (4.41)
and z° arbitrary we minimize

f(@) + Dp(z,2*71) (4.42)

to get x¥. Whenever the sequence {z*} converges to some z* we have
Az* = b. If Vh(z") is in the range of AT, then so is Vh(z*) and z*
minimizes h(z) over all x with Az = b.

4.12 The Goldstein-Osher Algorithm

In [123] Goldstein and Osher present a modified version of the PMA for
the problem of minimizing h(x) over all  with Az = b. Instead of mini-
mizing the function in Equation (4.42), they obtain the next iterate 2* by
minimizing

1
5 llAz - b |3 + h(z), (4.43)
where b¥ is arbitrary and for k = 2,3, ... they define
e N . i (4.44)

We have the following theorem, which is not in [123].
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Theorem 4.3 If the sequence {z*} converges to some x*, and Az* = b,
then the sequence {b*} converges to some b* and x* minimizes the function
h(z) over all x such that Ax =b.

Proof: From
0= AT(Az" —b*~1) 4 V()

we have

V'l =0+ (AAT)LAVA(2Y),

and the right side converges to b+ (AAT)"AVh(z*). Let z be such that
Az =b. For each k we have

1 _ 1 _
SIATH — DB+ h(a) <S4z — BB + ().
Taking the limit as k — oo, we get
1 * * 1 *
SIb =73+ h(a") < SlIb— b1 + h(z),

from which the assertion of the theorem follows immediately. |

In [123], the authors, hoping to rest their algorithm on the theoreti-
cal foundation of the PMA, claim that their modification of the PMA is
equivalent to the PMA itself in this case; this is false, in general. For one
thing, the Bregman distance D} does not determine a unique h; for y ar-
bitrary and g(x) = Dj(z,y) we have Dy = Dj,. For another, we have the
theorem above for the Goldstein-Osher algorithm, while the z* given by
the PMA need not minimize h over all x with Az = b. In order for the
x* given by the PMA to minimize h(x) over Az = b, we need Vh(z?) in
the range of AT. The only way in which the PMA can distinguish between
h and g is through the selection of the initial z°. In fact, the authors of
[123] say nothing about the choice of 2° or of b°. What is true is this: if
b0 = b+ (AAT)"LAVA(z®) then the sequence {z*} is the same for both
algorithms, so that convergence results for the PMA can be assumed for
the Goldstein-Osher algorithm.

4.13 A Question

Suppose that z* minimizes
f(@) + Dp(z,2*1),

and {z"} converges to 2*. We know that z* minimizes f(x) over all z in the
closure of the essential domain of h. Let M be the set of all such minimizers.
Does z* also minimize h(z) over all z in M? In general, the answer is no;
Dy, does not determine h uniquely. What if h(z) = Dp(x,2°)? There are
several examples, using both Euclidean and Kullback-Leibler distances, in
which the answer is yes.
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4.14 The Simultaneous MART

The simultaneous MART (SMART) minimizes the Kullback-Leibler dis-
tance f(zx) = KL(Pz,y), where y is a positive vector, P is an I by J
matrix with non-negative entries P;; for which s; = Zle P =1, for all
j, and we seek a non-negative solution of the system y = Px.

The Bregman distance associated with the function f(x) = KL(Pz,y)
is

D¢(z,z) = KL(Px, Pz). (4.45)

We select a(z) to be
J
a(x) = ij log(z;) — x;. (4.46)
j=1

It follows from the inequality in (2.13) that h(z) is convex and
Dy(z,z) = KL(z,z) — KL(Pz, Pz) > 0. (4.47)
At the kth step of the SMART we minimize

Gi(z) = f(x) + Dp(z,2"") =

KL(Pzx,y) + KL(z,2" ') — KL(Px, Pz*~1) (4.48)
to get
I
E_ k-1 Yi
z] =z exp (Z P;;log m) (4.49)
i=1 v

4.15 A Convergence Theorem

So far, we haven’t discussed the restrictions necessary to prove convergence
of these iterative algorithms. The IPA framework can be helpful in this
regard, as we illustrate now.

The following theorem concerns convergence of the projected gradient
descent algorithm with iterative step given by Equation (4.26).

Theorem 4.4 Let f : R — R be differentiable, with L-Lipschitz con-
tinuous gradient. For vy in the interval (0, +) the sequence {z*} given by
Equation (4.26) converges to a minimizer of f, over x € C, whenever
minimizers exist.
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Proof: The auxiliary function

1 _ _
gk(ﬂc)zﬂllw*ﬂfk 3 = Dy, 2571

can be rewritten as

gi(x) = D(w,2*71)

)

where
1
h(z) = gllw\@ — f(=).

Therefore, gi(z) > 0 whenever h(x) is a convex function.
We know that h(z) is convex if and only if

(Vh(z) = Vh(y),z —y) >0,

for all z and y. This is equivalent to

QW—yﬁ—wVfw>—Vfw»x—ywz&

99

(4.50)

(4.51)

(4.52)

(4.53)

(4.54)

Since V f is L-Lipschitz, the inequality (4.54) holds whenever 0 < v < %

A relatively simple calculation shows that

Gr(z) — Gp(z¥) =

1 1 _ -
%Hff—xklngr;(xk—(xk L= Vf(ahh),x - at).

From Equation (4.26) it follows that
Gulw) ~ Grla) > oz — o3
= 27 2
for all x € C, so that, for all z € C, we have
1
Gi(x) — Gy(a*) > g\lx — 2"} = Dy(w,2") = gy (2).
Now let & minimize f(z) over all z € C. Then
Gi(@) — Gr(a®) = [(2) + gu(@) — (") — gi(z®)

< f(@) + Gr-1(2) — Gr—1 (21 = f(2*) — gr(2®),

(4.55)

(4.56)

(4.57)



60 CHAPTER 4. PROXIMAL MINIMIZATION

so that
(Gre1(@) = Gra (@) = (Gu(@) = Gila®)) = F(a®) = f(@) +gu(a) = 0.

Therefore, the sequence {G (%) — Gi(2*)} is decreasing and the sequences
{gr(z*)} and {f(2*) — f(#)} converge to zero.
From

N LT
Gi(@) — Gr(a®) > allx -3,

it follows that the sequence {x*} is bounded. Let {z*"} converge to x*
with {z*»*1} converging to 2**; we then have f(z*) = f(2**) = f(%).
Replacing the generic & with 2%, we find that {Gy, y1(2*) =Gy, 11 (xF 1)}
is decreasing. By Equation (4.55), this subsequence converges to zero;
therefore, the entire sequence {Gy(z**) — G (x*)} converges to zero. From
the inequality in (4.56), we conclude that the sequence {||z** — z¥||2} con-
verges to zero, and so {z*} converges to #**. This completes the proof of
the theorem. |
Using Theorem 6.3 it can be shown that convergence holds whenever

is in the interval (0, 2).



Chapter 5

The Forward-Backward
Splitting Algorithm

The forward-backward splitting methods (FBS) [93, 66] form a broad class
of SUMMA algorithms closely related the IPA. Note that minimizing G (z)
in Equation (4.5) over z € C' is equivalent to minimizing

Gr(x) = te(z) + f(x) + Dp(z, 2" (5.1)

over all z € R/, where (c(z) = 0 for z € C and 1c(z) = 400 otherwise.
This suggests a more general iterative algorithm, the FBS.

Suppose that we want to minimize the function fi(z) + fa(z), where
both functions are convex and fy(z) is differentiable with an L-Lipschitz
continuous gradient. At the kth step of the FBS algorithm we obtain 2*
by minimizing

Gr(x) = Fu(x) + fol) + %nm — YR - Dpy(zatY),  (52)

over all x € R7, where 0 < v < %

5.1 Moreau’s Proximity Operators
Following Combettes and Wajs [93], we say that the Moreau envelope of

index v > 0 of the closed, proper convex function f(z) is the continuous
convex function

o) = inf{f(y) + %Hx —ylB), (5.3)

with the infimum taken over all y in R’ [159, 160, 161]. In Rockafellar’s
book [181] and elsewhere, it is shown that the infimum is attained at a

61
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unique y, usually denoted prox.,f(z). The proximity operators prox,(-)
are firmly non-expansive [93]; indeed, the proximity operator prox; is the
resolvent of the maximal monotone operator B(x) = df(x) and all such
resolvent operators are firmly non-expansive [34]. Proximity operators also
generalize the orthogonal projections onto closed, convex sets: consider the
function f(x) = to(x), the indicator function of the closed, convex set C,
taking the value zero for z in C, and +oo otherwise. Then prox,;(z) =
P (x), the orthogonal projection of z onto C.

The following characterization of x = proxf(z) is quite useful: = =
prox;(z) if and only if z — x € df(x). Proximity operators are also firmly
non-expansive [93].

5.2 The FBS Algorithm

Our objective here is to provide an elementary proof of convergence for the
forward-backward splitting (FBS) algorithm; a detailed discussion of this
algorithm and its history is given by Combettes and Wajs in [93].

Let f : R/ — R be convex, with f = f; + fa, both convex, f, differ-
entiable, and V fo L-Lipschitz continuous. The iterative step of the FBS
algorithm is

zF = prox. (xkfl — WVfg(xkfl)). (5.4)

As we shall show, convergence of the sequence {z*} to a solution can be
established, if 7 is chosen to lie within the interval (0,1/L].

5.3 Convergence of the FBS algorithm

Let f : R7 — R be convex, with f = f1 + f2, both convex, fo differentiable,
and Vf, L-Lipschitz continuous. Let {z*} be defined by Equation (5.4)
and let 0 <y <1/L.

For each k =1,2,... let

Gr(z) = f(z) + %III*JJ'HII% — Dy, (2,271, (5.5)

where

Dy, (z,a"7Y) = fo(z) = fo(a"71) = (Vfa(a" 1),z — 2" 7). (5.6)

Since fo(x) is convex, Dy, (x,y) > 0 for all z and y and is the Bregman
distance formed from the function f2 [30].
The auxiliary function

1 _ _
gi(x) = —llz — "3 = Dy, (x, ") (5.7)
2y
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can be rewritten as
gk(z) = Dh(xvxkil)a (58)

where

mngam@—ﬁm» (5.9)

Therefore, gi(z) > 0 whenever h(x) is a convex function.
We know that h(z) is convex if and only if

(Vh(z) — Vh(y),z —y) >0, (5.10)

for all z and y. This is equivalent to
1
;Hx—yllg—<Vf2(x)—Vﬁ(y),x—y} > 0. (5.11)

Since V f3 is L-Lipschitz, the inequality (5.11) holds for 0 <y < 1/L.

Lemma 5.1 The 2¥ that minimizes Gi(z) over x is given by Equation

(5.4)

Proof: We know that x* minimizes Gy, (z) if and only if
1 .
0 € Vfa(a") + ;(l“k — 2" ) = Vo (a¥) + Vfo(a" 1) + 0 f1(2F),

or, equivalently,

(a5 =V L") — 2t € D(r ) ("),
Consequently,
z* = Prox. s, (z*1 = AV fo(zF1)).
|

Theorem 5.1 The sequence {x*} converges to a minimizer of the function
f(x), whenever minimizers exist.

Proof: A relatively simple calculation shows that

1
Gi() - Gi(a") = %Ilfﬂ —a®||3 +

(@) = i) ~ %«Z’H —AVRE) — e —ab)). (512)



64CHAPTER 5. THE FORWARD-BACKWARD SPLITTING ALGORITHM

Since
(2F7 =V fo(a" ) — 2t € Dy 1)(ab),

it follows that
(fl(x) — fi(a®) — %((gck_l — AV fa(zF 1)) — 2k 2 — xk>> > 0.
Therefore,
Gr(a) = Gula®) = 3-lla = 213 > g1 o). (51

Therefore, the inequality in (2.17) holds and the iteration fits into the
SUMMA class.

Now let & minimize f(z) over all z. Then
Gi(@) = Gu(a®) = f(2) + gr(@) — f(2*) — g (¥

< f(@) + Gror(&) = Groa (a7 = F(2*) — gu(ah),

so that
(Gr-1(8) = Groa (@) = (Gu(@) = Gila®)) = F(a*) = £ (@) +gu(a) = 0.

Therefore, the sequence {G (%) — Gi(z*)} is decreasing and the sequences

{gr(z*)} and {f(2*) — f(#)} converge to zero.
From

N L.
Gi(@) — Gr(z®) > gllx — "3,

it follows that the sequence {2*} is bounded. Therefore, we may select
a subsequence {z¥} converging to some x**, with {z*~!} converging to
some x*, and therefore f(z*) = f(z**) = f(&).

Replacing the generic # with z**, we find that {G)(2**) — G(z*)} is
decreasing to zero. From the inequality in (5.13), we conclude that the
sequence {||z* — x¥||2} converges to zero, and so {x*} converges to z*.
This completes the proof of the theorem.

5.4 Some Examples

We present some examples to illustrate the application of the convergence
theorem.
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5.4.1 Projected Gradient Descent

Let C be a non-empty, closed convex subset of R” and fi(z) = 1co(x),
the function that is +oo for # not in C' and zero for x in C. Then vco(z)
is convex, but not differentiable. We have prox.; = Pc, the orthogonal
projection onto C. The iteration in Equation (5.4) becomes

zF = Pe (xkfl - 7Vf2(xk71)). (5.14)

The sequence {z*} converges to a minimizer of fo over x € C, whenever
such minimizers exist, for 0 <y < 1/L.

5.4.2 The CQ Algorithm

Let A be a real I by J matrix, C C R/, and Q C R’, both closed convex
sets. The split feasibility problem (SFP) is to find « in C such that Az is
in Q. The function

1
fa(z) = §HPQA$—A$H§ (5.15)

is convex, differentiable and V fy is L-Lipschitz for L = p(AT A), the spec-
tral radius of AT A. The gradient of f; is

Vfa(z) = AT(I — Py)Ax. (5.16)

We want to minimize the function fs(x) over z in C, or, equivalently, to
minimize the function f(z) = tc(z)+ f2(x). The projected gradient descent
algorithm has the iterative step

= Po (mk_l —yAT(I - PQ)Aask_l); (5.17)

this iterative method was called the CQ-algorithm in [57, 58]. The sequence
{x*} converges to a solution whenever f, has a minimum on the set C, for
0<y<1/L.

In [78, 74] the C'Q algorithm was extended to a multiple-sets algorithm
and applied to the design of protocols for intensity-modulated radiation
therapy.

5.4.3 The Projected Landweber Algorithm

The problem is to minimize the function

1
fa(z) = §||A~T — 0|3,

over x € (. This is a special case of the SFP and we can use the CQ-
algorithm, with @ = {b}. The resulting iteration is the projected Landwe-
ber algorithm [22]; when C' = R” it becomes the Landweber algorithm
[144].
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5.5 Minimizing f, over a Linear Manifold

Suppose that we want to minimize f; over = in the linear manifold M =
S + p, where S is a subspace of R’ of dimension I < J and p is a fixed
vector. Let A be an I by J matrix such that the I columns of AT form a
basis for S. For each z € R let

d(z) = f2(A" 2 +p),
so that d is convex, differentiable, and its gradient,
Vd(z) = AV f5(A"z + p),

is K-Lipschitz continuous, for K = p(AT A)L. The sequence {z*} defined
by

2P =P Avd(P (5.18)

converges to a minimizer of d over all z in R’, whenever minimizers exist,
for0 < v <1/K.
From Equation (5.18) we get

xF = ab Tt AT AV fo (2571, (5.19)

with ¥ = AT2F + p. The sequence {z*} converges to a minimizer of f;
over all z in M.
Suppose now that we begin with an algorithm having the iterative step

2k =21 -y AT AV fo (2P 1), (5.20)
where A is any real I by J matrix having rank I. Let 2° be in the range of

AT so that 20 = AT20 for some 2 € R!. Then each zF = AT 2F is again
in the range of A7, and we have

AT2F = AT R=1 Y AT AV fo (AT 2471, (5.21)
With d(z) = fo(AT 2), we can write Equation (5.21) as
AT (zk —(F71 = 'de(zkfl))> =0. (5.22)
Since A has rank I, AT is one-to-one, so that
2B Avd(ZF ) =0, (5.23)

The sequence {z*} converges to a minimizer of d, over all z € R?, whenever
such minimizers exist, for 0 < v < 1/K. Therefore, the sequence {z*}
converges to a minimizer of fo over all = in the range of AT.
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5.6 Feasible-Point Algorithms

Suppose that we want to minimize a convex differentiable function f(z)
over x such that Az = b, where A is an [ by J full-rank matrix, with
I < J. If Az* = b for each of the vectors {*} generated by the iterative
algorithm, we say that the algorithm is a feasible-point method.

5.6.1 The Projected Gradient Algorithm

Let C be the feasible set of all 2 in R’ such that Az = b. For every z in
R’ we have

Poz = Pygayz + AT (AAT) b, (5.24)
where NS(A) is the null space of A. Using

Pysayz =2z — AT(AAT) 1 Az, (5.25)
we have

Poz =2+ AT(AAT) 1 (b — Az). (5.26)

Using Equation (5.4), we get the iteration step for the projected gradient
algorithm:

ab = 2" — yPygay V(@F7Y), (5.27)

which converges to a solution for 0 < v < 1/L, whenever solutions exist.
Next we present a somewhat simpler approach.

5.6.2 The Reduced Gradient Algorithm

Let x° be a feasible point, that is, Az® = b. Then x = z° 4 p is also feasible
if p is in the null space of A, that is, Ap = 0. Let Z be a J by J — I matrix
whose columns form a basis for the null space of A. We want p = Zv for
some v. The best v will be the one for which the function

$(v) = f(2° + Zv)

is minimized. We can apply to the function ¢(v) the steepest descent
method, or the Newton-Raphson method, or any other minimization tech-
nique.

The steepest descent method, applied to ¢(v), is called the reduced
steepest descent algorithm [164]. The gradient of ¢(v), also called the
reduced gradient, is

Vo(v) = Z"V (),
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where x = 2% + Zv; the gradient operator V¢ is then K-Lipschitz, for
K = p(ATA)L.
Let 2° be feasible. The iteration in Equation (5.4) now becomes

S VA Vo (T (5.28)
so that the iteration for z* = 20 + Zv* is

af = ah "t N ZZTV f (2T, (5.29)

The vectors x* are feasible and the sequence {z*} converges to a solution,

whenever solutions exist, for any 0 < vy < %

5.6.3 The Reduced Newton-Raphson Method

The same idea can be applied to the Newton-Raphson method. The
Newton-Raphson method, applied to ¢(v), is called the reduced Newton-
Raphson method [164]. The Hessian matrix of ¢(v), also called the reduced
Hessian matrix, is

V2o(v) = 2"V f(0)Z,

so that the reduced Newton-Raphson iteration becomes
-1
ok = g1 Z(ZTv2f(xk*1)Z) 2TV (). (5.30)

Let ¢” be feasible. Then each 2* is feasible. The sequence {z*} is not
guaranteed to converge.



Chapter 6

Operators

6.1 Overview

In a broad sense, all iterative algorithms generate a sequence {2*} of vectors
that describe the current state of the iterative process. The sequence may
converge for any starting vector x°, or may converge only if the 20 is
sufficiently close to a solution. The limit, when it exists, may depend on z°,
and may, or may not, solve the original problem. Convergence to the limit
may be slow and the algorithm may need to be accelerated. The algorithm
may involve measured data. The limit may be sensitive to noise in the data
and the algorithm may need to be regularized to lessen this sensitivity. The
algorithm may be quite general, applying to all problems in a broad class,
or it may be tailored to the problem at hand. Each step of the algorithm
may be costly, but only a few steps generally needed to produce a suitable
approximate answer, or, each step may be easily performed, but many
such steps needed. Although convergence of an algorithm is important,
theoretically, sometimes in practice only a few iterative steps are used. In
this chapter we consider several classes of operators that play important
roles in optimization.

6.2 Operators

A function T : RV — RY is called an operator on R”. For our purposes, the
most important examples of operators on R” are the orthogonal projections
P onto convex sets, and gradient operators, that is, T'(z) = Vg(x), for
some differentiable function g(z) : R/ — R. As we shall see later, the
operators P¢ are also gradient operators.

For many of the iterative algorithms we consider in this book, the iter-
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ative step is
aF = 7ok, (6.1)

for some fixed operator T. If T is a continuous operator (and it usually
is), and the sequence {Tkxo} converges to Z, then T2 = &, that is, T is a
fized point of the operator T. We denote by Fix(T") the set of fixed points
of T. The convergence of the iterative sequence {T%x°} will depend on the
properties of the operator T

Our approach here will be to identify several classes of operators for
which the iterative sequence is known to converge, to examine the conver-
gence theorems that apply to each class, to describe several applied prob-
lems that can be solved by iterative means, to present iterative algorithms
for solving these problems, and to establish that the operator involved in
each of these algorithms is a member of one of the designated classes.

6.3 Contraction Operators
Contraction operators are perhaps the best known class of operators asso-
ciated with iterative algorithms.

6.3.1 Lipschitz Continuous Operators

Definition 6.1 An operator T on R’ is Lipschitz continuous, with respect
to a vector norm ||-||, or L-Lipschitz, if there is a positive constant L such
that

T2 — Tyl| < Lijz — . (6:2)
for all z and y in R”.

For example, if f : R — R, and g(z) = f'(z) is differentiable, the Mean
Value Theorem tells us that

9(b) = g(a) + ¢'(c)(b - a),

for some ¢ between a and b. Therefore,

[1(0) = (@) < 1" ()llb— al.

If | f"(x)] < L, for all z, then g(z) = f/(x) is L-Lipschitz. More generally, if
f:R7 — R is twice differentiable and ||V2f(x)|2 < L, for all x, then T =
V f is L-Lipschitz, with respect to the 2-norm. The 2-norm of the Hessian
matrix V2 f(z) is the largest of the absolute values of its eigenvalues.
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6.3.2 Non-Expansive Operators

An important special class of Lipschitz continuous operators are the non-
expansive, or contractive, operators.

Definition 6.2 If L = 1, then T is said to be non-expansive (ne), or a
contraction, with respect to the given morm. In other words, T is ne for a
gwen norm if, for every x and y, we have

[Tz =Tyl <z -yl

Lemma 6.1 Let T : R — RY be a non-expansive operator, with respect
to the 2-norm. Then the set F of fized points of T is a convex set.

Proof: Select two distinct points ¢ and b in F', a scalar « in the open
interval (0,1), and let ¢ = awa + (1 — o)b. We show that T'c = ¢. Note that

11—«

(c—b).

a—Cc=
(0%

We have
la=b|| = la—Tc+Tc—b|| < |la—Tc||+||Tc—b| = ||Ta—Tc||+ || Tc—Tb|

<lla—cll +lle =0l = [la — bl;
the last equality follows since a — ¢ is a multiple of (¢ — b). From this, we
conclude that
la = Tel| = fla —cl,
ITc—b]| = e —bl|,
and that a — T'c and T'c — b are positive multiples of one another, that is,
there is 8 > 0 such that

a—Tec=pB(Tc—b),
or

_ 1 By
= 1+ﬂa+1+5b_'ya—|—(l—’y)b.

Then inserting ¢ = aa + (1 — a)b and T'c = va + (1 — )b into

Tc

ITe = bl = [le - bl],

we find that v = o and so T'c = c. |

The reader should note that the proof of the previous lemma depends
heavily on the fact that the norm is the two-norm. If x and y are any
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non-negative vectors then ||z + y|[1 = [[#[|1 + [|||1, so the proof would not
hold, if, for example, we used the one-norm instead.

We want to find properties of an operator T that guarantee that the
sequence of iterates {T%x¢} will converge to a fixed point of T, for any
20, whenever fixed points exist. Being non-expansive is not enough; the
non-expansive operator T' = —I, where Ix = x is the identity operator, has
the fixed point = = 0, but the sequence {T*2°} converges only if 2° = 0.

6.3.3 Strict Contractions

One property that guarantees not only that the iterates converge, but that
there is a fixed point is the property of being a strict contraction.

Definition 6.3 An operator T on R’ is a strict contraction (sc), with
respect to a vector norm || - ||, if there is r € (0,1) such that

[Ta = Ty|| < rllz =y, (6.3)
for all vectors x and y.

For strict contractions, we have the Banach-Picard Theorem [105].

The Banach-Picard Theorem:

Theorem 6.1 Let T be sc. Then, there is a unique fixed point of T and,
for any starting vector 2°, the sequence {T*x°} converges to the fized point.

The key step in the proof is to show that {z*} is a Cauchy sequence,
therefore, it has a limit.

Corollary 6.1 If T™ is a strict contraction, for some positive integer n,
then T has a fized point.

Proof: The proof is left as Exercise 6.13.

In many of the applications of interest to us, there will be multiple
fixed points of T'. Therefore, T' will not be sc for any vector norm, and the
Banach-Picard fixed-point theorem will not apply. We need to consider
other classes of operators. These classes of operators will emerge as we
investigate the properties of orthogonal projection operators.

6.3.4 Instability

Suppose we rewrite the equation e™* = x as * = — log z, and define Tx =
—loga, for x > 0. Now our iterative scheme becomes zpy1 = Tap =
—logzy. A few calculations will convince us that the sequence {xy} is
diverging away from the correct answer, not converging to it. The lesson
here is that we cannot casually reformulate our problem as a fixed-point
problem and expect the iterates to converge to the answer. What matters
is the behavior of the operator T'.
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6.4 Convex Sets in R’
We begin with the basic definitions.

Definition 6.4 A vector z is said to be a convex combination of the vectors
x and y if there is o in the interval [0,1] such that z = (1 —a)x+ay. More
generally, a vector z is a convex combination of the vectorsx™, n=1,...,N,
if there are numbers a,, > 0 with

ar+...+ay =1

and
z = alxl + ...+ aNa:N.

Definition 6.5 A nonempty set C in R’ is said to be convex if, for any
distinct points x and y in C, and for any real number « in the interval
(0,1), the point (1 — o)z + ay is also in C; that is, C is closed to convex
combinations of any two members of C'.

In Exercise 6.1 the reader is asked to show that if C' is convex then the
convex combination of any number of members of C is again in C'. We say
then that C' is closed to convex combinations.

For example, the two-norm unit ball B in R”, consisting of all 2 with
[|z]]2 < 1, is convex, while the surface of the ball, the set of all z with
[|z||2 = 1, is not convex. More generally, the unit ball of R’ in any norm
is a convex set, as a consequence of the triangle inequality for norms.

Definition 6.6 The convex hull of a set S, denoted conv(S), is the small-
est conver set containing S, by which we mean that if K is any convez set
containing S, then K must also contain conv(S).

One weakness of this definition is that it does not tell us explicitly what the
members of conv(S) look like, nor precisely how the individual members
of conv(S) are related to the members of S itself. In fact, it is not obvious
that a smallest such set exists at all. The following proposition remedies
this; the reader is asked to supply a proof in Exercise 6.2 later.

Proposition 6.1 The convexr hull of a set S is the set C of all convex
combinations of members of S.

Definition 6.7 A subset S of R’ is a subspace if, for every x and y in S
and scalars o and 3, the linear combination ax + By is again in S.

A subspace is necessarily a convex set.
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6.5 Orthogonal Projection Operators

The following proposition is fundamental in the study of convexity and can
be found in most books on the subject; see, for example, the text by Goebel
and Reich [122].

Proposition 6.2 Given any nonempty closed convex set C and an arbi-
trary vector x in R, there is a unique member Pox of C closest, in the
sense of the two-norm, to x. The vector Pox is called the orthogonal (or
metric) projection of x onto C and the operator Po the orthogonal projec-
tion onto C.

Proof: If x is in C, then Pox = x, so assume that z is not in C'. Then
d > 0, where d is the distance from x to C. For each positive integer n,
select ¢" in C with ||z — ¢"|| < d 4+ L. Then, since for all n we have

1
l]lz = lle" =z +alls < " =zl + 2]z < d+ — + lzllz <d+1+ 2]z,

the sequence {c"} is bounded; let ¢* be any cluster point. It follows easily
that || — ¢*||]2 = d and that ¢* is in C. If there is any other member ¢
of C with ||z — ¢||a = d, then, by the Parallelogram Law, we would have
llz — (¢* +¢)/2||2 < d, which is a contradiction. Therefore, ¢* is Poz. |

The proof just given relies on the Bolzano-Weierstrass Theorem 77.
There is another proof, which avoids this theorem and so is valid for infinite-
dimensional Hilbert space. The idea is to use the Parallelogram Law to
show that the sequence {¢"} is Cauchy and then to use completeness to
get ¢*. We leave the details to the reader.

If C is a subspace, then we can get an explicit description of Pox in
terms of x; for general convex sets C, however, we will not be able to express
Pex explicitly, and certain approximations will be needed. Orthogonal
projection operators are central to our discussion, and, in this overview, we
focus on problems involving convex sets, algorithms involving orthogonal
projection onto convex sets, and classes of operators derived from properties
of orthogonal projection operators.

For an arbitrary nonempty closed convex set C' in R”, the orthogonal
projection T' = P¢ is a nonlinear operator, unless, of course, C' is a sub-
space. We may not be able to describe Pox explicitly, but we do know a
useful property of Pox.

Proposition 6.3 For a given x, a vector z in C is Pox if and only if
(c—z,z—1x) >0, (6.4)

for all ¢ in the set C.
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Proof: Let ¢ be arbitrary in C' and « in (0,1). Then

le = Pozl|f3 < |lz — (1 - a)Pex — acll; = ||z — Pex + a(Pex — o)|[3

= ||z — Poz||? — 2a(x — Pox,c — Pox) 4 o®||Pox — c||3. (6.5)
Therefore,
—2a(x — Pox,c — Pox) + o?||Pox — c||3 > 0, (6.6)
so that
2(x — Pox,c — Pox) < a||Pox — cl|3. (6.7)

Taking the limit, as a — 0, we conclude that
(¢ — Pox, Pcx —x) > 0. (6.8)
If z is a member of C that also has the property
(c—2z,z—1x) >0, (6.9)
for all ¢ in C, then we have both
(z = Pz, Pcx — ) > 0, (6.10)
and
(z — Pox,x—z) > 0. (6.11)

Adding on both sides of these two inequalities lead to

(z — Pox, Pcx — z) > 0. (6.12)

But,
(2 — Pox, Pox — 2) = —||z — Pox||3, (6.13)
so it must be the case that z = Pgx. This completes the proof. |

Corollary 6.2 For any z and y in R7 we have
(Pox — Poy,x —y) > ||Pox — Peyll3. (6.14)

Proof: The proof is left as Exercise 6.14.

It follows from Corollary 6.2 and Cauchy’s Inequality that the orthog-
onal projection operator T = P¢ is non-expansive, with respect to the
Euclidean norm, that is,

1Pz = Peyllz < [lz = yll2, (6.15)



76 CHAPTER 6. OPERATORS

for all x and y. Because the operator Po has multiple fixed points, Po
cannot be a strict contraction, unless the set C' is a singleton set.

Corollary 6.2 tells us that the operators Po are more than simply non-
expansive; they are firmly non-expansive. A good source for more material
on these topics are the books by Goebel and Reich [122] and by Bauschke
and Combettes [18].

Definition 6.8 An operator T is said to be firmly non-expansive (fne) if
(Tx —Ty,z —y) > ||Tx - Tyl}3, (6.16)
for all z and y in R”.

Lemma 6.2 An operator F : R — RY is fne if and only if F = %(I—&—N),
for some operator N that is ne with respect to the two-norm.

Proof: Suppose that F' = %(I + N). We show that F' is fne if and only if
N is ne in the two-norm. First, we have

1 1
(Fx — Fy,x —y) = §||x—y||g + §<Nx—Ny,x—y>.

Also,
1 1 s 1 5 1 5 1
I5U+N)z =S (IT+N)ylz = Jllz—yl"+ 7 INe=Ny[["+ 5 (N2 —Ny, 2 ~y).

Therefore,
(Fx — Fy,x —y) > |Fz — Fy|3

if and only if
INz = Ny|l3 < [l - yl3.

Corollary 6.3 Form =1,2,.... M, let a,, > 0, with fo:l am =1, and
let F,, : R — R’ be fne. Then the operator

M
F:E:amﬂn

m=1

18 also fne. In particular, the arithmetic mean of the F,, is fne.

Corollary 6.4 An operator F is fne if and only if I — F is fne.
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6.6 Firmly Non-Expansive Gradients

In this section we consider some useful properties of the gradient operator
of a differentiable convex function.

It is convenient for us to consider functions on R’ whose values may be
infinite. For example, we define the indicator function of a set C C R’ to
have the value zero for z in C, and the value +oo for z outside the set C.

Definition 6.9 A function f : R/ — [—oc0, 00| is proper if there is no x
for which f(z) = —oco and some x for which f(z) < +o0.

All the functions we shall consider in this text will be proper.

Definition 6.10 Let f be a proper function defined on R”7. The subset of
R+ defined by
epi(f) = {(z,V)[f(z) <~}

1s the epi-graph of f. Then we say that f is convex if its epi-graph is a
convex set.

Alternative definitions of convex function are presented in the exercises.

Definition 6.11 The effective domain of a proper function f : RY —
(=00, 0] is the set
domf = {z| f(z) < +o0}.

It is also the projection onto R7 of its epi-graph.

It is easily shown that the effective domain of a convex function is a convex
set.

Let g : R7 — R be differentiable. We have several equivalent notions of
convexity for such functions of several variables.

Theorem 6.2 Let g : R — R be differentiable. The following are equiva-
lent:

e 1) g(x) is convex;

e 2) for all a and b we have
9(b) = g(a) + (Vg(a),b - a); (6.17)
e 3) for all a and b we have

(Vg(b) — Vg(a),b—a) > 0. (6.18)

Corollary 6.5 The function g(x) = %(Hx”% — |jz - ch||§) is convexr.
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Proof: We show later in Corollary 8.1 that the gradient of g(z) is Vg(z) =
Pox. From the inequality (6.14) we know that

(Pox — Poy,x —y) >0,

for all 2 and y. Therefore, g(z) is convex, by Theorem 6.2. |

The following theorem is a consequence of the somewhat more general
Baillon-Haddad Theorem (see Corollary 18.16 in [18]).

Theorem 6.3 Let h(x) be conver and differentiable and its derivative,
Vh(x), non-expansive in the two-norm, that is,

IVA(b) — Vh(a)|l2 < [[b— all2, (6.19)
for all a and b. Then Vh(x) is firmly non-expansive. which means that

(Vh(b) — Vh(a),b— a) > ||VA(b) — Vh(a)||2. (6.20)

Suppose that g(x) : R — R is convex and the operator Vg is L-Lipschitz.
Let h(z) = 1g(z), so that Vh is a non-expansive operator. According to
Theorem 6.3, the operator Vh = %Vg is firmly non-expansive.

In [124] Golshtein and Tretyakov prove the following theorem, from
which Theorem 6.3 follows immediately. The proof given here is different
from that given in [124].

Theorem 6.4 Let g : RY — R be convex and differentiable. The following
are equivalent:

e 1)
IVg(x) = Vg)ll2 < [l = yll2; (6.21)
° 2)
o) > g(y) + (Vo(y).z — 9) + 3IV9(@) - Vo@)lig:  (6.22)
and
° 3)

(Vg(x) = Vg(y),z —y) > ||Vg(z) = Va(y)|l3. (6.23)
Proof: The only non-trivial step in the proof is showing that Inequality

(6.21) implies Inequality (6.22). From Theorem 6.2 we see that Inequality
(6.21) implies that the function h(z) = 3|z||* — g() is convex, and that

Sl — ol > 9(@) ~ 9ly) — (Vo(w).x — ).



6.6. FIRMLY NON-EXPANSIVE GRADIENTS 79

for all x and y. Now fix y and define

d(z) = Dy(z,y) = 9(2) — g(y) — (Vg(y), 2 — v),
for all z. Since the function g(z) is convex, so is d(z). Since
Vd(z) = Vg(z) = Vg(y),
it follows from Inequality (6.21) that
IVd(z) = Vd(z)|| < ||z — 2|,

for all z and z. Then, from our previous calculations, we may conclude
that

1

5llz = 2l* = d(z) - d(z) = (Vd(x), 2 - z),

for all z and x.
Now let = be arbitrary and

z=z—Vg(z)+Vg(y).

Then
0<d(z) <dz)— %Ilvg(x) - Vg(y)lI*.

This completes the proof. |
We know from Corollary 6.5 that the function

1
g(@) = 5 (213 = = = Poal3)

is convex. As Corollary 8.1 tells us, its gradient is Vg(z) = Poz. We
showed in Corollary 6.2 that the operator P¢ is non-expansive by showing
that it is actually firmly non-expansive. Therefore, Theorem 6.3 can be
viewed as a generalization of Corollary 6.2.

If g(z) is convex and Vg is L-Lipschitz, then %Vg is non-expansive, so,
by Theorem 6.3, it is firmly non-expansive. It follows that, for v > 0, the
operator

T =1-~Vg (6.24)

is averaged, whenever 0 < v < % By the Krasnosel’skii-Mann-Opial

Theorem 7.1, the iterative sequence x*+1 = Tak = 2% —yVg(2*) converges
to a minimizer of g(z), whenever minimizers exist.
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6.6.1 The Search for Other Properties of Po

The class of non-expansive operators is too large for our purposes; the
operator T' = —I is non-expansive, but the sequence {T%2°} does not
converge, in general, even though a fixed point, x = 0, exists. The class
of firmly non-expansive operators is too small for our purposes. Although
the convergence of the iterative sequence {T%x°} to a fixed point does
hold for firmly non-expansive T, whenever fixed points exist, the product
of two or more fne operators need not be fne; that is, the class of fne
operators is not closed to finite products. This poses a problem, since, as
we shall see, products of orthogonal projection operators arise in several of
the algorithms we wish to consider. We need a class of operators smaller
than the ne ones, but larger than the fne ones, closed to finite products,
and for which the sequence of iterates {T%2°} will converge, for any z°,
whenever fixed points exist. The class we shall consider is the class of
averaged operators. In all discussion of averaged operators the norm will
be the two-norm.

6.7 Convex Sets and Convex Functions

A function f : R7 — (—o00,00] is convex if and only if its epigraph is a
convex set in R7T1. At the same time, every closed convex set C' C R” has
the form

C = {z|f(z) <0}, (6.25)

for some convex function f : R/ — R. We are tempted to assume that the
smoothness of the function f will be reflected in the geometry of the set
C. In particular, we may well expect that, if x is on the boundary of C
and f is differentiable at x, then there is a unique hyperplane supporting
C at z and Vf(x) is a non-zero normal vector; but this is wrong. Any
closed convex nonempty set C' can be written as in Equation (6.25), for the
differentiable function

f(@) = Zlla — Pel

As we shall see later, the gradient of f(z) is Vf(z) = x — Pox, so that
Vf(x) = 0 for every x in C. Nevertheless, the set C' may have a unique
supporting hyperplane at each boundary point, or it may have multiple
such hyperplanes, regardless of the properties of the f used to define C.

When we first encounter gradients, usually in Calculus III, they are
almost always described geometrically as a vector that is a normal for the
hyperplane that is tangent to the level surface of f at that point, and
as indicating the direction of greatest increase of f. However, this is not
always the case.
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Consider the function f: R? — R given by

flar ) = 5o + 23— 17,

for 2 + 22 > 1, and zero, otherwise. This function is differentiable and

for ||z]|2 > 1, and Vf(x) = 0, otherwise. The level surface in R? of all =
such that f(z) < 0 is the closed unit ball; it is not a simple closed curve. At
every point of its boundary the gradient is zero, and yet, at each boundary
point, there is a unique supporting tangent line.

Consider the function f : R? — R given by f(x) = f(x1,22) = 2%. The
level curve C' = {z|f(x) = 0} is the x5 axis. For any x such that x; = 0
the hyperplane supporting C' at x is C itself, and any vector of the form
(7,0) is a normal to C. But the gradient of f(x) is zero at all points of C.
So the gradient of f is not a normal vector to the supporting hyperplane.

6.8 Exercises

Ex. 6.1 Let C C R’, and let 2™, n = 1,...,N be members of C. For
n=1,..,N, let ap, >0, with a1 + ... + ay = 1. Show that, if C is convez,
then the convexr combination

alxl + 042:1:2 + ...+ aNxN

s in C'.
Ex. 6.2 Prove Proposition 6.1. Hint: show that the set C is convex.

Ex. 6.3 Show that the subset of R consisting of all vectors x with ||z||s =
1 s not convex.

Ex. 6.4 Let|[z|2 = [lyll2 =1 and z = L (z+y) in R'. Show that ||z[2 < 1
unless x = y. Show that this conclusion does not hold if the two-norm || -||2
1s replaced by the one-norm, defined by

J
lzlly =) lajl.
j=1

Ex. 6.5 Let C be the set of all vectors = in R? with ||z|s < 1. Let K be
a subset of C obtained by removing from C' any number of its members for
which ||z||2 = 1. Show that K is convezx. Consequently, every x in C' with
llzll2 = 1 is an extreme point of C.
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Ex. 6.6 Let A and B be nonempty, closed convex subsets of R7. Define
the set B — A to be all x in R’ such that x = b — a for some a € A and
b € B. Show that B — A is closed if one of the two sets is bounded. Find
an example of two disjoint unbounded closed convex sets in R? that get
arbitrarily close to each other. Show that, for this example, B — A is not
closed.

Ex. 6.7 Let C be a convex set and f : C C R? — (—o00,00]. Prove that
f(z) is a convex function, according to Definition 6.10, if and only if, for
all z and y in C, and for all 0 < a < 1, we have

flaz+ (1 —a)y) < af(z)+ (1 —a)f(y).

Ex. 6.8 Let f : R/ — [~00,00]. Prove that f(x) is a convex function if
and only if, for all 0 < o < 1, we have

flaz+ (1 —a)y) < ab+ (1 — a)e,
whenever f(x) <b and f(y) < c.

Ex. 6.9 Given a point s in a conver set C', where are the points = for
which s = Pcx?

Ex. 6.10 Show that it is possible to have a vector z € R’ such that
(z—x,c—2) >0 for all c € C, but z is not Pox.

Ex. 6.11 (Radstrom Cancellation [26])

e (a) Show that, for any subset S of RN, we have 25 C S+ S, and
25 =5+ S5 if S is convex.

e (b) Find three finite subsets of R, say A, B, and C, with A not
contained in B, but with the property that A+ C C B+ C. Hint: try
to find an example where the set C' is C = {—1,0,1}.

e (c) Show that, if A and B are convex in RY, B is closed, and C is
bounded in RN, then A+C C B+C implies that A C B. Hint: Note
that, under these assumptions, 2A+C = A+ (A+C) C 2B+ C.

Ex. 6.12 [11] Let A and B be non-empty closed conver subsets of RY.
For each a € A define

d(a, B) = juf lla — bl

and then define
d(A,B) = iggd(a,B).
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Let
E = {a € Ald(a, B) = d(A, B)},

and
F={be Bld(b,A) = d(B,A)};

assume that both E and F are not empty. The displacement vector is
v = Pg(0), where K is the closure of the set B— A. For any transformation
T :RYN — RY, denote by Fix(T) the set of all x € RY such that Tz = .
Prove the following:

o (a) [lv]l2 = d(A, B);
e (b)) E+v=F;

(¢) E =Fix(PsPg) = AN (B —v);

(d) F =Fix(PgP4s) = BN (A +v);

(e) Pge = Pre = e + v, foralle € E;
o (f) Paf =Pgf=f—wv,forallfeF.
Ex. 6.13 Prove Corollary 6.1.

Ex. 6.14 Prove Corollary 6.2.
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Chapter 7

Averaged and
Paracontractive Operators

In this chapter we discuss two classes of operators important for iterative
algorithms, the averaged operators and the paracontractive operators.

7.1 Two Useful Identities

The identities in the next two lemmas relate an arbitrary operator T to
its complement, G = I — T, where I denotes the identity operator. These
identities will allow us to transform properties of 7' into properties of G
that may be easier to work with. A simple calculation is all that is needed
to establish the following lemma.

Lemma 7.1 Let T be an arbitrary operator T on R’ and G = I—T. Then

|z =yl = |Tz — Tyll3 = 2((Gz — Gy, —y)) — |Gz~ Gyl3.  (7.1)

Lemma 7.2 Let T be an arbitrary operator T on R’ and G = I—T. Then
(Tx =Ty, o —y) —||Te — Ty||3 =

(G — Gy,z —y) — ||Gz — Gylf3. (7.2)

Proof: Use the previous lemma. |

7.2 Averaged Operators

The term ‘averaged operator’ appears in the work of Baillon, Bruck and
Reich [34, 9]. There are several ways to define averaged operators. One
way is suggested by Lemma 6.2.

85
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Definition 7.1 An operator T : R7 — RY is averaged (av) if there is
an operator N that is ne in the two-norm and o € (0,1) such that T =
(1 —a)I + aN. Then we say that T is a-averaged.

It follows that T is fne if and only if T is a-averaged for a = % Every aver-
aged operator is ne, with respect to the two-norm, and every fne operator
is av.

We can also describe averaged operators T is terms of the complement
operator, G=1—1T.

Definition 7.2 An operator G on R’ is called v-inverse strongly monotone
(v-ism)[124] (also called co-coercive in [91]) if there is v > 0 such that

(Gx — Gy, —y) > v[|Gx — Gyl|3. (7.3)

Lemma 7.3 An operator T is ne, with respect to the two-norm, if and
only if its complement G =1—1T is %—z’sm, and T is fne if and only if G is
1-ism, and if and only if G is fne. Also, T is ne if and only if F = (I+T)/2

is fne. If G is v-ism and v > 0 then the operator vG is %-ism.

Lemma 7.4 An operator T is averaged if and only if G = 1 — T is v-ism
for some v > L. If G is i—ism, for some a € (0,1), then T is a-av.

Proof: We assume first that there is o € (0,1) and ne operator N such
that T = (1 —a)l + aN, and so G =1 —T = a(l — N). Since N is ne,

I — N is +-ism and G = a(I — N) is 5--ism. Conversely, assume that G

is v-ism for some v > 3. Let a = 55 and write T = (1 — a)I + aN for
N=1- iG. Since I — N = éG, I — N is av-ism. Consequently I — N is
1 jsm and N is ne. |

2

An averaged operator is easily constructed from a given operator N
that is ne in the two-norm by taking a convex combination of N and the
identity I. The beauty of the class of av operators is that it contains many
operators, such as P, that are not originally defined in this way. As we
shall see shortly, finite products of averaged operators are again averaged,
so the product of finitely many orthogonal projections is av.

We present now the fundamental properties of averaged operators, in
preparation for the proof that the class of averaged operators is closed to
finite products.

Note that we can establish that a given operator is av by showing that
there is an « in the interval (0, 1) such that the operator

La—a-an (7.4)

(0%

is ne. Using this approach, we can easily show that if T is sc, then T is av.
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Lemma 7.5 Let T = (1—a)A+aN for some o € (0,1). If A is averaged
and N is non-expansive then T is averaged.

Proof: Let A = (1 — 8)I + M for some 8 € (0,1) and ne operator M.
Let 1 —v=(1—-a)(1 — ). Then we have

T=00-yI+7[(1-a)By *M+ay 'N]. (7.5)

Since the operator K = (1 — a)B3y M + ay~ 1N is easily shown to be ne
and the convex combination of two ne operators is again ne, 7' is averaged.

Corollary 7.1 If A and B are av and « is in the interval [0, 1], then the
operator T = (1 — a)A + aB formed by taking the convex combination of
A and B is av.

Corollary 7.2 Let T = (1 — a)F + aN for some a € (0,1). If F is fne
and N is ne then T is averaged.

The orthogonal projection operators Py onto hyperplanes H = H (a,7)

are sometimes used with relazation, which means that Pp is replaced by
the operator

T=(1-w)l+wPy, (7.6)
for some w in the interval (0, 2). Clearly, if w is in the interval (0,1), then T'
is av, by definition, since Py is ne. We want to show that, even for w in the

interval [1,2), T is av. To do this, we consider the operator Ry = 2Py — 1,
which is reflection through H; that is,

1
Pyx = §($+RH13), (7.7)

for each x.
Lemma 7.6 The operator Ry = 2Py — I is an isometry; that is,
|Raz — Ruyllz = |lz —yll2, (7.8)
for all x and y, so that Ry is ne.
Lemma 7.7 For w =1+ v in the interval [1,2), we have
(1-w)I+wPyg=al+(1—-a)Ry, (7.9)

for a = 1_77; therefore, T = (1 —w)I + wPy is av.
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The product of finitely many ne operators is again ne, while the product
of finitely many fne operators, even orthogonal projections, need not be fne.
It is a helpful fact that the product of finitely many av operators is again
av.

If A= (1—a)l + aN is averaged and B is averaged then T'= AB has
the form T' = (1 — a)B + aNB. Since B is av and NB is ne, it follows
from Lemma 7.5 that T is averaged. Summarizing, we have

Proposition 7.1 If A and B are averaged, then T = AB is averaged.

7.3 Gradient Operators

Another type of operator that is averaged can be derived from gradient
operators. Let g(z) : R/ — R be a differentiable convex function and
f(z) = Vg(z) its gradient. If Vg is non-expansive, then, according to
Theorem 6.3, Vg is fne. If, for some L > 0, Vg is L-Lipschitz, for the
two-norm, that is,

IVg(x) = Vg)ll2 < Lllz - yll2, (7.10)

for all x and y, then %Vg is ne, therefore fne, and the operator T'= I —+yVg
isav, for 0 < v < % From Corollary 8.1 we know that the operators Pg
are actually gradient operators; Pox = Vg(z) for

1
9(@) = 51215 = lle = Poll3).

7.4 The Krasnosel’skii-Mann-Opial Theorem

For any operator 7' that is averaged, convergence of the sequence {T%z"}
to a fixed point of T, whenever fixed points of T exist, is guaranteed by
the Krasnosel’skii-Mann-Opial (KMO) Theorem [142, 154, 172]:

Theorem 7.1 Let T be a-averaged, for some a € (0,1). Then, for any
20, the sequence {T*2°} converges to a fized point of T, whenever Fiz(T)
18 non-empty.

Proof: Let z be a fixed point of 7. The identity in Equation (7.1) is the
key to proving Theorem 7.1.
Using Tz = z and (I —T)z = 0 and setting G = I — T we have

||z — 2|5 = |ITz — "5 = 2(Gz — Ga*, 2z — 2*) —[|G=z — Ga*||3.
(7.11)
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Since, by Lemma 7.4, G is i—ism, we have

1
1z = 2%3 = [l2 = 2" HE = (= = Dlle® = 2515, (7.12)

Consequently the sequence {z*} is bounded, the sequence {||z — x*||2} is
decreasing and the sequence {||z* —2**1||5} converges to zero. Let 2* be a
cluster point of {#*}. Then we have T'z* = z*, so we may use x* in place of
the arbitrary fixed point z. It follows then that the sequence {||z* — 2*||2}
is decreasing; since a subsequence converges to zero, the entire sequence
converges to zero. The proof is complete. |

A version of the KMO Theorem 7.1, with variable coefficients, appears
in Reich’s paper [177].

An operator T is said to be asymptotically reqular if, for any x, the
sequence {||T*z — T*+1z||} converges to zero. The proof of the KMO
Theorem 7.1 involves showing that any averaged operator is asymptotically
regular. In [172] Opial generalizes the KMO Theorem, proving that, if
T is non-expansive and asymptotically regular, then the sequence {7z}
converges to a fixed point of T', whenever fixed points exist, for any x.

Note that, in the KMO Theorem, we assumed that T is a-averaged, so
that G = [ — T is v-ism, for some v > % But we actually used a somewhat
weaker condition on G; we required only that

(Gz — Gz, z — x) > v||Gz — Gz|?

for z such that Gz = 0. This weaker property is called weakly v-ism.

7.5 Affine Linear Operators

It may not always be easy to decide if a given operator is averaged. The
class of affine linear operators provides an interesting illustration of the
problem.

The affine operator Tx = Bz + d will be ne, sc, fne, or av precisely
when the linear operator given by multiplication by the matrix B is the
same.

7.5.1 The Hermitian Case

When B is Hermitian, we can determine if B belongs to these classes by
examining its eigenvalues A. We have the following theorem.

Theorem 7.2 Let B be Hermitian. Then
e B is non-expansive if and only if —1 < XA < 1, for all A;

e B is averaged if and only if —1 < A <1, for all A;
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e B is a strict contraction if and only if —1 < X < 1, for all A;
e B is firmly non-expansive if and only if 0 < A < 1, for all \.

Proof: The proof is left as an exercise for the reader.

Affine linear operators T' that arise, for instance, in splitting methods
for solving systems of linear equations, generally have non-Hermitian linear
part B. Deciding if such operators belong to these classes is more difficult.
Instead, we can ask if the operator is paracontractive, with respect to some
norm.

7.6 Paracontractive Operators

By examining the properties of the orthogonal projection operators Pg,
we were led to the useful class of averaged operators. The orthogonal
projections also belong to another useful class, the paracontractions.

Definition 7.3 An operator T is called paracontractive (pc), with respect
to a given morm, if, for every fized point y of T, we have

1Tz =yl <z —yll (7.13)

unless Tax = x.

Paracontractive operators are studied by Censor and Reich in [84].

Proposition 7.2 The operators T = Pg are paracontractive, with respect
to the FEuclidean norm.

Proof: It follows from Cauchy’s Inequality that
|1Pex — Peyll2 < (|2 — yll2,

with equality if and only if

Pex — Poy = az —y),
for some scalar a with |a| = 1. But, because

0 < (Pox — Poy,x —y) = allz —y|[3,
it follows that o = 1, and so
Poxr —x =Py —y.
|

When we ask if a given operator T' is pc, we must specify the norm.
We often construct the norm specifically for the operator involved, as in
Equation (7.54). To illustrate, we consider the case of affine operators.



7.6. PARACONTRACTIVE OPERATORS 91

7.6.1 Linear and Affine Paracontractions

Let the matrix B be diagonalizable and let the columns of V' be an eigen-
vector basis. Then we have V~'BV = D, where D is the diagonal matrix
having the eigenvalues of B along its diagonal.

Lemma 7.8 A square matrix B is diagonalizable if all its eigenvalues are
distinct.

Proof: Let B be J by J. Let \; be the eigenvalues of B, Bz/ = \;z7, and
x) #0, for j = 1,...,J. Let 2™ be the first eigenvector that is in the span
of {z|j =1,..,m—1}. Then

™ = a1zt + gy 1z™ Y, (7.14)

for some constants a; that are not all zero. Multiply both sides by A, to
get

AmZ™ = A Azt + oG Az ™ L (7.15)
From
Anz™ = Az™ = ey izt + 1 A1 2™, (7.16)
it follows that
a1 — A2 4+ o F a1 (A — Ap1)2™ =0, (7.17)

from which we can conclude that some 2™ in {z!,...,2™ !} is in the span
of the others. This is a contradiction.

We see from this Lemma that almost all square matrices B are diago-
nalizable. Indeed, all Hermitian B are diagonalizable. If B has real entries,
but is not symmetric, then the eigenvalues of B need not be real, and the
eigenvectors of B can have non-real entries. Consequently, we must con-
sider B as a linear operator on C7, if we are to talk about diagonalizability.
For example, consider the real matrix

0 1
B= [1 0] . (7.18)
Its eigenvalues are A\ = ¢ and A = —i. The corresponding eigenvectors are

(1,4)T and (1,—4)T. The matrix B is then diagonalizable as an operator
on C?, but not as an operator on R2.

Proposition 7.3 Let T be an affine linear operator whose linear part B is
diagonalizable, and |\ < 1 for all eigenvalues A of B that are not equal to
one. Then the operator T is pc, with respect to the norm given by Equation

(7.54).
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Proof: This is Exercise 7.6. |

We see from Proposition 7.3 that, for the case of affine operators T'
whose linear part is not Hermitian, instead of asking if 7" is av, we can ask
if T is pc; since B will almost certainly be diagonalizable, we can answer
this question by examining the eigenvalues of B.

Unlike the class of averaged operators, the class of paracontractive op-
erators is not necessarily closed to finite products, unless those factor op-
erators have a common fixed point.

7.6.2 The Elsner-Koltracht-Neumann Theorem

Our interest in paracontractions is due to the Elsner-Koltracht-Neumann
(EKN) Theorem [109]:

Theorem 7.3 Let T be pc with respect to some vector norm. If T has
fized points, then the sequence {T*z°} converges to a fized point of T, for

all starting vectors x0.

We follow the development in [109].

Theorem 7.4 Suppose that there is a vector norm on R, with respect to
which each T; is a pc operator, for i = 1,...,I, and that F = N._,Fix(T;)
is not empty. For k=0,1,..., leti(k) = k(mod I) + 1, and z**+! = Ti(k)xk.
The sequence {x*} converges to a member of F, for every starting vector
z0.

Proof: Let y € F. Then, for k=0,1, ...,
1255 = yl| = ITiy =" =yl < [l2" = yll, (7.19)

so that the sequence {||z* — y||} is decreasing; let d > 0 be its limit. Since
the sequence {x*} is bounded, we select an arbitrary cluster point, z*.
Then d = ||z* — y||, from which we can conclude that

ITia™ = yll = [l* = yll; (7.20)

and T;x* = z*, for i = 1,..., I; therefore, x* € F. Replacing y, an arbitrary
member of F, with 2*, we have that ||z¥ — 2*|| is decreasing. But, a
subsequence converges to zero, so the whole sequence must converge to
zero. This completes the proof. |

Corollary 7.3 If T is pc with respect to some vector norm, and T has
fized points, then the iterative sequence {T*x"} converges to a fived point
of T, for every starting vector x°.

Corollary 7.4 IfT =TTy ---ToTy, and F = N!_,Fix (T;) is not empty,
then F = Fix (T).
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Proof: The sequence zF*! = Ti(k)xk converges to a member of Fix (T), for

every x°. Select 20 in F. |

Corollary 7.5 The product T of two or more pc operators T;, i = 1,...,1
is again a pc operator, if F = NL_,Fix (T;) is not empty.

Proof: Suppose that for T'= T;T7—1 - - - ToTy, and y € F = Fix (T), we
have

1Tz —yll = [lz —yll. (7.21)
Then, since

T (Tr—1 - To)e —yl| < || Tr—1 - The —y|| < ..

< [Tz —yll < |l —yll, (7.22)

it follows that
I Tiz — yll = |l — yll, (7.23)
and T;x = z, for each i. Therefore, Tx = . |

7.7 Matrix Norms

Any matrix can be turned into a vector by vectorization. Therefore, we
can define a norm for any matrix A by simply vectorizing the matrix and
taking a norm of the resulting vector; the 2-norm of the vectorized matrix
A is the Frobenius norm of the matrix itself, denoted ||A|| . The Frobenius
norm does have the property

[Azl2 < [|Allp[ll]2;

known as submultiplicativity so that it is compatible with the role of A as a
linear transformation, but other norms for matrices may not be compatible
with this role for A. For that reason, we consider compatible norms on
matrices that are induced from norms of the vectors on which the matrices
operate.

7.7.1 Induced Matrix Norms

One way to obtain a compatible norm for matrices is through the use of
an induced matrix norm.
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Definition 7.4 Let ||z|| be any norm on C”7, not necessarily the Euclidean
norm, ||b|| any norm on C!, and A a rectangular I by J matriz. The
induced matrix norm of A, simply denoted ||Al|, derived from these two
vector norms, is the smallest positive constant ¢ such that

[Az|| < cf|]], (7.24)
for all z in C7. This induced norm can be written as

1Al = max{]| Az]/ll]}- (7.25)

We study induced matrix norms in order to measure the distance || Az —
Az||, relative to the distance ||z — z||:

[Az — Az|| < || Al [l — =], (7.26)

for all vectors x and z and ||A| is the smallest number for which this
statement can be made.

7.7.2 Condition Number of a Square Matrix

Let S be a square, invertible matrix and z the solution to Sz = h. We
are concerned with the extent to which the solution changes as the right
side, h, changes. Denote by J; a small perturbation of i, and by d, the
solution of S¢, = d;,. Then S(z+46.) = h+ . Applying the compatibility
condition || Az|| < ||All||z], we get

1621 < 1S~ 16nlI, (7.27)
and
21l = [[Rl/11S]]- (7.28)
Therefore
16l _1y 1]l
< SIS~ M - (7.29)
(B il

Definition 7.5 The quantity c = ||S||||S~!|| is the condition number of S,
with respect to the given matrix norm.

Note that ¢ > 1: for any non-zero z, we have
ISTHE = IS~ 2l1/1zl = 1S~ 2l /1SS~ el = 1/11S]]. (7.30)

When S is Hermitian and positive-definite, the condition number of S, with
respect to the matrix norm induced by the Euclidean vector norm, is

¢ = Amaz(S)/Amin(S), (7.31)

the ratio of the largest to the smallest eigenvalues of S.
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7.7.3 Some Examples of Induced Matrix Norms

If we choose the two vector norms carefully, then we can get an explicit
description of || AJ|, but, in general, we cannot.

For example, let ||z|| = ||z|; and ||Az|| = ||Az||; be the 1-norms of the
vectors x and Az, where

J

el = Jal- (7.32)

Jj=1

Lemma 7.9 The 1-norm of A, induced by the 1-norms of vectors in C”’
and C!, is

I
Al = max {>_|Aj],j=1,2,...J}. (7.33)

i=1

Proof: Use basic properties of the absolute value to show that

J I
1Az]ls < (> [AyD)l;l. (7.34)

j=1 i=1

Then let j = m be the index for which the maximum column sum is reached

and select z; = 0, for j # m, and z,, = 1. |
The infinity norm of the vector z is

llz]loo = max{|z;|,j =1,2,...,J}. (7.35)

Lemma 7.10 The infinity norm of the matriz A, induced by the infinity
norms of vectors in R? and C!, is

J
[Alloo = max {> " |Aij|,i =1,2,...,T}. (7.36)

j=1
The proof is similar to that of the previous lemma.

Lemma 7.11 Let M be an invertible matriz and ||z| any vector norm.
Define

@]l ar = [[Mz]]. (7.37)
Then, for any square matriz S, the matrix norm
I1las = mapx{ Szl 21} (7.38)
18

I18)lar = | MSMH|. (7.39)
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Proof: The proof is left as an exercise. |

In [8] Lemma 7.11 is used to prove the following lemma:

Lemma 7.12 Let S be any square matriz and let € > 0 be given. Then
there is an invertible matrix M such that

1S]lar < p(S) + e (7.40)

7.7.4 The Euclidean Norm of a Square Matrix

We shall be particularly interested in the Euclidean norm (or 2-norm) of
the square matrix A, denoted by || A||2, which is the induced matrix norm
derived from the Euclidean vector norms.

From the definition of the Euclidean norm of A, we know that

|All2 = max{[|Az(|2/|[]]2}, (7.41)

with the maximum over all nonzero vectors . Since

|Az|2 = 2T AT Az, (7.42)
we have
T At Ax
1All2 =/ max{———1}, (7.43)

over all nonzero vectors x.

Proposition 7.4 The Euclidean norm of a square matriz is

[All2 =/ p(ATA); (7.44)

that is, the term inside the square-root in Equation (7.43) is the largest
eigenvalue of the matriz ATA.

Proof: Let
A > >.>)A;2>0 (7.45)

and let {u/, j = 1,..., J} be mutually orthogonal eigenvectors of ATA with
|u?|l2 = 1. Then, for any x, we have

J
x = Z[(uﬁ%}uﬂ (7.46)

Jj=1
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while
Al Az = Z[(uJ)Tx]ATAuJ = Z M [(u?) T ]u. (7.47)
j=1 j=1
It follows that
J .
23 = aTe = |(w) "2/, (7.48)
j=1
and
J .
|Az|)3 = 2T ATAz =" \j|(u?) . (7.49)
j=1

Maximizing || Az||3/||z]|3 over z # 0 is equivalent to maximizing || Az||3,
subject to ||z||3 = 1. The right side of Equation (7.49) is then a con-
vex combination of the A;, which will have its maximum when only the
coefficient of \; is non-zero. |

It can be shown that
IA[I5 < [|All1[|Allco-

If S is not Hermitian, then the Euclidean norm of S cannot be calculated
directly from the eigenvalues of S. Take, for example, the square, non-
Hermitian matrix

S = {é 2.] , (7.50)

having eigenvalues A = 4 and A = ¢. The eigenvalues of the Hermitian
matrix

1 -2
tao
Sts = {% . } (7.51)

are A = 3+ 2v2 and A = 3 — 2V/2. Therefore, the Euclidean norm of S is

1S]l2 = \/3 +2V2. (7.52)

Definition 7.6 An operator T is called an affine linear operator if T' has
the form Tx = Bx+d, where B is a linear operator, and d is a fixed vector.

Lemma 7.13 Let T be an affine linear operator. Then T is a strict con-
traction if and only if ||B||, the induced matriz norm of B, is less than
one.
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Definition 7.7 The spectral radius of a square matriz B, written p(B),
is the maximum of |\|, over all eigenvalues A of B.

Since p(B) < ||B]| for every norm on B induced by a vector norm, B
is sc implies that p(B) < 1. When B is Hermitian, the matrix norm of
B induced by the Euclidean vector norm is ||B||s = p(B), so if p(B) < 1,
then B is sc with respect to the Euclidean norm.

When B is not Hermitian, it is not as easy to determine if the affine
operator T is sc with respect to a given norm. Instead, we often tailor the
norm to the operator 7. Suppose that B is a diagonalizable matrix, that
is, there is a basis for R’ consisting of eigenvectors of B. Let {u',...,u”’}
be such a basis, and let Bu/ = \ju’, for each j = 1,...,J. For each z in
R, there are unique coefficients a; so that

J
x = Zajuj. (7.53)
j=1

Then let
J
llall = lajl- (7.54)
j=1
Lemma 7.14 The expression || - || in Equation (7.54) defines a norm on

RY. If p(B) < 1, then the affine operator T is sc, with respect to this norm.
It is known that, for any square matrix B and any € > 0, there is a vector
norm for which the induced matrix norm satisfies ||B|| < p(B) + €. There-
fore, if B is an arbitrary square matrix with p(B) < 1, there is a vector
norm with respect to which B is sc.

7.8 Exercises

Ex. 7.1 Prove Lemma 7.11.

Ex. 7.2 Prove Lemma 7.14.

Ex. 7.3 Show that, if the operator T is a-av and 1 > > «, then T is
B-av.

Ex. 7.4 Prove Lemma 7.3.
Ex. 7.5 Prove Corollary 6.3.

Ex. 7.6 Prove Proposition 7.3.
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Ex. 7.7 Show that, if B is a linear av operator, then |A| < 1 for all eigen-
values A of B that are not equal to one.

Ex. 7.8 An operator Q : R7 — R is said to be quasi-non-expansive (qne)
if Q has fixed points, and, for every fixed point z of @Q and for every x, we
have

Iz — =l = [|z — Qz|.

We say that an operator R : R7 — RY is quasi-averaged if, for some
operator @ that is qne with respect to the two-norm and for some « in the
interval (0,1), we have

R=(1-a)+aQ.

Show that the Krasnosel’skii-Mann-Opial Theorem 7.1 holds when averaged
operators are replaced by quasi-averaged operators.
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Chapter 8

Convex Feasibility and
Related Problems

8.1 Convex Constraint Sets

When we minimize a real-valued function f(x), constraints on x often take
the form of inclusion in certain convex sets. These sets may be related to
the measured data, or incorporate other aspects of x known a priori. There
are several related problems that then arise. Iterative algorithms based on
orthogonal projection onto convex sets are then employed to solve these
problems. Such constraints can often be formulated as requiring that the
desired  lie within the intersection C' of a finite collection {C4,...,Cr} of
convex sets.

8.1.1 Convex Feasibility

When the number of convex sets is large and the intersection C' small, any
member of C' may be sufficient for our purposes. Finding such z is the
convezx feasibility problem (CFP).

8.1.2 Constrained Optimization

When the intersection C' is large, simply obtaining an arbitrary member
of C' may not be enough; we may require, in addition, that the chosen x
optimize some cost function. For example, we may seek the z in C that
minimizes ||z — x°||3. This is constrained optimization.

101
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8.1.3 Proximity Function Minimization

When the collection of convex sets has empty intersection, we may minimize
a prozimity function, such as

1 J
o) = 57 > [[Poa — =3, (8.1)
i=1

When the set C' is non-empty, the smallest value of f(z) is zero, and is
attained at any member of C. When C' is empty, the minimizers of f(z),
when they exist, provide a reasonable approximate solution to the CFP.

8.1.4 The Split-Feasibility Problem

An interesting variant of the CFP is the split-feasibility problem (SFP)
[76]. Let A be an I by J (possibly complex) matrix. The SFP is to find
a member of a closed, convex set C' in C” for which Az is a member of a
second closed, convex set Q in C!. When there is no such z, we can obtain
an approximate solution by minimizing the proximity function

f(@) = 5lIPgAv — Axl, (32)

over all z in C, whenever such minimizers exist.

8.1.5 Differentiability

The following theorem describes the gradient of the function f(x) in Equa-
tion (8.2).

Theorem 8.1 Let f(z) = 3||PoAx — Az} and t € 8f(x). Then t =

AT(I — Py)Ax, so that t = Vf(x).

Proof: First, we show that ¢t = A7 2* for some z*. Let s = x + w, where
w is an arbitrary member of the null space of A. Then As = Az and

f(s) = f(x). From
0= f(s) = f(&) > (t,5 — 2) = (t,w),

it follows that
(t,w) =0,

for all w in the null space of A, from which we conclude that ¢ is in the
range of AT. Therefore, we can write t = AT 2*.
Let u be chosen so that [|[A(u — z)|| = 1, and let € > 0. We then have

| PoAa — A(a + e(u - 2))|” — || PoAz — A >
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| Po(Ax + e(u — x)) — A(x + e(u — 2))||> — |[PoAz — Az|* > 2¢(t,u — ).
Therefore, since
| PoAz—A(z+e(u—2))||* = || PgAz— Az||* —2¢(Pg Ax— Az, A(u—1x))+€,
it follows that
% > (PoAz — Az + 2*, A(u—z)) = —(AT(I — Po)Az —t,u— ).
Since € is arbitrary, it follows that
(AT(I — Po)Azx —t,u —x) >0,

for all appropriate w. But this is also true if we replace u with v = 2x — u.
Consequently, we have

(AT(I — Pg)Ax —t,u —x) = 0.
Now we select
u—x = (AT(I — Pg)Az —t)/||AAT (I — Pg) Az — At
from which it follows that

AT(I — Pg)Azx =t.

Corollary 8.1 The gradient of the function

£(z) = gllz — Peal?

is Vf(x) = x — Pox, and the gradient of the function
1
9(@) = 5 (el = lle — Pex|3)

is Vg(z) = Pew.

Just as the function h(t) = #? is differentiable for all real ¢, but the
function f(t) = |t| is not differentiable at ¢ = 0, the function

ho(z) = ||zl
is not differentiable at x = 0 and the function
h(z) = ||l — Poxl|2

is not differentiable at boundary points of the set C. We have the following
theorem.
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Theorem 8.2 For any x in the interior of C, the gradient of the function

h(z) = ||x — Pox||2 is Vh(z) = 0. For any = outside C' the gradient is

r— Pox

Vh(z) = ——————.
D= o Poal

For x on the boundary of C, however, the function h(x) is not differentiable;

any vector u in the normal cone No(z) with |Julls <1 is in Oh(z).

Proof: The function g(t) = v/t is differentiable for all positive values of ¢,
so the function

)\ 1/2
hw) = (llz — Pex|3)
is differentiable whenever z is not in C. Using the Chain Rule, we get

Vh(z) = - Le®

l — Pow||s
For z in the interior of C, the function h(x) is identically zero in a neigh-
borhood of x, so that the gradient is zero there. The only difficult case is
when « is on the boundary of C.

First, we assume that v € N¢o(z) and |lul]2 = 1. Then we must show
that

(u,y — ) < |ly — Peyl.

If y is such that the inner product is non-positive, then the inequality is
clearly true. So we focus on those y for which the inner product is positive,
which means that y lies in the half-space bounded by the hyperplane H,
where

H = {z|(u,z) > (u,z)}.

The vector y — Py is the orthogonal projection of the vector y — = onto
the line containing y and Pgy, which also contains the vector u. Therefore,

Yy — Pry = (u,y — 2)u,

and
ly — Peyllz > [ly — Payll2 = (u,y — x).

Now we prove the converse.
We assume now that

(u,y —x) < [ly — Peyll2,

for all y, and show that ||ull]2 < 1 and v € Ne(x). If u is not in Ne(z),
then there is a y € C with

(u,y — ) >0,
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but ||y — Poyll2 = 0. Finally, we must show that |Julls < 1.
Let y = x + u, so that Pcy = x. Then

(u,y — @) = (u,u) = [[ull3,

while
ly — Peyll2 = [ly — zll2 = [lull2.
It follows that |Ju|2 < 1. |

We are used to thinking of functions that are not differentiable as lacking
something. From the point of view of subgradients, not being differentiable
means having too many of something.

The gradient of the function f(z) in Equation (8.1) is

1]
Vi(z) = T; (8.3)

Therefore, a gradient descent approach to minimizing f(z) has the iterative

step
1Jd
k+1 _ k kot k) _
T =x ’yk(w IélPCix)_
i=

(1 — )" +7k( chx) (8.4)

This is sometimes called the relaxed averaged projections algorithm. As we
shall see shortly, the choice of v, = 1 is sufficient for convergence.

8.2 Using Orthogonal Projections

When the convex sets are half-spaces in two or three dimensional space, we
may be able to find a member of their intersection by drawing a picture or
just by thinking; in general, however, solving the CFP must be left up to
the computer and we need an algorithm.

8.2.1 Successive Orthogonal Projection

The CFP can be solved using the successive orthogonal projections (SOP)
method.

Algorithm 8.1 (SOP) For arbitrary x°, let
= P;P;_,--- PPz, (8.5)

where P; = Pg, is the orthogonal projection onto C;.
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For non-empty C, convergence of the SOP to a solution of the CFP will
follow, once we have established that, for any x°, the iterative sequence
{T*2°} converges to a fixed point of T', where

T=PP_,- - PP,. (8.6)

Since T is an averaged operator, the convergence of the SOP to a member
of C follows from the KMO Theorem 7.1, provided C' is non-empty.

The SOP is useful when the sets C; are easily described and the P; are
easily calculated, but P is not. The SOP converges to the member of C
closest to 2° when the C; are hyperplanes, but not in general.

A good illustration of the SOP method is the algebraic reconstruction
technique (ART) [125]. Associated with the system of linear equations
Az = b are the hyperplanes H; C R defined by

H; = {z|(Az); = b;},

for i = 1,...,1. At the kth step of the ART we get z**! by projecting the
current vector x* orthogonally onto H;, for i = kmodI. We discuss the
ART in more detail in a subsequent section.

8.2.2 Simultaneous Orthogonal Projection

When C = N._, C; is empty and we seek to minimize the proximity function
f(z) in Equation (8.1), we can use the simultaneous orthogonal projections
(SIMOP) approach:

Algorithm 8.2 (SIMOP) For arbitrary z°, let

I
1
k41 _ ok
et = ,;21 Pz”. (8.7)
The operator
1d
T = 7 E P (8.8)

is also averaged, so this iteration converges, by Theorem 7.1, whenever f(x)
has a minimizer.

When the convex sets are the hyperplanes C; = H; the iteration in
Equation (8.7) becomes Cimmino’s algorithm, which can be written as

ah =gk — %AT(Ax’c -b), (8.9)

if the rows of A are first rescaled to have Euclidean length one. The more
general Landweber algorithm has the iterative step

af = gF — A AT (A2F — ), (8.10)
for 7 in the interval (0,2/p(AT A)).
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8.2.3 Estimating the Spectral Radius

As we just saw, the step-length parameter 7 in the Landweber algorithm is
bounded above by a quantity that involves the spectral radius of the matrix
AT A. This is also true of the CQ algorithm. This poses certain difficulties.
We usually resort to using iterative methods because the matrix A is too
large to use anything else. In such cases, even calculating the matrix AT A
is out of the question. We need to obtain decent estimates of p(AT A) that
are based solely on A itself. In many remote-sensing applications, such
as transmission and emission tomography, the matrix A is sparse, meaning
that most of its entries are zero. When we form A7 A we lose the sparseness.
We would like estimates of p(A” A) that employ only A and are particularly
useful when A is sparse.
From our discussion of matrix norms we know that

p(ATA) < || A1 Ao
so that, when |A;;| <1 for all 4 and j, we can say
p(ATA) < 1J.
But we can do better than this. Suppose that ||A]lc < 1. Then
p(ATA) < 1.

Suppose, in addition, that A is sparse and s is the maximum number of
non-zero entries in any column of A. Then

p(ATA) < s.

In Chapter 9 we improve this upper bound on p(AT A) by showing that,
when the rows of A are normalized to have Euclidean length one, we again
have p(ATA) < s.

8.2.4 The CQ Algorithm for the SFP
The CQ algorithm is an iterative method for solving the SFP [57, 58].
Algorithm 8.3 (CQ) For arbitrary x°, let
" = Po(ab — yAT(I — Pg) Az®). (8.11)
The operator
T = Po(I —yAT(I — Pg)A) (8.12)

is averaged whenever « is in the interval (0,2/L), where L is the largest
eigenvalue of ATA, and so the CQ algorithm converges to a fixed point
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of T, whenever such fixed points exist. When the SFP has a solution,
the CQ algorithm converges to a solution; when it does not, the CQ
algorithm converges to a minimizer, over C, of the proximity function
f(z) = 3||[PoAz — Az||3, whenever such minimizers exist. The function
f(z) is convex and, according to Theorem 8.1, its gradient is

Vi(x)=AT(I - Py)Ax. (8.13)

The convergence of the CQ algorithm then follows from Theorem 7.1. In
[93] Combettes and Wars use proximity operators to generalize the CQ
algorithm.

Multi-set generalizations of the CQ algorithm have been applied re-
cently to problems in intensity-modulated radiation therapy [74, 78].

8.2.5 An Extension of the CQ Algorithm

Let C € RY and Q € RM be closed, non-empty convex sets, and let A and
B be J by N and J by M real matrices, respectively. The problem is to
find z € C and y € @ such that Az = By. When there are no such x and
y, we consider the problem of minimizing

1
f(@,y) = 5llAz - Byl3,

over x € C and y € Q.
Let K =C x Q in RN x RM. Define

G=[A -B],
and
)
w = ;
Y
so that AT A AT
T —A'B
G G= {—BTA BTB ] ’

The original problem can now be reformulated as finding w € K with
Gw = 0. We shall consider the more general problem of minimizing the
function ||Gw|| over w € K. The projected Landweber algorithm (PLW)
solves this more general problem.

The iterative step of the PLW algorithm is the following:

wh ! = Pre(w® — yG* (Guwh)). (8.14)
Expressing this in terms of x and y, we obtain

zFtl = Pc(xk — ’yA*(Aack — Byk)); (8.15)
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and
y* 1t = Po(y* +yB* (Az* — By)). (8.16)

The PLW converges, in this case, to a minimizer of ||Gw]|| over w € K,
e . . 2
whenever such minimizers exist, for 0 < v < GTEY

8.2.6 Projecting onto the Intersection of Convex Sets

When the intersection C' = N{_, C; is large, and just finding any member of
C is not sufficient for our purposes, we may want to calculate the orthogonal
projection of % onto C using the operators Pg,. We cannot use the SOP
unless the C; are hyperplanes; instead we can use Dykstra’s algorithm
or the Halpern-Lions-Wittmann-Bauschke (HLWB) algorithm. Dykstra’s
algorithm employs the projections Pc,, but not directly on z*, but on
translations of z*. It is motivated by the following lemma:

Lemma 8.1 Ifx = c+ Zfilpi, where, for each i, ¢ = Pg,(c+ p;), then
Cc = ch.

Proof: The proof is left as Exercise 8.1.

Dykstra’s Algorithm

Dykstra’s algorithm, for the simplest case of two convex sets A and B, is
the following:

Algorithm 8.4 (Dykstra) Let by = x, and po = qo = 0. Then let

(07 :PA(bn—l +pn—l)7 (817)

bn = PB(an + Qn—l)a (818)
and define p, and g, by
T = ap+ Pp+ Gn-1=bn + pn + gn- (8.19)

Using the algorithm, we construct two sequences, {a,} and {b,}, both
converging to ¢ = Pex, along with two other sequences, {p,} and {g,}.
Usually, but not always, {p,} converges to p and {¢,} converges to ¢, so
that

r=c+p+agq, (8.20)
with
¢=Pa(c+p)=Pp(c+q). (8.:21)

Generally, however, {p, + ¢, } converges to z — c.
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The Halpern-Lions-Wittmann-Bauschke Algorithm

There is yet another approach to finding the orthogonal projection of the
vector x onto the nonempty intersection C' of finitely many closed, convex
sets C;, 1 =1,...,1.

Algorithm 8.5 (HLWB) Let 2° be arbitrary. Then let
e =t + (1 — ty) Po,a®, (8.22)

where Po, denotes the orthogonal projection onto Cj, ty is in the interval
(0,1), and i = k(mod I) + 1.

Several authors have proved convergence of the sequence {x*} to Pcuz,
with various conditions imposed on the parameters {¢x}. As a result, the
algorithm is known as the Halpern-Lions-Wittmann-Bauschke (HLWB) al-
gorithm, after the names of several who have contributed to the evolution of
the theorem; see also Corollary 2 in Reich’s paper [178]. The conditions im-
posed by Bauschke [10] are {tx} — 0, >t = 00, and Y |t — try1] < +00.
The HLWB algorithm has been extended by Deutsch and Yamada [102] to
minimize certain (possibly non-quadratic) functions over the intersection
of fixed point sets of operators more general than Pr,. Bregman discovered
an iterative algorithm for minimizing a more general convex function f(x)
over z with Az = b and also x with Ax > b [30]. These algorithms are
based on his extension of the SOP to include projections with respect to
generalized distances, such as entropic distances.

8.3 The ART

Let A be a complex matrix with I rows and J columns, and let b be a
member of C!. We want to solve the system Az = b. For each index value
i, let H; be the hyperplane of J-dimensional vectors given by

Hi = {$|(AJJ)Z = bl}, (823)
and P; the orthogonal projection operator onto H;. Let 20 be arbitrary
and, for each nonnegative integer k, let i(k) = k(mod I) + 1. The iterative
step of the ART is

a" = Pyt (8.24)

Because the ART uses only a single equation at each step, it has been called
a row-action method .
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8.3.1 Calculating the ART

Given any vector z the vector in H; closest to z, in the sense of the Euclidean
distance, has the entries

J
vy = 2+ Aij (b — (A2)))/ Y |Aim|*. (8.25)

m=1

To simplify our calculations, we shall assume, throughout this chapter, that
the rows of A have been rescaled to have Euclidean length one; that is

J
> 1A =1, (8.26)
j=1

for each i = 1, ..., I, and that the entries of b have been rescaled accordingly,
to preserve the equations Ax = b. The ART is then the following: begin
with an arbitrary vector x%; for each nonnegative integer k, having found
z¥. the next iterate z**! has entries

As we shall show, when the system Ax = b has exact solutions the
ART converges to the solution closest to x°, in the 2-norm. How fast
the algorithm converges will depend on the ordering of the equations and
on whether or not we use relaxation. In selecting the equation ordering,
the important thing is to avoid particularly bad orderings, in which the
hyperplanes H; and H,;; are nearly parallel.

8.3.2 Full-cycle ART
We again consider the full-cycle ART, with iterative step z™+! = T2™, for

T =P P, PP,. (8.28)

When the system Az = b has solutions, the fixed points of T" are solutions.
When there are no solutions of Az = b, the operator T will still have fixed
points, but they will no longer be exact solutions.

8.3.3 The Basic Convergence Theorem

For a positive integer N with 1 < N < I, we let By, ..., By be not necessar-
ily disjoint subsets of the set {i = 1, ..., IT}; the subsets B, are called blocks.
We then let A, be the matrix and 0™ the vector obtained from A and b,
respectively, by removing all the rows except for those whose index i is in
the set B,,. For each n, we let s,; be the number of non-zero entries in the
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tth column of the matrix A,,, s,, the maximum of the s,;, s the maximum
of the s,,, and L, = p(Al A,) be the spectral radius, or largest eigenvalue,
of the matrix Af A,,, with L = p(ATA). We denote by A; the ith row of
the matrix A, and by v; the length of A;, so that

J
2 2
v = Z | Ai;|”.
j=1
The following theorem is a basic convergence result concerning block-

iterative ART algorithms.

Theorem 8.3 Let L, < 1, form = 1,2,....,N. If the system Ax = b is
consistent, then, for any starting vector z°, and with n = n(k) = k(mod N)
and N € [€,2 — €] for all k, the sequence {x*} with iterative step

o = 2Pt N AT (" — Azt (8.29)
converges to the solution of Az = b for which ||x — 20|y is minimized.
Proof: Let Az = b. Applying Equation (7.1) to the operator

Tx =z + M AL (V" — Apx),
we obtain

Iz = 25 — [z = 2®(13 = 226" — Az 13 = AR ALY — AL A2 13
(8.30)

Since L,, < 1, it follows that
1A%L" — AR A H3 < [|b" — Apat 5.
Therefore,
Iz = 2" 13 = Iz = 2® 13 = M = AD[B" — Apa™ 113,

from which we draw several conclusions:

e the sequence {|z — 2%||2} is decreasing;

e the sequence {|[b" — A,z*!||2} converges to zero.
In addition, for fixed n = 1,..., N and m — oo,

e the sequence {[[b” — A,z™N+"~1||5} converges to zero;

e the sequence {z™N+"} is bounded.
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Let z*! be a cluster point of the sequence {meH}; then there is sub-
sequence {z™N*+1} converging to #*1. The sequence {z™N*2} is also
bounded, and we select a cluster point 2*2. Continuing in this fashion, we
obtain cluster points z*"™, for n = 1,..., N. From the conclusions reached
previously, we can show that z*" = ¢*"*+! = z*, forn = 1,2,..., N — 1,
and Ax* = b. Replacing the generic solution & with the solution z*, we see
that the sequence {||z* — z*||2} is decreasing. But, subsequences of this
sequence converge to zero, so the entire sequence converges to zero, and so
b — 2t

Now we show that z* is the solution of Az = b that minimizes ||z —2°|,.
Since zF — %=1 is in the range of A" for all k, so is 2* — 2, from which it
follows that z* is the solution minimizing ||z — 2°||2. Another way to get
this result is to use Equation (8.30). Since the right side of Equation (8.30)
is independent of the choice of solution, so is the left side. Summing both
sides over the index k reveals that the difference

lz = 2°13 = llo — 2|3

is independent of the choice of solution. Consequently, minimizing ||z—z°|2
over all solutions z is equivalent to minimizing ||x — z*||2 over all solutions
x; the solution to the latter problem is clearly = = x*.

8.3.4 Relaxed ART

The ART employs orthogonal projections onto the individual hyperplanes.
If we permit the next iterate to fall short of the hyperplane, or somewhat
beyond it, we get a relaxed version of ART.The relaxed ART algorithm is
as follows:

Algorithm 8.6 (Relaxed ART) With w € (0,2), 2° arbitrary, and i =
k(modI) + 1, let

The relaxed ART converges to the solution closest to z¥, in the consis-
tent case. In the inconsistent case, it does not converge, but subsequences

associated with the same ¢ converge to distinct vectors, forming a limit
cycle.

8.3.5 Constrained ART

Let C be a closed, nonempty convex subset of C’/ and Pox the orthogonal
projection of x onto C. If there are solutions of Az = b that lie within C,
we can find them using the constrained ART algorithm:
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Algorithm 8.7 (Constrained ART) With 2° arbitrary and i = k(mod I)+
1, let

z;-“"’l = a¥ + Ay (b — (A2F),), (8.32)

and xF+1 = Pozk+L,

For example, if A and b are real and we seek a nonnegative solution to
Az = b, we can use

Algorithm 8.8 (Non-negative ART) With i = k(modI) + 1, and 2°
arbitrary, let

x?“ = (.23;6 + Aij (b; — (A.l?k)i))+, (8.33)
where, for any real number a, ay = max{a,0}.

The constrained ART converges to a solution of Az = b within C, whenever
such solutions exist.

8.3.6 When Az = b Has No Solutions

When there are no exact solutions, the ART does not converge to a single
vector, but, for each fixed 7, the subsequence {z"/*% n = 0,1, ...} converges
to a vector z' and the collection {z%|i = 1,...,I} is called the limit cycle.
This was shown by Tanabe [189] and also follows from the results of De
Pierro and Iusem [101]. Proofs of subsequential convergence are given in
[60, 61]. The ART limit cycle will vary with the ordering of the equations,
and contains more than one vector unless an exact solution exists.

Open Question: If there is a unique geometric least-squares solution,
where is it, in relation to the vectors of the limit cycle? Can it be calculated
easily, from the vectors of the limit cycle?

There is a partial answer to the second question. In [50] (see also
[60]) it was shown that if the system Az = b has no exact solution, and if
I = J+1, then the vectors of the limit cycle lie on a sphere in J-dimensional
space having the least-squares solution at its center. This is not true more
generally, however.

A Question: In both the consistent and inconsistent cases, the sequence
{x*} of ART iterates is bounded, as Tanabe [189], and De Pierro and Tusem
[101] have shown. The proof is easy in the consistent case. Is there an easy
proof for the inconsistent case?
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8.4 Regularization

In many remote-sensing applications the entries of the vector b are mea-
sured data and therefore noisy. At the same time, the matrix A describing
the sensing process may be a simplification of the actual situation. Com-
bined, the description Ax = b may not be precisely true. In such cases,
finding an exact solution, even when they exist, may not be desireable, and
regularization is adopted. Imposing constraints on the vector z may also
result in there not being a solution.

8.4.1 Norm-Constrained Least-Squares

To regularize the least-squares problem we can minimize not ||b — Ax||2,
but, say,

f(@) = [Ib— Az|3 + €||[13, (8.34)

for some small € > 0. Now we are still trying to make ||b — Az||2 small, but
managing to keep ||z||2 from becoming too large in the process. This leads
to a norm-constrained least-squares solution.

The minimizer of f(x) is the unique solution Z. of the system

(ATA+éNa = ATb. (8.35)

When I and J are large, we need ways to solve this system without having
to deal with the matrix ATA 4 €2I. The Landweber method allows us
to avoid AT A in calculating the least-squares solution. Is there a similar
method to use now? Yes, there is.

8.4.2 Regularizing Landweber’s Algorithm

Our goal is to minimize the function f(z) in Equation (8.34). Notice that
this is equivalent to minimizing the function

F(z) = ||Bz — c|f3, (8.36)
for
[A
B= _d} ) (8.37)
and

c— _b] , (8.38)
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where 0 denotes a column vector with all entries equal to zero. The Landwe-
ber iteration for the problem Bz = ¢ is

2F 1 = 2% 4 BT (¢ — Bx"), (8.39)

for 0 < a < 2/p(BTB), where p(BT B) is the largest eigenvalue, or the
spectral radius, of BT B. Equation (8.39) can be written as

okl — (1- aeQ)xk + aAT(b — Amk). (8.40)

8.4.3 Regularizing the ART

We would like to get the regularized solution z. by taking advantage of
the faster convergence of the ART. Fortunately, there are ways to find z.,
using only the matrix A and the ART algorithm. We discuss two methods
for using ART to obtain regularized solutions of Az = b. The first one is
presented in [60], while the second one is due to Eggermont, Herman, and
Lent [107].

In our first method we use ART to solve the system of equations given
in matrix form by

(AT eI H =0. (8.41)

We begin with u° = b and v = 0. Then, the lower component of the limit
vector is v>° = —ei,, while the upper limit is v = b — AZ..

The method of Eggermont et al. is similar. In their method we use
ART to solve the system of equations given in matrix form by

x
(A ] M 5. (8.42)
We begin at 20 = 0 and v° = 0. Then, the limit vector has for its upper
component £>° = Z., and ev>™° = b — Az,.

However, we do not want to calculate AT A + €2 when the matrix A is
large. Fortunately, there are ways to find Z., using only the matrix A and
the ART algorithm.

8.5 Avoiding the Limit Cycle

Generally, the greater the minimum value of || Az —b||3 the more the vectors
of the LC are distinct from one another. There are several ways to avoid
the LC in ART and to obtain a least-squares solution. One way is the
double ART (DART) [53]:
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8.5.1 Double ART (DART)

We know that any b can be written as b = A# + b, where AT = 0 and
# is a minimizer of ||Az — b||3. The vector  is the orthogonal projection
of b onto the null space of the matrix transformation Af. Therefore, in
Step 1 of DART we apply the ART algorithm to the consistent system of
linear equations Afw = 0, beginning with w® = b. The limit is w™ = o,
the member of the null space of Af closest to b. In Step 2, apply ART
to the consistent system of linear equations Ax = b — w*> = Az. The
limit is then the minimizer of ||Az — b||2 closest to 2°. Notice that we
could also obtain the least-squares solution by applying ART to the system
Aty = ATh, starting with ¢° = 0, to obtain the minimum-norm solution,
which is y = A%, and then applying ART to the system Ax = y.

8.5.2 Strongly Under-relaxed ART

Another method for avoiding the LC is strong under-relaxzation, due to
Censor, Eggermont and Gordon [75]. Let ¢ > 0. Replace the iterative step
in ART with

xf“ = xf + 1A (b — (AzF);). (8.43)

In [75] it is shown that, as t — 0, the vectors of the LC approach the geo-
metric least squares solution closest to 2¥; a short proof is in [50]. Bertsekas
[23] uses strong under-relaxation to obtain convergence of more general in-
cremental methods.

8.5.3 Non-Negative Least Squares

If there is no solution to a system of linear equations Az = b, then we may
seek a least-squares “solution” , which is a minimizer of the function

1< J 2
f(JU) = 5 Z ((Z Aimxnz) - bz) = ||A$ - b||2 (844)
1 m=1

The partial derivative of f(x) with respect to the variable z; is
I J
of
5y (2 = > Ay ((Z AimTm) — bi)~ (8.45)
i i=1 m=1

Setting the gradient equal to zero, we find that to get a least-squares solu-
tion we must solve the system of equations

AT(Az —b) =0. (8.46)
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Now we consider what happens when the additional constraints z; > 0 are
imposed.

This problem becomes a convex programming problem. Let Z be a so-
lution of the non-negatively constrained least-squares problem. According
to the Karush-Kuhn-Tucker Theorem, for those values of j for which Z; is
not zero the corresponding Lagrange multiplier is A} = 0 and 5%(@) =0.
Therefore, if £; # 0,

0= XI:AU ((i i) — bz-). (8.47)

=1

Let @ be the I by K matrix obtained from A by deleting rows j for which
Z; = 0. Then we can write

Q" (A% —b) =0. (8.48)

If Q has K > I columns and has full rank, then Q7 is a one-to-one linear
transformation, which implies that A%z = b. Therefore, when there is no
non-negative solution of Ax = b, and @ has full rank, which is the typical
case, the () must have fewer than I columns, which means that & has fewer
than I non-zero entries.

This result has some practical implications in medical image reconstruc-
tion. In the hope of improving the resolution of the reconstructed image,
we may be tempted to take J, the number of pixels, larger than I, the
number of equations arising from photon counts or line integrals. Since
the vector b consists of measured data, it is noisy and there may well not
be a non-negative solution of Az = b. As a result, the image obtained by
non-negatively constrained least-squares will have at most I — 1 non-zero
entries; many of the pixels will be zero and they will be scattered through-
out the image, making it unusable for diagnosis. The reconstructed images
resemble stars in a night sky, and, as a result, the theorem is sometimes
described as the “night sky” theorem.

This “night sky” phenomenon is not restricted to least squares. The
same thing happens with methods based on the Kullback-Leibler distance,
such as MART, EMML and SMART.

8.6 Exercises

Ex. 8.1 Prove Lemma 8.1.

Ex. 8.2 In R? let C} be the closed lower half-space, and Cy the epi-graph
of the function g : (0, +00) — (0,+00) given by g(t) = 1/t. Show that the
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proximity function

2

f@) =Y [|Po;x —x|f3, (8.49)

i=1
has no minimizer.

Ex. 8.3 Let f(x) = %Hm — Pox||3, for some v > 0. Show that

x = proxs(2) = (1 — a)z + aPez,

where a = # This tells us that relaxed orthogonal projections are also
proz operators. Hint: Use Theorem 8.1 to show that x must satisfy the

equation

1
z=xz+ —(x — Pox).
Y

Then show that Poz = Pox.
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Chapter 9

Eigenvalue Bounds

As we discussed previously, a number of iterative methods that involve a
matrix A place upper bounds on the step-length parameter in terms of
the spectral radius of the matrix AT A. Since A is often quite large, find-
ing decent estimates of p(A” A) without having to calculate A” A becomes
important. In this chapter we obtain upper bounds on the spectral ra-
dius of positive-definite matrices and use these bounds in the selection of
parameters in several iterative methods.

9.1 Introduction and Notation

We are concerned here with iterative methods for solving, at least approx-
imately, the system of I linear equations in J unknowns symbolized by
Ax = b. In the applications of interest to us, such as medical imaging,
both I and J are quite large, making the use of iterative methods the only
feasible approach. It is also typical of such applications that the matrix
A is sparse, that is, has relatively few non-zero entries. Therefore, itera-
tive methods that exploit this sparseness to accelerate convergence are of
special interest to us.

Cimmino’s method [90] is a simultaneous method, in which all the equa-
tions are used at each step. The current vector 2! is projected orthog-
onally onto each of the hyperplanes and these projections are averaged to
obtain the next iterate 2*. The iterative step of Cimmino’s method is

I
. 1 — (b — Agk-1 i
-3 (e m (k).
i=1 Zt:1 |Ait|

121



122 CHAPTER 9. EIGENVALUE BOUNDS
which can also be written as

! b; — (Azk=1); )
—_— 9.1
J z:: <IZt 1|Azt| ( )

Landweber’s iterative scheme [144] with

?r'

a* =21 4 BY(d — BzF71), (9.2)
converges to the least-squares solution of Bx = d closest to z°, provided

that the largest singular value of B does not exceed one. If we let B be the
matrix with entries

and define

then, since the trace of the matrix BB' is one, convergence of Cimmino’s
method follows. However, using the trace in this way to estimate the
largest singular value of a matrix usually results in an estimate that is
far too large, particularly when A is large and sparse, and therefore in an
iterative algorithm with unnecessarily small step sizes.

The appearance of the term

J
Iy [Aul?
t=1

in the denominator of Cimmino’s method suggested to Censor et al. [81]
that, when A is sparse, this denominator might be replaced with

J

Zst|Ait|27

t=1

where s; denotes the number of non-zero entries in the ¢th column of A.
The resulting iterative method is the component-averaging (CAV) itera-
tion. Convergence of the CAV method was established by showing that no
singular value of the matrix B exceeds one, where B has the entries
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In [64] we extended this result, to show that no eigenvalue of ATA exceeds
the maximum of the numbers

J

pi = Z 5t|Ait|2~

t=1

Convergence of CAV then follows, as does convergence of several other
methods, including the ART, Landweber’s method, the SART [1], the
block-iterative CAV (BICAV) [82], the CARP1 method of Gordon and
Gordon [126], a block-iterative variant of CARP1 obtained from the DROP
method of Censor et al. [77], and the SIRT method [192].

For a positive integer N with 1 < N < I, we let By,..., By be not
necessarily disjoint subsets of the set {¢ = 1,...,1}; the subsets B,, are
called blocks. We then let A,, be the matrix and b" the vector obtained
from A and b, respectively, by removing all the rows except for those whose
index ¢ is in the set B,,. For each n, we let s,,; be the number of non-zero
entries in the tth column of the matrix A,, s, the maximum of the s,;,
s the maximum of the s;, and L, = p(Af A,) be the spectral radius, or
largest eigenvalue, of the matrix Af A,, with L = p(ATA). We denote by
A; the ith row of the matrix A, and by v; the length of A;, so that

vi=> |Ay*

Jj=1

9.2 Cimmino’s Algorithm

The ART seeks a solution of Ax = b by projecting the current vector
2%=1 orthogonally onto the next hyperplane H(a**), b)) to get x¥: here
i(k) = k(mod)I. In Cimmino’s algorithm, we project the current vector
zF~1 onto each of the hyperplanes and then average the result to get a*.
The algorithm begins at & = 1, with an arbitrary z; the iterative step is
then

ij
1
k k1
¥ =7 ;:1 Pz, (9.3)

where P; is the orthogonal projection onto H(a',b;). The iterative step can
then be written as

I JE—
_ 1 Az bL — Amk_l i
i=1

(3

As we saw in our discussion of the ART, when the system Ax = b has
no solutions, the ART does not converge to a single vector, but to a limit
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cycle. One advantage of many simultaneous algorithms, such as Cimmino’s,
is that they do converge to the least squares solution in the inconsistent
case.

When v; = 1 for all 4, Cimmino’s algorithm has the form zF+1 = Tz*,
for the operator T' given by

1 1
Tx = (I IA A)x + IA b.

Experience with Cimmino’s algorithm shows that it is slow to converge.
In the next section we consider how we might accelerate the algorithm.

9.3 The Landweber Algorithms

For simplicity, we assume, in this section, that 1; = 1 for all i. The Landwe-
ber algorithm [144, 22], with the iterative step

b = 2Pt AT (b — AzkTY), (9.5)

converges to the least squares solution closest to the starting vector z°,

provided that 0 < v < 2/Anaz, Where A, is the largest eigenvalue of
the nonnegative-definite matrix AYA. Loosely speaking, the larger v is, the
faster the convergence. However, precisely because A is large, calculating
the matrix ATA, not to mention finding its largest eigenvalue, can be pro-
hibitively expensive. The matrix A is said to be sparse if most of its entries
are zero. Useful upper bounds for A,,., are then given by Theorems 9.1
and 9.6.

9.3.1 Finding the Optimum ~
The operator
T =x+~AT(b— Ax) = (I —yATA)x +~vATh
is affine linear and is av if and only if its linear part, the Hermitian matrix
B=1—-~A%A,

is av. To guarantee this we need 0 < v < 2/Anqz. Should we always try to
take « near its upper bound, or is there an optimum value of v? To answer
this question we consider the eigenvalues of B for various values of ~.

Lemma 9.1 If v < 0, then none of the eigenvalues of B is less than one.

Lemma 9.2 For
2

maz T )\min

0<7y<+ , (9.6)
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we have
p(B) =1 = YAmin; (9.7)

the smallest value of p(B) occurs when

S 9.8)
7= Am,ax + )\min’ ’
and equals
)\maac - )\mzn
_ 9.9
>\maz + )\mzn ( )
Similarly, for
> 2 (9.10)
7= A’ma;v + A7nin7 .
we have
p(B) = YAmaz — 1; (9.11)
the smallest value of p(B) occurs when
2
= 9.12
7 Am,ar + )\mzn ’ ( )
and equals
>\ma:c — )\min (913)

)\maz + )\mzn '

We see from this lemma that, if 0 < v < 2/A4z, and Ay, > 0, then
|IBll2 = p(B) < 1, so that B is a strict contraction. We minimize || B||2 by
taking

2

1= , (9.14)

maz T A7rnn
in which case we have
)\maw - )\min c—1

Bll, = = 9.15
|| H2 )\maz +)\m1n c+ 1) ( )

for ¢ = Apaz/Amin, the condition number of the positive-definite matrix
AT A. The closer c is to one, the smaller the norm || B||2, and the faster the
convergence.

On the other hand, if A, = 0, then p(B) =1 for all « in the interval
(0,2/Amaz). The matrix B is still averaged, but it is no longer a strict
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contraction. For example, consider the orthogonal projection Py onto the
hyperplane Hy = H(a,0), where ||a||2 = 1. This operator can be written

Py=1—aal. (9.16)

The largest eigenvalue of aa' is Ajae = 1; the remaining ones are zero.
The relaxed projection operator

B =1—~aa' (9.17)

has p(B) =1—~ > 1, if v < 0, and for v > 0, we have p(B) = 1. The
operator B is averaged, in fact, it is firmly non-expansive, but it is not a
strict contraction.

9.3.2 The Projected Landweber Algorithm

When we require a nonnegative approximate solution z for the real system
Az = b we can use a modified version of the Landweber algorithm, called
the projected Landweber algorithm [22], in this case having the iterative
step

Pt = (2F AT (b — A2h)),, (9.18)

where, for any real vector a, we denote by (a)s the nonnegative vector
whose entries are those of a, for those that are nonnegative, and are zero
otherwise. The projected Landweber algorithm converges to a vector that
minimizes ||Axz — b||2 over all nonnegative vectors z, for the same values of
5.

The projected Landweber algorithm is actually more general. For any
closed, nonempty convex set C' in X, define the iterative sequence

a* = Po(af 4y AT(b — AzF)). (9.19)

This sequence converges to a minimizer of the function ||Az — b||y over all
z in C, whenever such minimizers exist.

Both the Landweber and projected Landweber algorithms are special
cases of the CQ algorithm [57], which, in turn, is a special case of the more
general iterative fixed point algorithm, with convergence governed by the
Krasnosel’skii-Mann-Opial Theorem 7.1.

9.4 Some Upper Bounds for L

For the iterative algorithms we shall consider here, having a good upper
bound for the largest eigenvalue of the matrix ATA is important. In the
applications of interest, principally medical image processing, the matrix
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A is large; even calculating ATA, not to mention computing eigenvalues,
is prohibitively expensive. In addition, the matrix A is typically sparse,
but A*A will not be, in general. In this section we present upper bounds
for L that are particularly useful when A is sparse and do not require the
calculation of ATA.

9.4.1 Earlier Work

Many of the concepts we study in computational linear algebra were added
to the mathematical toolbox relatively recently, as this area blossomed with
the growth of electronic computers. Based on my brief investigations into
the history of matrix theory, I believe that the concept of a norm of a matrix
was not widely used prior to about 1945. This was recently confirmed when
I read the paper [127]; as pointed out there, the use of matrix norms became
an important part of numerical linear algebra only after the publication
of [194]. Prior to the late 1940’s a number of papers were published that
established upper bounds on p(A), for general square matrix A. As we now
can see, several of these results are immediate consequences of the fact that
p(A) < ||A]||, for any induced matrix norm. We give two examples.
For a given N by N matrix A, let

N
m=1

N
n=1

and C' and R the maxima of C,, and R,,, respectively. We now know that
C = ||Al|1, and R = ||A||oc, but the earlier authors did not.
In 1930 Browne [32] proved the following theorem.

Theorem 9.1 (Browne) Let A be any eigenvalue of A. Then
1
Al < 5(0 + R).

In 1944 Farnell [115] published the following theorems.

Theorem 9.2 (Farnell I) For any eigenvalue A of A we have

I\ < VCR.

Theorem 9.3 (Farnell IT) Let

N
Tm = Z |Amn‘2a
n=1
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and
N
em =Y |Anm|®.
n=1

Then, for any eigenvalue A of A, we have

N
Al < Z /TmCm-
m=1

In 1946 Brauer [29] proved the following theorem.

Theorem 9.4 (Brauer) For any eigenvalue A of A, we have
A < min{C, R}.

Ex. 9.1 Prove Theorems 9.1, 9.2, and 9.4 using properties of matrix norms.
Can you also prove Theorem 9.3 this way?

Let A be an arbitrary rectangular complex matrix. Since the largest
singular value of A is the square root of the maximum eigenvalue of the
square matrix S = AT A, we could use the inequality

p(ATA) = ||ATA|; < [|ATA],

for any induced matrix norm, to establish an upper bound for the singular
values of A. However, that bound would be in terms of the entries of ATA,
not of A itself. In what follows we obtain upper bounds on the singular
values of A in terms of the entries of A itself.

Ex. 9.2 Let A be an arbitrary rectangular matriz. Prove that no singular

value of A exceeds /|| All1|| Al co-

We see from this exercise that Farnell (I) does generalize to arbitrary
rectangular matrices and singular values. Brauer’s Theorem 9.4 may sug-
gest that no singular value of a rectangular matrix A exceeds the minimum
of ||Al|x and || A]|s, but this is not true. Consider the matrix A whose SVD
is given by

4 3 1/3 2/3 2/37[15 0
A= |8 6| =12/3 —2/3 1/3||0 o0 [
8 6 0

4/5 3/5]'
2/3 1/3 —2/3 0

3/5 —4/5

The largest singular value of A is 15, [|A|l1 = 20, [|4|lcc = 14, and we do
have
15 < /(20)(14),

but we do not have
15 < min{20, 14} = 14.
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9.4.2 Our Basic Eigenvalue Inequality

In [192] van der Sluis and van der Vorst show that certain rescaling of
the matrix A results in none of the eigenvalues of AT A exceeding one. A
modification of their proof leads to upper bounds on the eigenvalues of the
original ATA ([64]). For any a in the interval [0, 2] let

I
Caj = Caj(A) = |Aij|,
=1

J
Tai = 7Aai(AA) - Z |Aij|2ia7
j=1

and ¢, and r, the maxima of the c,; and 74;, respectively. We prove the
following theorem.

Theorem 9.5 For any a in the interval [0, 2], no eigenvalue of the matrix
AT A exceeds the mazimum of

J
> cajlAi 7,
j=1

over all i, nor the mazimum of

I
> rail Aijl%,
i=1
over all j. Therefore, no eigenvalue of AYA exceeds corq.
Proof: Let AT Av = \v, and let w = Av. Then we have
[ AT w3 = Allwll3.
Applying Cauchy’s Inequality, we obtain

I
=1

I

S (X 11 Ay ] )

i=1

sﬂiwaiAWﬂwﬁ
i=1 1

Therefore,

J

J I
Al < 37 (cas (3 AP i) = 37 (D caslAig 27
j=1 i=1 1

i=1  j=
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J
< mac (Y a4y 27 .

Jj=1
The remaining two assertions follow in similar fashion. |

As a corollary, we obtain the following eigenvalue inequality, which is
central to our discussion.

Corollary 9.1 For eachi=1,2,...,1, let

J
bi = Z 5j|Aij|27
j=1

and let p be the mazimum of the p;. Then L < p.

Proof: Take a = 0. Then, using the convention that 0° = 0, we have
Coj = Sj- I
Corollary 9.2 ([57]; [191], Th. 4.2) If ijl |4;;1* < 1 for each i, then
L <s.

Proof: For all 7 we have
J

J
pi=Y sl AilP <5 AP <s.

Jj=1 Jj=1

Therefore,
L<p<s.

Corollary 9.3 Selecting a = 1, we have
L=A]3 < |Al1 ]| Al = c1r1.

Therefore, the largest singular value of A does not exceed \/|Al|1]| Al -
Corollary 9.4 Selecting a = 2, we have

L=|Al3 < [ AlZ,
where ||A||r denotes the Frobenius norm of A.
Corollary 9.5 Let G be the matrix with entries

Gij = Aij Qiiy/ Bj’

where
J 1
a; < (Zsj5j|Aij|2> :
=1

for alli. Then p(G'G) < 1.
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Proof: We have

J J
D slGilP =iy Byl AP <1,
j=1 j=1
for all i. The result follows from Corollary 9.1. |

Corollary 9.6 If ijl si|Ai;|> <1 for all i, then L < 1.

Corollary 9.7 If0 < 7 < pi_l for all i, then the matriz B with entries
Bij = /%idij has p(B1B) < 1.

Proof: We have
J J
D silBilP =7 Y silAyl? = vp < 1.
j=1 j=1
Therefore, p(B'B) < 1, according to the theorem. |
Corollary 9.8 If, for some a in the interval [0,2], we have
a; <1yt (9.20)
for each i, and
8 < e, (9.21)
for each j, then, for the matriz G with entries
Gij = Aij\/ai\/ Bja
no eigenvalue of G1G exceeds one.

Proof: We calculate cq;(G) and 74;(G) and find that

I
co(6) £ (maxall) 57?3 A = (masad’) 5%, (A,

i=1

and

rai(G) < (mjax ﬁ;—a/z)a;—a/zm(A).
Therefore, applying the inequalities (9.20) and (9.21), we have
¢aj(G)rai(G) < 1,

for all 4 and j. Consequently, p(GTG) < 1. |
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9.4.3 Another Upper Bound for L

The next theorem ([57]) provides another upper bound for L that is useful
when A is sparse. As previously, for each ¢ and j, we let e;; = 1, if A;; is not
zero, and e;; = 0,if A;; =0. Let 0 < v; = Z;‘]:1 |42, 05 = Zle eijvi,
and o be the maximum of the ;.

Theorem 9.6 ([57]) No eigenvalue of ATA exceeds o-.

Proof: Let AtAv = cv, for some non-zero vector v and scalar ¢. With
w = Av, we have
wiAATw = cwlw.

I

Then
wil®y (©
= (ZIAUIQ V:Q )(z;vfez‘j)

I 2 I w
[
‘ E AZ]’LUZ = ‘ E Aijeijljif
; : v; -
i=1 i=1 =1

el el
:<Z|Aij| 2 )UjSU(Z|Az'j| 2 )
=1 ¢ 1=1

K2

2

Therefore, we have

2

J oI
cwfw = wlAATw = Z ‘ ZAijwi
j=1 i=1

Jo 9 I

w.

<o) (E :|Az‘j|2| y;| ) =0 |wl’ =oww.
=1 g

i=1 =1

We conclude that ¢ < o. |

Corollary 9.9 Let the rows of A have Euclidean length one. Then no
eigenvalue of AT A exceeds the mazimum number of non-zero entries in any
column of A.

Proof: We have v? = ijl |4;;1* = 1, for each i, so that o; = s; is
the number of non-zero entries in the jth column of A, and o = s is the
maximum of the o;. |

Corollary 9.10 Let v be the mazimum Fuclidean length of any row of A
and s the mazimum number of non-zero entries in any column of A. Then
L < 12s.

When the rows of A have length one, it is easy to see that L < I, so
the choice of v = % in the Landweber algorithm, which gives Cimmino’s
algorithm [90], is acceptable, although perhaps much too small.

The proof of Theorem 9.6 is based on results presented by Arnold Lent
in informal discussions with Gabor Herman, Yair Censor, Rob Lewitt and
me at MIPG in Philadelphia in the late 1990’s.
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9.5 Simultaneous Iterative Algorithms

In this section we apply the previous theorems to obtain convergence of
several simultaneous iterative algorithms for linear systems.

9.5.1 The General Simultaneous Iterative Scheme

In this section we are concerned with simultaneous iterative algorithms
having the following iterative step:

I
o =T R A Ay (b — (AR Th)), (9.22)
i=1

with A; € [¢,1] and the choices of the parameters ;; that guarantee con-
vergence. Although we cannot prove convergence for this most general
iterative scheme, we are able to prove the following theorems for the sepa-
rable case of v;; = a; ;.

Theorem 9.7 If, for some a in the interval [0,2], we have

a; < ra_il, (9.23)
for each i, and

Bi < ¢y (9.24)

for each j, then the sequence {x*} given by Equation (9.22) converges to
the minimizer of the proximity function

I
Zai|bi — (AJ])Z‘Z
i=1
for which
J
> 85wy —
j=1
s minimized.
Proof: For each 7 and j, let
Gij = Vain/ B Aij,
zj =/ Bi;
d; = \/a;b;.

Then Az = b if and only if Gz = d. From Corollary 9.8 we have that
p(GTG) < 1. Convergence then follows from Theorem 8.3. |

and
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Corollary 9.11 Let ;; = «;3;, for positive a; and B;. If
J -1
(073 S (ZSJBJ|AW|2> 5 (925)

j=1

for each i, then the sequence {x*} in (9.22) converges to the minimizer of
the proximity function

I

> ailbi — (Az)[?
i=1

for which

J

> B g —
j=1

s minimized.

Proof: We know from Corollary 9.5 that p(GTG) <1. |

We now obtain convergence for several known algorithms as corollaries
to the previous theorems.

9.5.2 The SIRT Algorithm

Corollary 9.12 ([192]) For some a in the interval [0,2] let a; = r,;* and

B = c;jl. Then the sequence {x*} in (9.22) converges to the minimizer of

the proximity function

I
Z Olz|bz — (AI
i=1
for which
J
> B ey — g
j=1
s minimized.
For the case of a = 1, the iterative step becomes
A (b — (AzF—1),
e w§“+2( (b — (Aat1))) )
Zt 1 |A2t|)(zm=1 ‘AmjD

which was considered in [130]. The SART algorithm [1] is a special case,
in which it is assumed that A;; > 0, for all ¢ and j.




9.5. SIMULTANEOUS ITERATIVE ALGORITHMS 135

9.5.3 The CAV Algorithm
Corollary 9.13 If B; =1 and o; satisfies

J 1
O<Oli§ (ZSJ|AU|2) s
j=1
for each i, then the algorithm with the iterative step
I
2P =2 A>T au(b — (AdF ) Af (9.26)
i=1
converges to the minimizer of
I
ZCQU)Z - (A{Ek_l)i|2
i=1

for which ||z — 2°|| is minimized.

When
J

= (Zsleij\Q)ilv

Jj=1

for each 4, this is the relaxed component-averaging (CAV) method of Censor
et al. [81].

9.5.4 The Landweber Algorithm

When 3; =1 and o; = « for all ¢ and j, we have the relaxed Landweber
algorithm. The convergence condition in Equation (9.20) becomes

J —1
a < (ZSj|Aij|2) =p; !
j=1

for all i, so a < p~! suffices for convergence. Actually, the sequence {z*}
converges to the minimizer of || Az — b||z for which the distance ||z —z°]|2 is
minimized, for any starting vector #°, when 0 < a < 1/L. Easily obtained
estimates of L are usually over-estimates, resulting in overly conservative
choices of a. For example, if A is first normalized so that Z;’:l |Ai;]? =1
for each i, then the trace of ATA equals I, which tells us that L < I. But
this estimate, which is the one used in Cimmino’s method [90], is far too
large when A is sparse.
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9.5.5 The Simultaneous DROP Algorithm

Corollary 9.14 Let 0 < w; <1,

J —1
Q; = ’in;2 = wi(z |Aij|2>
7j=1

and B = s}l, for each i and j. Then the simultaneous algorithm with the
iterative step

i

I JE—
iAij(bi — (AP 1),
e =S (w (i — (Ae ))>, (9.27)

SV,
i=1 J
converges to the minimizer of the function

2

U
=1 v
for which the function
J
2
E sjlzj — x;
=1

18 minimized.

For w; = 1, this is the CARP1 algorithm of [126] (see also [81, 82]). The
simultaneous DROP algorithm of [77] requires only that the weights w;
be positive, but dividing each w; by their maximum, max;{w;}, while
multiplying each A; by the same maximum, gives weights in the interval
(0,1]. For convergence of their algorithm, we need to replace the condition
)\kSQ—EWith)\kS ﬁ{zh}

The denominator in CAV is

J

Zst|Ait|27

t=1

while that in CARP1 is
J
Sj Z |Ait|2~
t=1

It was reported in [126] that the two methods differed only slightly in the
simulated cases studied.
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9.6 Block-iterative Algorithms

The methods discussed in the previous section are simultaneous, that is,
all the equations are employed at each step of the iteration. We turn now
to block-iterative methods, which employ only some of the equations at
each step. When the parameters are appropriately chosen, block-iterative
methods can be significantly faster than simultaneous ones.

9.6.1 The Block-Iterative Landweber Algorithm

For a given set of blocks, the block-iterative Landweber algorithm has the
following iterative step: with n = k(mod N),

o =2y AT (00— AR, (9.28)

The sequence {z*} converges to the solution of Az = b that minimizes
|z — 2°||2, whenever the system Az = b has solutions, provided that the
parameters 7y, satisfy the inequalities 0 < «,, < 1/L,. This follows from
Theorem 8.3 by replacing the matrices A,, with /7,4, and the vectors b"

with /7,b".
If the rows of the matrices A,, are normalized to have length one, then
we know that L, < s,. Therefore, we can use parameters v, that satisfy

J —1
j=1
for each i € B,,.

9.6.2 The BICAV Algorithm

We can extend the block-iterative Landweber algorithm as follows: let
n = k(mod N) and

ah =2 N ) T (b — (Ax" 1)) AL (9.30)
1€B,

It follows from Theorem 9.1 that, in the consistent case, the sequence {z*}
converges to the solution of Ax = b that minimizes ||z —x°||, provided that,
for each n and each i € B,,, we have

J

—1

vi < (anj‘AijP) .
j=1

The BICAV algorithm [82] uses

J -1
Vi = (anj\A,-jF) :
j=1
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The iterative step of BICAV is

- k—1Y.
oh =2 ) <bl(‘4z)’>AI. (9.31)

]
i€B, Et:1 Snt| Ait]?

9.6.3 A Block-Iterative CARP1

The obvious way to obtain a block-iterative version of CARP1 would be to
replace the denominator term

J
si | Aul®
t=1
with
J
Snj Z |Ait|2-
t=1

However, this is problematic, since we cannot redefine the vector of un-
knowns using z; = x;,/5,;, since this varies with n. In [77], this issue is
resolved by taking 7; to be not less than the maximum of the s,;, and
using the denominator

J
Tj Z |Ait|2 = le/z?'
t=1

A similar device is used in [137] to obtain a convergent block-iterative
version of SART. The iterative step of DROP is

x;c _ 3;?71 A Z (1%(@_@43?_1)1)) (9.32)

TV
i€B, 17

Convergence of the DROP (diagonally-relaxed orthogonal projection)
iteration follows from their Theorem 11. We obtain convergence as a corol-
lary of our previous results.

The change of variables is z; = x;,/7;, for each j. Using our eigenvalue
bounds, it is easy to show that the matrices C,, with entries

Aij
(Chn)ij = 7] ,
VTivi
for all i € B, and all 5, have p(C}C,) < 1. The resulting iterative scheme,

which is equivalent to Equation (9.32), then converges, whenever Az = b
is consistent, to the solution minimizing the proximity function

D

i=1

2

bi — (Az);
v




9.7. EXERCISES 139

for which the function
J
g 002
E 7jlz; Lj
j=1
is minimized.

9.6.4 Using Sparseness

Suppose, for the sake of illustration, that each column of A has s non-zero
elements, for some s < I, and we let r = s/I. Suppose also that the number
of members of B, is I,, = I/N for each n, and that N is not too large.
Then s, is approximately equal to rI, = s/N. On the other hand, unless
A, has only zero entries, we know that s, > 1. Therefore, it is no help to
select N for which s/N < 1. For a given degree of sparseness s we need not
select N greater than s. The more sparse the matrix A, the fewer blocks
we need to gain the maximum advantage from the rescaling, and the more
we can benefit from parallelization in the calculations at each step of the
algorithm in Equation (8.29).

9.7 Exercises

Ex. 9.3 Prove Lemma 9.1.

Ex. 9.4 (Computer Problem) Compare the speed of convergence of the
ART and Cimmino algorithms.

Ex. 9.5 (Computer Problem) By generating sparse matrices of various
sizes, test the accuracy of the estimates of the largest singular-value given
above.



140 CHAPTER 9. EIGENVALUE BOUNDS



Chapter 10

Jacobi and Gauss-Seidel
Methods

In this chapter we examine two well known iterative algorithms for solving
square systems of linear equations, the Jacobi method and the Gauss-Seidel
method, in terms of averaged and paracontractive operators. Both these
algorithms are easy to describe and to motivate. They both require not
only that the system be square, that is, have the same number of unknowns
as equations, but satisfy additional constraints needed for convergence.

Linear systems Ax = b need not be square but can be associated with
two square systems, ATAz = ATb, the so-called normal equations, and
AAtz = b, sometimes called the Bjorck-Elfving equations [99]. Both the
Jacobi and the Gauss-Seidel algorithms can be modified to apply to any
square system of linear equations, Sz = h. The resulting algorithms, the
Jacobi overrelaxation (JOR) and successive overrelaxation (SOR) methods,
involve the choice of a parameter. The JOR and SOR will converge for more
general classes of matrices, provided that the parameter is appropriately
chosen. Particular cases of the Jacobi and the Gauss-Seidel methods are
equivalent to the Landweber algorithm and the ART, respectively.

When we say that an iterative method is convergent, or converges, under
certain conditions, we mean that it converges for any consistent system of
the appropriate type, and for any starting vector; any iterative method
will converge if we begin at the right answer. We assume throughout this
chapter that A is an I by J matrix.

141
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10.1 The Jacobi and Gauss-Seidel Methods:
An Example

Suppose we wish to solve the 3 by 3 system
S1121 + S1222 + S1323 =
S9121 + S2222 + Sa3z3 = ho
S3121 + S3222 + S3323 = hs, (10.1)
which we can rewrite as
21 = S5t [h1 — Si220 — S1323]
Z2 = 52_21 [he — S2121 — Sa323]

z23 = 53_31 [hg - 53121 - 5322’2], (102)
assuming that the diagonal terms Sy, are not zero. Let 20 = (29,29, 29)7
be an initial guess for the solution. We then insert the entries of 2° on the
right sides and use the left sides to define the entries of the next guess z!.
This is one full cycle of Jacobi’s method.

The Gauss-Seidel method is similar. Let 20 = (29,29, 29)7 be an initial
guess for the solution. We then insert 29 and 29 on the right side of the
first equation, obtaining a new value z{ on the left side. We then insert
29 and 2] on the right side of the second equation, obtaining a new value
23 on the left. Finally, we insert z{ and z4 into the right side of the third
equation, obtaining a new zi on the left side. This is one full cycle of the

Gauss-Seidel (GS) method.

10.2 Splitting Methods

The Jacobi and the Gauss-Seidel methods are particular cases of a more
general approach known as splitting methods. Splitting methods apply to
square systems of linear equations. Let S be an arbitrary N by N square
matrix, written as S = M — K. Then the linear system of equations Sz = h
is equivalent to Mz = Kz + h. If M is invertible, then we can also write
2z = M~'Kz + M~'h. This last equation suggests a class of iterative
methods for solving Sz = h known as splitting methods. The idea is to
select a matrix M so that the equation

M = K28+ h (10.3)
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can be easily solved to get z#*1; in the Jacobi method M is diagonal, and

in the Gauss-Seidel method, M is triangular. Then we write

= MK 2R 4 M A, (10.4)
From K = M — S, we can write Equation (10.4) as

L= 2k MY (h — 82, (10.5)

Suppose that S is invertible and 2 is the unique solution of Sz = h. The
error we make at the k-th step is e = 2 — 2¥, so that

el = MTKeF.

We want the error to decrease with each step, which means that we should
seek M and K so that |[[M~'K]|| < 1. If S is not invertible and there are
multiple solutions of Sz = h, then we do not want M 'K to be a strict
contraction, but only av or pc. The operator T" defined by

Tz=M'Kz+ M 'h=Bz+d (10.6)

is an affine linear operator and will be a pc or av operator whenever B =
MK is.

It follows from our previous discussion concerning linear av operators
that, if B = BT is Hermitian, then B is av if and only if

—1<A<1, (10.7)

for all (necessarily real) eigenvalues \ of B.

In general, though, the matrix B = M 'K will not be Hermitian, and
deciding if such a non-Hermitian matrix is av is not a simple matter. We do
know that, if B is av, so is B'; the matrix B is a convex combination of the
identity and a non-expansive matrix N, so Bt is a convex combination of
the identity and N, which is also non-expansive, since |[Nt|| = | N| < 1.
Consequently, the Hermitian matrix @ = %(B + BT) is also av. Therefore,
I—Q=2L1M71S+ (M~1S)") is ism, and so is non-negative definite. We
have —1 < A < 1, for any eigenvalue A of Q.

Alternatively, we can use the EKN Theorem 7.3. According to that
theorem, if B has a basis of eigenvectors, and |A| < 1 for all eigenvalues
A of B that are not equal to one, then {z*} will converge to a solution of
Sz = h, whenever solutions exist.

In what follows we shall write an arbitrary square matrix .S as

S=L+D+U, (10.8)

where L is the strictly lower triangular part of S, D the diagonal part, and
U the strictly upper triangular part. When S = H is Hermitian, we have

H=L+D+L" (10.9)
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We list now several examples of iterative algorithms obtained by the split-
ting method. In the remainder of the chapter we discuss these methods in
more detail.

10.3 Some Examples of Splitting Methods

As we shall now see, the Jacobi and Gauss-Seidel methods, as well as their
overrelaxed versions, JOR and SOR, are splitting methods.

Jacobi’s Method: Jacobi’s method uses M = D and K = —L —U, under
the assumption that D is invertible. The matrix B is

B=M"1'K=-DYL+U). (10.10)

The Gauss-Seidel Method: The Gauss-Seidel (GS) method uses the
splitting M = D + L, so that the matrix B is

B=1—-(D+L)"'s. (10.11)
The Jacobi Overrelaxation Method (JOR): The JOR uses the split-
ting
1
M=-D (10.12)
w
and
1
K=M-S=(--1)D-L-U. (10.13)
w
The matrix B is
B=M"1'K=(I-wD'8S). (10.14)

The Successive Overrelaxation Method (SOR): The SOR uses the
splitting M = (1D + L), so that

B=M"'K=(D+wL) (1 -w)D —wU] (10.15)

or
B=1I-w(D+wL)™'S, (10.16)

or

B=({I+wD 'L) (1 -w)—wD U] (10.17)
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10.4 Jacobi’s Algorithm and JOR

The matrix B in Equation (10.10) is not generally av and the Jacobi iter-
ative scheme will not converge, in general. Additional conditions need to
be imposed on S in order to guarantee convergence. One such condition is
that S be strictly diagonally dominant. In that case, all the eigenvalues of
B = M~'K can be shown to lie inside the unit circle of the complex plane,
so that p(B) < 1. It follows from Lemma 7.12 that B is sc with respect to
some vector norm, and the Jacobi iteration converges. If, in addition, S is
Hermitian, the eigenvalues of B are in the interval (—1,1), and so B is sc
with respect to the Euclidean norm.

Alternatively, one has the Jacobi overrelazation (JOR) method, which
is essentially a special case of the Landweber algorithm and involves an
arbitrary parameter.

For S an N by N matrix, Jacobi’s method can be written as

2 = Syl — Y Sz, (10.18)
j#m
for m = 1,...,N. With D the invertible diagonal matrix with entries
Dy = Spm We can write one cycle of Jacobi’s method as

2w — pold L p=l(p _ gzoldy, (10.19)

The Jacobi overrelaxzation (JOR) method has the following full-cycle iter-
ative step:

Lnew ZOld +CUD71(h _ SZOld); (1020)

choosing w = 1 we get the Jacobi method. Convergence of the JOR it-
eration will depend, of course, on properties of S and on the choice of w.
When S = @, where @ is Hermitian and nonnegative-definite, for example,
S = AtA or S = AA', we can say more. Note that such Q can always be
written in the form Q = AA" or Q = AT A, for appropriately chosen A.

10.4.1 The JOR in the Nonnegative-definite Case

When S = @ is nonnegative-definite and the system (z = h is consistent
the JOR, converges to a solution for any w € (0,2/p(D~1/2QD~1/2)), where
p(Q) denotes the largest eigenvalue of the nonnegative-definite matrix Q.
For nonnegative-definite @), the convergence of the JOR method is implied
by the KMO Theorem 7.1, since the JOR is equivalent to Landweber’s
algorithm in these cases. To see this, we rewrite Equation (10.20) as

pRew — Uold + wGT(f _ Gv,Uold)7
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where v = DY/2z,
GTG — D_1/2QD_1/2,

and
Gtf =D 2.

The JOR method, as applied to Qz = AATz = b, is equivalent to the
Landweber iterative method for Az = b.

Ex. 10.1 Show that the system AA'z = b has solutions whenever the sys-
tem Az = b has solutions.

Lemma 10.1 If {z*} is the sequence obtained from the JOR, then the
sequence {ATzF} is the sequence obtained by applying the Landweber algo-
rithm to the system D~Y/2Ax = D~Y/2b, where D is the diagonal part of
the matriz Q = AAT.

If we select w = 1/I we obtain the Cimmino method. Since the trace of
the matrix D~1/2QD~1/2 equals I, which then is the sum of its eigenvalues,
all of which are non-negative, we know that w = 1/I is less than two over
the largest eigenvalue of the matrix D~/2QD~'/2 and so this choice of
w is acceptable and the Cimmino algorithm converges whenever there are
solutions of Az = b. In fact, it can be shown that Cimmino’s method
converges to a least squares approximate solution generally.

Similarly, the JOR method applied to the system Af Az = ATb is equiv-
alent to the Landweber algorithm, applied to the system Az = b.

Ex. 10.2 Show that, if {z*} is the sequence obtained from the JOR, then
the sequence {Dl/sz} is the sequence obtained by applying the Landweber
algorithm to the system AD~Y2z = b, where D is the diagonal part of the
matriz S = ATA.

10.5 The Gauss-Seidel Algorithm and SOR

In general, the full-cycle iterative step of the Gauss-Seidel method is the
following:

22 = 2o 4 (D 4 L) (h — §2°), (10.21)

where S = D + L + U is the decomposition of the square matrix S into
its diagonal, lower triangular and upper triangular diagonal parts. The GS
method does not converge without restrictions on the matrix S. As with
the Jacobi method, strict diagonal dominance is a sufficient condition.
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10.5.1 The Nonnegative-Definite Case

Now we consider the square system Qz = h, assuming that Q = L+D+L' is
Hermitian and nonnegative-definite, so that 2TQx > 0, for all z. It is easily
shown that all the entries of D are nonnegative. We assume that all the
diagonal entries of D are positive, so that D + L is invertible. The Gauss-
Seidel iterative step is 2Tt = Tz*, where T is the affine linear operator
given by Tz = Bz +d, for B=—(D + L) 'LT and d = (D + L) 'h.

Proposition 10.1 Let A be an eigenvalue of B that is not equal to one.
Then |A| < 1.

If B is diagonalizable, then there is a norm with respect to which T is
paracontractive, so, by the EKN Theorem 7.3, the GS iteration converges
to a solution of Qz = h, whenever solutions exist.

Proof of Proposition (10.1): Let Bv = Av, for v nonzero. Then —Bv =
(D+ L)"'Lfv = —\v, so that

L'v = -\(D + L)v, (10.22)
and
Lv=—-\D+ L)". (10.23)
Therefore,
vILTo = = \'(D + L)v. (10.24)

Adding vf(D 4 L)v to both sides, we get
vIQu = (1—- Ao (D+ L)w. (10.25)
Since the left side of the equation is real, so is the right side. Therefore
(1 =MD+ L)v=(1-MNo"(D+Lw
=1 —=Mv'Dv+ (1= XLy
=(1-Av'Dv—(1-X\M'(D+ L)t (10.26)
So we have
[(1=X)+ (1 =MNo"(D+ L)Tv = (1 -\l Du, (10.27)
or

(1= [M*)o"(D+ L)Tv = (1 = Ao Do. (10.28)
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Multiplying by (1 — A) on both sides, we get, on the left side,
(1= Ao (D + L)To — (1 = [A\?)M'(D + L), (10.29)
which is equal to
(1= (AP o" (D + LYo+ (1 = [N?)of Lo, (10.30)
and, on the right side, we get
|1 — X0 Du. (10.31)
Consequently, we have
(1—|A\*v"Qu =11 - A" Do. (10.32)

Since vTQu > 0 and vTDv > 0, it follows that 1 —[A|? > 0. If |\| = 1, then
|1 — A]2 =0, so that A = 1. This completes the proof.

Note that A = 1 if and only if Qu = 0. Therefore, if @ is invertible,
the affine linear operator T is a strict contraction, and the GS iteration
converges to the unique solution of @z = h.

10.5.2 The GS Algorithm as ART

We show now that the GS algorithm, when applied to the system Qz =
AATz = b, is equivalent to the ART algorithm, applied to Az = b. Let
AA'=Q =L+ D+ L.

It is convenient now to consider separately each sub-iteration step of
the GS algorithm. For m = 0,1,... and i« = m(modI) + 1, we denote by
2™%1 the vector whose entries are

= Dt (b - (@) 4 Q).

m+1

and z)

= 2", for n # ¢. Therefore, we can write

2T = Do (b — (AATZ™),).

? 3

Now let 2™ = Afz™ for each m. Then we have
2t = (AT = (AT2™); + A Dt (b — (Ax™)),

which is one step of the ART algorithm, applied to the system Ax = b.

Note that
J
Dy = |Ail*.
j=1
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From this, we can conclude that if {z*} is the sequence produced by
one step of the GS algorithm, applied to the system AATz = b, then
{z# = A'2*} is the sequence produced by one full cycle of the ART al-
gorithm, applied to the system Az = b. Since we know that the ART
algorithm converges whenever Az = b is consistent, we know now that the
GS algorithm, applied to the system AAfz = b, converges whenever Az = b
is consistent. So once again we have shown that when S = @ is Hermitian
and non-negative definite, the GS method converges whenever there are
solutions of Qz = h.

10.5.3 Successive Overrelaxation

The successive overrelazation (SOR) method has the following full-cycle
iterative step:

Shew ZOld + (wle + L)il(h, — SZOld); (1033)

the choice of w = 1 gives the GS method. Convergence of the SOR iteration
will depend, of course, on properties of S and on the choice of w.
Using the form

B=(D+wL) (1 —-w)D —wU] (10.34)
we can show that
|det(B)| = |1 — w|V. (10.35)

From this and the fact that the determinant of B is the product of its
eigenvalues, we conclude that p(B) > 1 if w < 0 or w > 2. When S = Q is
Hermitian and nonnegative-definite, we can say more.

10.5.4 The SOR for Nonnegative-Definite ()

When @ is nonnegative-definite and the system Qz = h is consistent the
SOR converges to a solution for any w € (0,2). This follows from the
convergence of the ART algorithm, since, for such @, the SOR is equivalent
to the ART, as we now show.

Now we write Q = AA" and consider the SOR method applied to the
Bjorck-Elfving equations AATz = b. Rather than count a full cycle as one
iteration, we now count as a single step the calculation of a single new
entry. Therefore, for k = 0,1,... the k + 1-st step replaces the value z¥
only, where ¢ = k(mod I) + 1. We have

i1 I
2 = (1 —w)2F +wD; (b — Z Qin2 — Z Qinz")  (10.36)

n=1 n=i+1
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k+1

k+1 = 2k for n # i. Now we calculate 21 = ATzF+L:

and z
o = ok 4 WD A (b — (Ax");). (10.37)

This is one step of the relaxed algebraic reconstruction technique (ART)
applied to the original system of equations Az = b. The relaxed ART
converges to a solution, when solutions exist, for any w € (0, 2).

When Az = b is consistent, so is AATz = b. We consider now the
case in which Q = AA' is invertible. Since the relaxed ART sequence
{zF = AT2*} converges to a solution 2, for any w € (0,2), the sequence
{AAT2F} converges to b. Since Q = AAT is invertible, the SOR sequence
{z*} then converges to Q~'b.

10.6 Summary

We summarize the basic points of this chapter:

e 1. Splitting methods for solving Sz = h, for square matrix S = M —
K, involve affine linear operators Tz = Bz + d, where B = M 'K
and d = M~ 'h;

e 2. T is av if and only if B is av; if B is Hermitian, then B is av if
and only if —1 < A <1 for all eigenvalues A of B;

e 3. if B is not Hermitian, but is diagonalizable, and |A\| < 1 unless
A =1, then there is a norm for which T is pc;

e 4. If S is strictly diagonally dominant, then the Jacobi and Gauss-
Seidel iterations converge;

e 5. When S = @ is Hermitian and non-negative definite, (J can be
written as either AAT or as AYA, for appropriately chosen A, and
the JOR method is equivalent to Landweber’s algorithm for either
D12 Ax = DY2p or AD"V/22 = ;

e 6. When S = @ is Hermitian and non-negative definite, and we
write Q@ = AA', the SOR method is equivalent to the relaxed ART
algorithm for Ax = b, and so converges whenever there are solutions,
for 0 < w < 2.



Chapter 11

The SMART and EMML
Algorithms

We turn now to iterative algorithms involving non-negative vectors and
matrices. For such algorithms the two-norm will not play a major role. In-
stead, the Kullback-Leibler, or cross-entropy, distance will be our primary
tool. Our main examples are the simultaneous multiplicative algebraic re-
construction technique (SMART), the expectation maximization maximum
likelihood (EMML) algorithms, and various related methods.

11.1 The SMART Iteration

The SMART minimizes the function f(z) = KL(Pz,y), over nonnegative
vectors x. Here y is a vector with positive entries, and P is a matrix with
nonnegative entries, such that s; = Zle Pi; > 0. Denote by X the set of
all nonnegative x for which the vector Px has only positive entries.

Having found the vector 271, the next vector in the SMART sequence
is ¥, with entries given by

1
x;’c :x?ilexpsjfl(ZPij log(yi/(ka_l)i)). (11.1)
i=1

11.2 The EMML Iteration

The EMML algorithm minimizes the function f(z) = KL(y, Px), over
nonnegative vectors z. Having found the vector zF~1, the next vector in
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the EMML sequence is ¥, with entries given by
I
7 :x§_15;1(Zpij(yi/(ka_l)i))- (11.2)
i=1

11.3 The EMML and the SMART as AM

In [46] the SMART was derived using the following alternating minimiza-
tion approach.
For each © € X, let r(x) and g(x) be the I by J arrays with entries

r(2)ij =z Pijyi / (Px)s, (11.3)
and
q(x)ij = Z‘jpij. (11.4)

In the iterative step of the SMART we get z* by minimizing the function
I J
KL(g(x),r(@* 1) =YY KL(g(@)y,r(=" "))

over > 0. Note that K L(Pz,y) = KL(q(z),r(x)).

Similarly, the iterative step of the EMML is to minimize the function
KL(r(z*71),q(x)) to get z = z*. Note that K L(y, Px) = KL(r(z), q(z)).
It follows from the identities established in [46] that the SMART can also
be formulated as a particular case of the SUMMA.

11.4 The SMART as SUMMA

We show now that the SMART is a particular case of the SUMMA. Lemma,
2.1 is helpful in that regard. For notational convenience, we assume, for
the remainder of this section, that s; = 1 for all j. From the identities
established for the SMART in [46], we know that the iterative step of
SMART can be expressed as follows: minimize the function

Gp(z) = KL(Pz,y) + KL(z, 2" ) — KL(Px, Pz*!) (11.5)
to get *. According to Lemma 2.1, the quantity
gr(z) = KL(z, 2" ') — KL(Px, Pz"™1)

is nonnegative, since s; = 1. The gx(x) are defined for all nonnegative z;
that is, the set D is the closed nonnegative orthant in R’. Each z* is a
positive vector.
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It was shown in [46] that
Gr(x) = Gyp(z®) + KL(z, 2"), (11.6)

from which it follows immediately that the SMART is in the SUMMA class.

Because the SMART is a particular case of the SUMMA, we know that
the sequence {f(z*)} is monotonically decreasing to f(z). It was shown
in [46] that if y = P2 has no nonnegative solution and the matrix P and
every submatrix obtained from P by removing columns has full rank, then
# is unique; in that case, the sequence {z*} converges to #. As we shall
see, the SMART sequence always converges to a nonnegative minimizer of
f(x). To establish this, we reformulate the SMART as a particular case of
the PMA.

11.5 The SMART as PMA

We take F'(z) to be the function

J
F(z) =Y xz;loga;. (11.7)
j=1

Then
Dp(x,z) = KL(z, 2). (11.8)
For nonnegative x and z in X', we have
D¢(z,z) = KL(Px, Pz). (11.9)
Lemma 11.1 Dp(z,2) > D¢(z, 2).
Proof: We have

J I
Dp(x,2) > Y KL(zj,2) > > Y KL(Pyu;, Piyz))
j=1 j=1i=1
I
> KL((Pz);, (Pz);) = KL(Pz, Pz). (11.10)
i=1

|
We let h(z) = F(x) — f(z); then Dy(x,z) > 0 for nonnegative z and z
in X. The iterative step of the SMART is to minimize the function

f(@) + Dp(w,z*7"). (11.11)

So the SMART is a particular case of the PMA.
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The function h(z) = F(z) — f(z) is finite on D the nonnegative orthant
of R7, and differentiable on the interior, so C' = D is closed in this example.
Consequently, & is necessarily in D. From our earlier discussion of the
PMA, we can conclude that the sequence {Dj,(&,2")} is decreasing and
the sequence {Dy(#,2%)} — 0. Since the function K L(%,-) has bounded
level sets, the sequence {z*} is bounded, and f(z*) = f(&), for every
cluster point. Therefore, the sequence { Dy, (z*,z%)} is decreasing. Since a
subsequence converges to zero, the entire sequence converges to zero. The
convergence of {z¥} to x* follows from basic properties of the KL distance.

From the fact that {D(#,2%)} — 0, we conclude that P# = Px*.
Equation (4.19) now tells us that the difference Dy, (,2%71) — Dy, (&, 2%)
depends on only on Pz, and not directly on &. Therefore, the difference
Dy (2,2°) — Dp(2,2*) also depends only on P# and not directly on Z.
Minimizing Dy, (2, 2°) over nonnegative minimizers & of f(x) is therefore
equivalent to minimizing Dy, (Z, *) over the same vectors. But the solution
to the latter problem is obviously £ = z*. Thus we have shown that the
limit of the SMART is the nonnegative minimizer of K L(Pz,y) for which
the distance K L(z, ") is minimized.

The following theorem summarizes the situation with regard to the
SMART.

Theorem 11.1 In the consistent case the SMART converges to the unique
nonnegative solution of y = Px for which the distance  ;_; s; K L(x;, x?)
is minimized. In the inconsistent case it converges to the unique nonnega-
tive minimizer of the distance K L(Px,y) for which Z}]=1 s;KL(xj, x?) is
minimized; if P and every matriz derived from P by deleting columns has
full rank then there is a unique nonnegative minimizer of KL(Px,y) and
at most I — 1 of its entries are nonzero.

11.6 Using KL Projections

For each ¢+ = 1,2, ..., I, let H; be the hyperplane
H, = {2|(P2); = yi}. (11.12)

The KL projection of a given positive x onto H; is the z in H; that min-
imizes the KL distance K L(z,z). Generally, the KL projection onto H;
cannot be expressed in closed form. However, the z in H; that minimizes
the weighted KL distance

J
> PyKL(z,)) (11.13)
j=1

is T;(z) given by
Ti(2); = z;y:/ (Px);. (11.14)



11.7. THE MART AND EMART ALGORITHMS 155

Both the SMART and the EMML can be described in terms of the T;.
The iterative step of the SMART algorithm can be expressed as

I
o = T[T 1)) . (11.15)

i=1
We see that mf is a weighted geometric mean of the terms T;(z*~!)
The iterative step of the EMML algorithm can be expressed as

j .

I
ab =3 PTi(h ), (11.16)
i=1
We see that xf is a weighted arithmetic mean of the terms Ti(xkfl)j, using
the same weights as in the case of SMART.

11.7 The MART and EMART Algorithms

The MART algorithm has the iterative step

1

al = Ly (PP P (11.17)

where i = (k — 1)(mod I) + 1 and
m; = max{P;;|j =1,2,...,J}. (11.18)

When there are non-negative solutions of the system y = Px, the sequence
{x*} converges to the solution 2 that minimizes K L(x,2°) [49, 50, 51]. We
can express the MART in terms of the weighted KL projections T;(x*~1);

xf = ()7 P (T ) P (11.19)

We see then that the iterative step of the MART is a relaxed weighted KL
projection onto H;, and a weighted geometric mean of the current xf and
T;(z*~1);. The expression for the MART in Equation (11.19) suggests a
somewhat simpler iterative algorithm involving a weighted arithmetic mean
of the current a:?*l and T;(z*~1);; this is the EMART algorithm.

The iterative step of the EMART algorithm is

af = (1= Pym; k™" 4+ Pym 7 Ti(a" ), (11.20)

Whenever the system y = Pz has non-negative solutions, the EMART
sequence {z¥} converges to a non-negative solution, but nothing further is
known about this solution. One advantage that the EMART has over the
MART is the substitution of multiplication for exponentiation.

Block-iterative versions of SMART and EMML have also been investi-
gated; see [49, 50, 51] and the references therein.
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11.8 Extensions of MART and EMART

As we have seen, the iterative steps of the MART and the EMART are re-
laxed weighted KL projections onto the hyperplane H;, resulting in vectors
that are not within H;. This suggests variants of MART and EMART in
which, at the end of each iterative step, a further weighted KL projection
onto H; is performed. In other words, for MART and EMART the new
vector would be T;(z*), instead of z* as given by Equations (11.17) and
(11.20), respectively. Research into the properties of these new algorithms
is ongoing.

11.9 Convergence of the SMART and EMML

In this section we prove convergence of the SMART and EMML algorithms
through a series of exercises. For both algorithms we begin with an arbi-
trary positive vector 2°. The iterative step for the EMML method is

I
- - Z Yi

i=1

The iterative step for the SMART is

ot = (2™ 1);’ = x;” exp (Z ; log PTI)) (11.22)

Note that, to avoid confusion, we use k for the iteration number of the
EMML and m for the SMART.

11.9.1 Pythagorean Identities for the KL Distance

The SMART and EMML iterative algorithms are best derived using the
principle of alternating minimization, according to which the distances
KL(r(z),q(z)) and KL(q(x),r(z)) are minimized, first with respect to the
variable z and then with respect to the variable z. Although the KL dis-
tance is not Euclidean, and, in particular, not even symmetric, there are
analogues of Pythagoras’ theorem that play important roles in the conver-
gence proofs.

Ex. 11.1 FEstablish the following Pythagorean identities:

KL(r(z),q(2)) = KL(r(2),q(2)) + KL(r(z), 7(2)); (11.23)

KL(r(z),q(z)) = KL(r(z),q(z")) + KL(z', 2), (11.24)
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for

I
! ) - Yi .
o = a; ;PW P (11.25)

KL(gq(x),r(z)) = KL(q(x),r(x)) + KL(z,2) — KL(Pz,Pz); (11.26)

KL(g(2),r(2)) = KL(g(z"),r(2)) + KL(z, "), (11.27)
for
I ”i
zi = zj exp(izz1 P;;log @) (11.28)

Note that it follows from Equation (2.13) that KL(x,z)— KL(Px, Pz) > 0.

11.9.2 Convergence Proofs

We shall prove convergence of the SMART and EMML algorithms through
a series of exercises.

Ex. 11.2 Show that, for {z*} given by Equation (11.21), {K L(y, Pz*)}
is decreasing and {KL(x** 2¥)} — 0. Show that, for {x™} given by
Equation (11.22), {KL(Px™,y)} is decreasing and {K L(z™,z™ 1)} — 0.
Hint: Use KL(r(x),q(z)) = KL(y, Px), KL(q(z),r(x)) = KL(Pz,y), and
the Pythagorean identities.

Ex. 11.3 Show that the EMML sequence {x*} is bounded by showing

J

I
K+l _
Do =2 w
i=1

j=1
Show that the SMART sequence {x™} is bounded by showing that

J 1

Zx;n-&-l < Zyb
i=1

Jj=1

Ex. 11.4 Show that (z*)" = x* for any cluster point x* of the EMML
sequence {z*} and that (z*)" = x* for any cluster point x* of the SMART
sequence {x™}. Hint: Use {KL(z**1 2%)} — 0 and {KL(2™, ™)} —
0.
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Ex. 11.5 Let & and & minimize KL(y, Px) and KL(Px,y), respectively,
over all x > 0. Then, () = & and (2)" = &. Hint: Apply Pythagorean
identities to KL(r(%),q(&)) and KL(q(Z),r(Z)).

Note that, because of convexity properties of the KL distance, even if
the minimizers & and & are not unique, the vectors Pz and PZ are unique.

Ex. 11.6 For the EMML sequence {x*} with cluster point x* and i as
defined previously, we have the double inequality

KL(z,2%) > KL(r(z),r(z")) > KL(&, 2" 1), (11.29)
from which we conclude that the sequence {KL(Z,z*)} is decreasing and

KL(z,2*) < 400. Hint: For the first inequality calculate K L(r(%),q(x"))

in two ways. For the second one, use (v); = Zle r(x)i; and Lemma 2.1.

Ex. 11.7 Show that, for the SMART sequence {x™} with cluster point x*
and T as defined previously, we have

KL(z,2™) — KL(z,2™") = KL(Pz™"y) — KL(PZ,y)+

KL(P#, Px™) + KL(z™", 2™) — KL(Pz™!, P2™), (11.30)

and so KL(P%,Pz*) = 0, the sequence {KL(%,x™)} is decreasing and
KL(Z,2*) < 4o00. Hint: Ezpand KL(q(Z),r(z™)) using the Pythagorean
identities.

Ex. 11.8 For x* a cluster point of the EMML sequence {z*} we have
KL(y,Px*) = KL(y, P%). Therefore, x* is a nonnegative minimizer of
K L(y, Px). Consequently, the sequence {KL(x*,z*)} converges to zero,
and so {z*} — x*. Hint: Use the double inequality of Equation (11.29)
and KL(r(Z),q(z")).

Ex. 11.9 For z* a cluster point of the SMART sequence {x™} we have
KL(Pz*,y) = KL(PZ,y). Therefore, z* is a nonnegative minimizer of
KL(Pz,y). Consequently, the sequence {KL(z*, ™)} converges to zero,
and so {x™} — x*. Moreover,

KL(#2°) > KL(z*,2°)

for all © as before. Hints: Use Ezercise 11.7. For the final assertion use
the fact that the difference K L(%,2™) — K L(Z, ™) is independent of the
choice of T, since it depends only on Px* = PZ. Now sum over the index
m.
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11.10 Regularization

The “night sky” phenomenon that occurs in non-negatively constrained
least-squares also happens with methods based on the Kullback-Leibler
distance, such as MART, EMML and SMART, requiring some sort of reg-
ularization.

11.10.1 The “Night-Sky” Problem

As we saw previously, the sequence {x*} generated by the EMML iterative
step in Equation (11.2) converges to a non-negative minimizer & of f(z) =
KL(y, Px), and we have

I

X L Yi

z; :‘TijlZHji(Pi‘)ﬁ (11.31)
i=1 v

for all j. We consider what happens when there is no non-negative solution
of the system y = Px.
For those values of j for which £; > 0, we have

I I
_ o Y
55 = ;PZ] = ;P” R (11.32)

Now let @ be the I by K matrix obtained from P by deleting rows j for
which £; = 0. If @ has full rank and K > I, then Q7T is one-to-one, so
that 1 = (Py;)i for all 4, or y = PZ. But we are assuming that there is no
non-negative solution of y = Px. Consequently, we must have K < I and
I — K of the entries of & are zero.

11.11 Modifying the KL distance

The SMART, EMML and their block-iterative versions are based on the
Kullback-Leibler distance between nonnegative vectors and require that
the solution sought be a non-negative vector. To impose more general
constraints on the entries of z we derive algorithms based on shifted KL
distances, also called Fermi-Dirac generalized entropies.

For a fixed real vector u, the shifted KL distance K L(x — u,z — u) is
defined for vectors z and z having z; > u; and z; > w;. Similarly, the
shifted distance K L(v — x,v — z) applies only to those vectors x and z for
which z; < wv; and z; < v;. For u; < wvj, the combined distance

KL(x —u,z—u)+ KL(v—z,v—2)

is restricted to those x and z whose entries z; and z; lie in the interval
[uj,v;]. Our objective is to mimic the derivation of the SMART, EMML
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and RBI methods, replacing KL distances with shifted KL distances, to
obtain algorithms that enforce the constraints u; < x; < vj, for each j.
The algorithms that result are the ABMART and ABEMML block-iterative
methods. These algorithms were originally presented in [52], in which the
vectors u and v were called a and b, hence the names of the algorithms.
Throughout this chapter we shall assume that the entries of the matrix A
are nonnegative. We shall denote by B,,, n = 1,..., N a partition of the
index set {¢ = 1,..., I} into blocks. For k = 0,1, ... let n(k) = k(mod N)+1.

The projected Landweber algorithm can also be used to impose the
restrictions u; < x; < vj;; however, the projection step in that algorithm
is implemented by clipping, or setting equal to u; or v; values of x; that
would otherwise fall outside the desired range. The result is that the values
u; and v; can occur more frequently than may be desired. One advantage
of the AB methods is that the values u; and v; represent barriers that
can only be reached in the limit and are never taken on at any step of the
iteration.

11.12 The ABMART Algorithm

We assume that (Au); < b; < (Av); and seek a solution of Az = b with
uj < xj < vy, for each j. The algorithm begins with an initial vector 20
satisfying u; < x? < vy, for each j. Having calculated x¥, we take

25 = oo 1 (1 - by, (11.33)
with n = n(k),
I VG (11.34)
S VAR
k_ o
& = M (11.35)
(v —acj)
and
g = (bi = (Aw)i)((Av)i — (Az"):) (11.36)

T ((Av)i = b)) ((Azk); — (Au)i)’

where J]" denotes the product over those indices i in By, (x)- Notice that,
at each step of the iteration, a:;C is a convex combination of the endpoints
u; and vj, so that xf lies in the interval [u;, v;].

We have the following theorem concerning the convergence of the AB-

MART algorithm:
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Theorem 11.2 If there is a solution of the system Ax = b that satisfies the
constraints u; < x; < v; for each j, then, for any N and any choice of the
blocks By, the ABMART sequence converges to that constrained solution
of Ax = b for which the Fermi-Dirac generalized entropic distance from x

to xo,

KL(x —u,2° —u) + KL(v — x,v — 2°),

1s minimized. If there is no constrained solution of Ax = b, then, for
N =1, the ABMART sequence converges to the minimizer of

KL(Ax — Au,b — Au) + KL(Av — Az, Av — b)

for which
KL(x —u,2° —u) + KL(v — x,v — 2°)

s minimized.

The proof is similar to that for RBI-SMART and is found in [52].

11.13 The ABEMML Algorithm

We make the same assumptions as in the previous section. The iterative
step of the ABEMML algorithm is

x?“ = a?vj +(1- a?)uj, (11.37)

where

k_ _kjk
ok =~F/dk, (11.38)
V) = (@ —uy)e, (11.39)
85 = (v; — @) f}, (11.40)
d¥ =¥ + Y, (11.41)
1-— A; Aii| ———m——— 1, 11.42
< Z J) + Z J< Aw’f (Au)z ( )
i€EB, 1€By,
and

(1 -> A”> + ) A <)(Ai’ck)> (11.43)

i€By, i€B,

We have the following theorem concerning the convergence of the ABE-
MML algorithm:



162 CHAPTER 11. THE SMART AND EMML ALGORITHMS

Theorem 11.3 If there is a solution of the system Ax = b that satisfies
the constraints u; < x; < v; for each j, then, for any N and any choice
of the blocks B,,, the ABEMML sequence converges to such a constrained
solution of Ax = b. If there is no constrained solution of Ax = b, then, for
N =1, the ABEMML sequence converges to a constrained minimizer of

KL(b— Au, Az — Au) + KL(Av — b, Av — Ax).

The proof is similar to that for RBI-EMML and is to be found in [52]. In
contrast to the ABMART theorem, this is all we can say about the limits
of the ABEMML sequences.

Open Question: How does the limit of the ABEMML iterative sequence
depend, in the consistent case, on the choice of blocks, and, in general, on
the choice of z0?



Chapter 12

Alternating Minimization

12.1 Alternating Minimization

As we have seen, the SMART is best derived as an alternating minimization
(AM) algorithm. The main reference for alternating minimization is the
paper [97] of Csiszdr and Tusnddy. As the authors of [193] remark, the
geometric argument in [97] is “deep, though hard to follow”. As we shall
see, all AM methods for which the five-point property of [97] holds fall into
the SUMMA class (see [65]).

The alternating minimization approach provides a useful framework
for the derivation of iterative optimization algorithms. In this section we
discuss the five-point property of [97] and use it to obtain a somewhat
simpler proof of convergence for their AM algorithm. We then show that
all AM algorithms with the five-point property are in the SUMMA class.

12.1.1 The AM Framework

Suppose that P and ) are arbitrary non-empty sets and the function
O(p, q) satisfies —o0o < O(p,q) < 400, for each p € P and ¢ € Q. We
assume that, for each p € P, there is ¢ € @ with O(p,q) < +oo. There-
fore, b = infpep 4@ O(p,q) < +00. We assume also that b > —oo; in
many applications, the function O(p, ¢) is non-negative, so this additional
assumption is unnecessary. We do not always assume there are p € P and
G € @ such that ©(p,§) = b; when we do assume that such a p and ¢
exist, we will not assume that p and ¢ are unique with that property. The
objective is to generate a sequence {(p™, ¢™)} such that ©(p", ¢") — b.

163
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12.1.2 The AM Iteration

The general AM method proceeds in two steps: we begin with some ¢°,
and, having found ¢", we

e 1. minimize O(p, ¢") over p € P to get p = p"*!, and then
e 2. minimize O(p" !, q) over ¢ € Q to get ¢ = ¢" L.

In certain applications we consider the special case of alternating cross-
entropy minimization. In that case, the vectors p and ¢ are non-negative,
and the function O(p,q) will have the value +o0o whenever there is an
index j such that p; > 0, but g; = 0. It is important for those particular
applications that we select ¢° with all positive entries. We therefore assume,
for the general case, that we have selected ¢" so that ©(p,q°) is finite for
all p.

The sequence {O(p™, ¢"™)} is decreasing and bounded below by b, since
we have

@(pn7qn) > @(pn+1’qn) > @(pn-l-l’qn-l-l). (121)
Therefore, the sequence {©(p™, ¢™)} converges to some B > b. Without
additional assumptions, we can say little more.
We know two things:
(", ¢") — 6", ") > 0, (12.2)
and
o(p",q¢") —O(p"t, ¢") > 0. (12.3)
Equation 12.3 can be strengthened to

O(p.¢") — O™, ¢") > 0. (12.4)

We need to make these inequalities more precise.

12.1.3 The Five-Point Property for AM

The five-point property is the following: for all p € P and ¢ € @ and
n=12,..

The Five-Point Property

O(p,q) +O(p,¢" ) > O(p,¢") +O(p", ¢" ). (12.5)
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12.1.4 The Main Theorem for AM

We want to find sufficient conditions for the sequence {©(p™, ¢")} to con-
verge to b, that is, for B = b. The following is the main result of [97].

Theorem 12.1 If the five-point property holds then B = b.

Proof: Suppose that B > b. Then there are p’ and ¢’ such that B >
O(p',q') > b. From the five-point property we have

oW.¢" ") -0@",¢" ") = 0w, ") - 0@, ), (12.6)
so that
op,q" ") -0, q") >0k, ) -0@.qd) >0. (12.7)

All the terms being subtracted can be shown to be finite. It follows that
the sequence {©(p’,q" 1)} is decreasing, bounded below, and therefore
convergent. The right side of Equation (12.7) must therefore converge to
zero, which is a contradiction. We conclude that B = b whenever the
five-point property holds in AM. |

12.1.5 The Three- and Four-Point Properties

In [97] the five-point property is related to two other properties, the three-
and four-point properties. This is a bit peculiar for two reasons: first, as
we have just seen, the five-point property is sufficient to prove the main
theorem; and second, these other properties involve a second function, A :
Px P — [0,400], with A(p,p) = 0 for all p € P. The three- and four-point
properties jointly imply the five-point property, but to get the converse, we
need to use the five-point property to define this second function; it can be
done, however.
The three-point property is the following:

The Three-Point Property
O(p,q") — 0", q") > Ap,p" ™), (12.8)
for all p. The four-point property is the following:

The Four-Point Property
Alp,p"™) +O(p,9) = O(p,¢" ), (12.9)

for all p and q.
It is clear that the three- and four-point properties together imply the
five-point property. We show now that the three-point property and the
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four-point property are implied by the five-point property. For that purpose
we need to define a suitable A(p,p). For any p and p in P define

A(p,p) = ©(p,q(p)) — O(p,a(p), (12.10)

where ¢(p) denotes a member of @ satisfying O(p, ¢(p)) < O(p, q), for all ¢
in Q. Clearly, A(p,p) > 0 and A(p,p) = 0. The four-point property holds
automatically from this definition, while the three-point property follows
from the five-point property. Therefore, it is sufficient to discuss only the
five-point property when speaking of the AM method.

12.1.6 Alternating Bregman Distance Minimization

The general problem of minimizing ©(p, ¢) is simply a minimization of a
real-valued function of two variables, p € P and ¢ € (). In many cases the
function O(p, q) is a distance between p and g, either ||p — ¢||3 or K L(p, q).
In the case of O(p,q) = ||p — q||3, each step of the alternating minimization
algorithm involves an orthogonal projection onto a closed convex set; both
projections are with respect to the same Euclidean distance function. In
the case of cross-entropy minimization, we first project g™ onto the set
P by minimizing the distance K L(p,q"™) over all p € P, and then project
p" Tt onto the set () by minimizing the distance function K L(p"*!, ). This
suggests the possibility of using alternating minimization with respect to
more general distance functions. We shall focus on Bregman distances.

12.1.7 Bregman Distances

Let f: R/ — R be a Bregman function [30, 88, 38], and so f(x) is convex
on its domain and differentiable in the interior of its domain. Then, for z in
the domain and z in the interior, we define the Bregman distance Dy (x, 2)
by

Dy(z,2) = f(z) = f(2) = (Vf(2),z — 2). (12.11)

For example, the KL distance is a Bregman distance with associated Breg-
man function

J
f(z) = ij logz; — ;. (12.12)
j=1

Suppose now that f(z) is a Bregman function and P and @ are closed
convex subsets of the interior of the domain of f(x). Let p"*! minimize
D¢(p,q") over all p € P. It follows then that

(V") =V f(g"),p—p"™) 20, (12.13)



12.1. ALTERNATING MINIMIZATION 167

for all p € P. Since

Dy(p,q") — Ds(p" ™, q") =

Dy(p,p" ) + (V") = Vf(@").p — "), (12.14)
it follows that the three-point property holds, with
O(p.a) = Ds(p:a), (12.15)
and
A(p,p) = Dy(p,p). (12.16)

To get the four-point property we need to restrict Dy somewhat; we assume
from now on that Dy(p,q) is jointly convex, that is, it is convex in the
combined vector variable (p, q) (see [14]). Now we can invoke a lemma due
to Eggermont and LaRiccia [108].

12.1.8 The Eggermont-LaRiccia Lemma

Lemma 12.1 Suppose that the Bregman distance Ds(p,q) is jointly con-
vex. Then it has the four-point property.

Proof: By joint convexity we have
Dy(p,q) — Dy(p".q") =
(ViDs(p",q"),p = p") + (V2D (0", 4").a — ¢"),

where V; denotes the gradient with respect to the first vector variable.
Since ¢" minimizes D (p", q) over all ¢ € Q, we have

(VaDy(p"™,q"),qa — q") = 0,
for all ¢q. Also,
(Vi(p",q"),p —p") = (V") = Vf(g"),p —p").
It follows that
D¢(p.q") — Ds(p.p") = Dy (", ¢") + (Va(p",¢"),p — p")
Therefore, we have
Dy(p,p") + Ds(p.q) = Ds(p,q").

This is the four-point property. |

We now know that the alternating minimization method works for any

Bregman distance that is jointly convex. This includes the Euclidean and
the KL distances.
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12.1.9 Minimizing a Proximity Function

We present now an example of alternating Bregman distance minimization
taken from [56]. The problem is the convez feasibility problem (CFP), to
find a member of the intersection C' C R” of finitely many closed convex
sets Cy, i =1, ..., I, or, failing that, to minimize the proximity function

Fla)=3" Di(P ), (12.17)

where f; are Bregman functions for which D;, the associated Bregman
distance, is jointly convex, and P;x are the left Bregman projection of
x onto the set C;, that is, ?m € C; and Di(ﬁix,x) < D;(z,x), for all
z € C;. Because each D; is jointly convex, the function F'(x) is convex.

The problem can be formulated as an alternating minimization, where
P C R is the product set P = C; x Cy X ... x C7. A typical member
of P has the form p = (c!,c?,...,c!), where ¢ € C;, and Q C R is the
diagonal subset, meaning that the elements of @) are the I-fold product of
a single z; that is Q = {d(x) = (x,x,...,2) € RT7}. We then take

O(p.q) = D_ Di(c', ), (12.18)

In [76] a similar iterative algorithm was developed for solving the CFP,
using the same sets P and @, but using alternating projection, rather
than alternating minimization. Now it is not necessary that the Bregman
distances be jointly convex. Each iteration of their algorithm involves two
steps:

e 1. minimize Zle D;(ct,x™) over ¢* € C;, obtaining ¢! = ?Zw’ﬂ and
then

%
e 2. minimize Zle Di(x, P;z™).

Because this method is an alternating projection approach, it converges
only when the CFP has a solution, whereas the previous alternating mini-
mization method minimizes F(z), even when the CFP has no solution.

12.1.10 Right and Left Projections

Because Bregman distances Dy are not generally symmetric, we can speak
of right and left Bregman projections onto a closed convex set. For any
allowable vector x, the left Bregman projection of x onto C if it exists, is

<_
the vector P gz € C satisfying the inequality Df(ﬁcx, x) < D¢(c,x), for
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all ¢ € C. Similarly, the right Bregman projection is the vector ch eC
satisfying the inequality D¢ (z, Pcx) < Dy(x,c), for any c € C.

The alternating minimization approach described above to minimize
the proximity function

I
F(z) = ZDi(Ex,x) (12.19)

can be viewed as an alternating projection method, but employing both
right and left Bregman projections.

Consider the problem of finding a member of the intersection of two
closed convex sets C' and D. We could proceed as follows: having found

l,n

, minimize D;(z",d) over all d € D, obtaining d = P pz", and then
minimize D(c, P paz™) over all ¢ € C, obtaining ¢ = 2" = <]SC px™.
The objective of this algorithm is to minimize Dy (c,d) over all ¢ € C' and
d € D; such a minimum may not exist, of course.

In [16] the authors note that the alternating minimization algorithm of
[56] involves right and left Bregman projections, which suggests to them
iterative methods involving a wider class of operators that they call “Breg-

man retractions”.

12.1.11 More Proximity Function Minimization

Proximity function minimization and right and left Bregman projections
play a role in a variety of iterative algorithms. We survey several of them
in this section.

12.1.12 Cimmino’s Algorithm

Our objective here is to find an exact or approximate solution of the system
of I linear equations in J unknowns, written Az = b. For each i let

Ci = {2|(Az); = bi}, (12.20)
and P;x be the orthogonal projection of x onto C;. Then
where
J
()™t =D A7 (12.22)
j=1
Let

I
F(z) = |Px—z|3. (12.23)
=1
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Using alternating minimization on this proximity function gives Cimmino’s
algorithm, with the iterative step

1

1

of = ol 7 D (b — (A1), (12:24)
i=1

12.1.13 Simultaneous Projection for Convex Feasibil-
ity
Now we let C; be any closed convex subsets of R’ and define F'(z) as in the

previous section. Again, we apply alternating minimization. The iterative
step of the resulting algorithm is

1
1
k k-1
e =7 E Pz (12.25)

The objective here is to minimize F'(x), if there is a minimum.

12.1.14 The Bauschke-Combettes-Noll Problem

In [17] Bauschke, Combettes and Noll consider the following problem: min-
imize the function

O(p,q) = Alp,q) = ¢(p) +¥(q) + Dy(p, q), (12.26)

where ¢ and v are convex on R7, D = D; is a Bregman distance, and
P = (@ is the interior of the domain of f. They assume that

b= inf A(p,q) > —o0, (12.27)
(p,9)

and seek a sequence {(p"™, ¢")} such that {A(p™, ¢™)} converges to b. The se-
quence is obtained by the AM method, as in our previous discussion. They
prove that, if the Bregman distance is jointly convex, then {A(p", ¢")} | b.
In this subsection we obtain this result by showing that A(p, ¢) has the five-
point property whenever D = D¢ is jointly convex. Our proof is loosely
based on the proof of the Eggermont-LaRiccia lemma.

The five-point property for A(p, q) is

Ap, "™ 1) — A", ¢" ) > Alp,q™) — A(p, q). (12.28)

Lemma 12.2 The inequality in (12.28) is equivalent to

D(p,q")+ D(p",¢"~") = D(p,q"~") = D(p", ¢"). (12.29)
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Proof: The proof is Exercise 12.1.
By the joint convexity of D(p,q) and the convexity of ¢ and ¥ we have

(VpA(P",q"),p — ") + (VA" ¢"), 0 — q"), (12.30)

where V,A(p™, ¢") denotes the gradient of A(p, ¢), with respect to p, eval-
uated at (p", ¢"™).
Since ¢™ minimizes A(p", q), it follows that

(VeA(P™,q"),q—q") =0, (12.31)
for all q. Therefore,
Ap,q) — A", q") = (VA" ¢"),p —p"). (12.32)

We have
(VpA(P",q"),p—p") =

(VI@™) = VG"),p—p") +(Vo(p"),p—p"). (12.33)
Since p" minimizes A(p, "), we have
VA", ¢" ) =0, (12.34)
or
Vop™) =VIg" ) - Vi), (12.35)
so that

(VoM™ q"),p—p") = (Vf(" ") = Vf(d"),p—p") (12.36)
= D(p,q") + D(p",q" ") = D(p,q" ") = D(p", q"). (12.37)

Using (12.32) we obtain the inequality in (12.29). This shows that A(p, q)
has the five-point property whenever the Bregman distance D = Dy is
jointly convex. From our previous discussion of AM, we conclude that the
sequence {A(p™,¢™)} converges to b; this is Corollary 4.3 of [17].

As we shall see in the next chapter, the expectation maximization max-
imum likelihood (EM) method involves alternating minimization of a func-
tion of the form A(p, q).

If ¢ = 0, then {A(p", ¢™)} converges to b, even without the assumption
that the distance Dy is jointly convex. In such cases, A(p, ¢) has the form of
the objective function in proximal minimization and therefore the problem
falls into the SUMMA class (see Lemma 4.1).
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12.1.15 AM as SUMMA

We show now that the SUMMA class of sequential unconstrained mini-
mization methods includes all the AM methods for which the five-point
property holds.

For each p in the set P, define ¢(p) in @ as a member of @ for which

O(p,q(p)) < O(p,q), for all ¢ € Q. Let f(p) = O(p, q(p)).
At the nth step of AM we minimize

Ga(p) = O(p,q" ™) = O(p.a(p) + (O(p, ") — O(p.a(p))) (12.38)
to get p™. With
gn(p) = (@(p,q”‘l) - ®(p,q(p))) >0, (12.39)

we can write

Gn(p) = f(p) + gn(p)- (12.40)

According to the five-point property, we have

Gn(p) — Gu(@") 2 0(p,q¢") — O(p,4(p)) = gn+1(p)- (12.41)

It follows that AM is a member of the SUMMA class.

12.2 Exercises

Ex. 12.1 Prove Lemma 12.2.



Chapter 13

The EM Algorithm

13.1 Overview

The “expectation maximization” (EM) algorithm is a general framework
for maximizing the likelihood function in statistical parameter estimation
[157]. The EM algorithm is not really a single algorithm, but a frame-
work for the design of iterative likelihood maximization methods, or, as
the authors of [21] put it, a “prescription for constructing an algorithm”;
nevertheless, we shall continue to refer to the EM algorithm. We show in
this chapter that EM algorithms are AF algorithms. The EM algorithms
are always presented in probabilistic terms, involving the maximization of a
conditional expected value. As we shall demonstrate, the essence of the EM
algorithm is not stochastic. Our non-stochastic EM (NSEM) is a general
approach for function maximization that has the stochastic EM methods
as particular cases.

Maximizing the likelihood function is a well studied procedure for es-
timating parameters from observed data. When a maximizer cannot be
obtained in closed form, iterative maximization algorithms, such as the ex-
pectation maximization (EM) maximum likelihood algorithms, are needed.
The standard formulation of the EM algorithms postulates that finding a
maximizer of the likelihood is complicated because the observed data is
somehow incomplete or deficient, and the maximization would have been
simpler had we observed the complete data. The EM algorithm involves re-
peated calculations involving complete data that has been estimated using
the current parameter value and conditional expectation.

The standard formulation is adequate for the most common discrete
case, in which the random variables involved are governed by finite or
infinite probability functions, but unsatisfactory in general, particularly in
the continuous case, in which probability density functions and integrals
are needed.

173
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We adopt the view that the observed data is not necessarily incomplete,
but just difficult to work with, while different data, which we call the
preferred data, leads to simpler calculations. To relate the preferred data
to the observed data, we assume that the preferred data is acceptable,
which means that the conditional distribution of the preferred data, given
the observed data, is independent of the parameter. This extension of the
EM algorithms contains the usual formulation for the discrete case, while
removing the difficulties associated with the continuous case. Examples are
given to illustrate this new approach.

13.2 A Non-Stochastic Formulation of EM

The essence of the EM algorithm is not stochastic, and leads to a general
approach for function maximization, which we call the “non-stochastic”
EM algorithm (NSEM)[66]. In addition to being more general, this new
approach also simplifies much of the development of the EM algorithm
itself. We present now the essential aspects of the EM algorithm without
relying on statistical concepts. We shall use these results later to establish
important facts about the statistical EM algorithm.

13.2.1 The Continuous Case

The problem is to maximize a non-negative function f : Z — R, where Z is
an arbitrary set. We assume that there is z* € Z with f(z*) > f(2), for all
z € Z. We also assume that there is a non-negative function b : R’ x Z — R
such that

flz) = /b(w,z)dx.

Having found z*, we maximize the function
H(Z* 2) = /b(m,zk)log b(x, z)dx (13.1)

to get z¥*T1. Adopting such an iterative approach presupposes that max-
imizing H (2", z) is simpler than maximizing f(z) itself. This is the case
with the EM algorithm.

The cross-entropy or Kullback-Leibler distance [143] is a useful tool for
analyzing the EM algorithm. We simplify the notation by setting b(z) =
b(z, z). Maximizing H (2", z) is equivalent to minimizing

G(2*, 2) = KL(b(z"),b(2)) — f(2), (13.2)
where

KL({b(2%),b(2)) = /KL(b(x,zk),b(x,z))dx. (13.3)
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Therefore,
—f(z") = KL(b(z*),b(z")) = f(z*) > KL(b(z"),b(z"*1)) = f(F),
FEMY = £(27) = KLO0(="),0(z"1")) > KL(f(2"), f(z"1)).

Consequently, the sequence {f(z*)} is increasing and bounded above, so
that the sequence {KL(b(z*),b(2**1))} converges to zero. Without addi-
tional restrictions, we cannot conclude that {f(z*)} converges to f(z*).
We get zF*1 by minimizing G(z*,2). When we minimize G(z, z¢*+1),
we get z¥*1 again. Therefore, we can put the NSEM algorithm into the
alternating minimization (AM) framework of Csiszdr and Tusnady [97].

13.2.2 The Discrete Case

Again, the problem is to maximize a non-negative function f : Z — R,
where Z is an arbitrary set. As previously, we assume that there is z* € Z
with f(z*) > f(z), for all z € Z. We also assume that there is a finite or
countably infinite set B and a non-negative function b : B x Z — R such

that
fz) =" b(x, 2).

rEB

Having found z*, we maximize the function

H(Z* 2) = Z b(z, 2%) log b(z, 2) (13.4)

reB

to get 2T,

We set b(z) = b(x, z) again. Maximizing H(z*, 2) is equivalent to min-
imizing

G(2*, 2) = KL(b(z"),b(2)) — f(2), (13.5)
where
KL(b(z"),b(2)) = Y KL(b(x, 2*), b(x, 2)). (13.6)
r€EB

As previously, we find that {f(z*)} is increasing, and {K L(b(z*), b(z%*1))}
converges to zero. Without additional restrictions, we cannot conclude that
{f(z%)} converges to f(z*).

13.3 The Stochastic EM Algorithm

In this section we present the standard stochastic formulation of the EM
algorithm.
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13.3.1 The E-step and M-step

In statistical parameter estimation one typically has an observable random
vector Y taking values in RY that is governed by a probability density func-
tion (pdf) or probability function (pf) of the form fy (y|6), for some value
of the parameter vector 6 € ©, where O is the set of all legitimate values of
0. Our observed data consists of one realization y of Y; we do not exclude
the possibility that the entries of y are independently obtained samples of a
common real-valued random variable. The true vector of parameters is to
be estimated by maximizing the likelihood function L, (6) = fy (y|6) over
all 6 € © to obtain a maximum likelihood estimate, 0p;r,.

To employ the EM algorithmic approach, it is assumed that there is
another related random vector X, which we shall call the preferred data,
such that, had we been able to obtain one realization z of X, maximizing
the likelihood function L,(0) = fx(z|f) would have been simpler than
maximizing the likelihood function L, (6) = fy (y|6). Of course, we do not
have a realization x of X. The basic idea of the EM approach is to estimate
x using conditional expectations and the current estimate of 6, denoted 6%,
and to use each estimate z* of x to get the next estimate §**1.

The EM algorithm proceeds in two steps. Having selected the preferred
data X, and having found 6%, we form the function of @ given by the
conditional expected value

Q(016") = E(log fx (0)]y. 0"); (13.7)

this is the E-step of the EM algorithm. Then we maximize Q(6|6%) over

all # to get #**1; this is the M-step of the EM algorithm. In this way, the

EM algorithm based on X generates a sequence {#*} of parameter vectors.
For the discrete case of probability functions, we have

QO16%) = Fxpy (aly, %) log fx («]6), (13.8)
and for the continuous case of probability density functions we have

Q(]6*) = /fX‘y(x|y7 0*)log fx (x]0)d. (13.9)
In decreasing order of importance and difficulty, the goals are these:
e 1. to have the sequence of parameters {#*} converging to 6/
e 2. to have the sequence of functions { fx (2|6%)} converging to fx (z|0rr);
e 3. to have the sequence of numbers { L, (0%)} converging to L, (0ar1.);

e 4. to have the sequence of numbers {L, (%)} non-decreasing.

Our focus here is mainly on the fourth goal, with some discussion of the
third goal. We do present some examples for which all four goals are
attained. Clearly, the first goal requires a topology on the set ©.
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13.3.2 Difficulties with the Conventional Formulation

In [157] we are told that

fX|Y(~T|3/,9) = fx(z[0)/ fy (yl0). (13.10)

This is false; integrating with respect to x gives one on the left side and
1/ fy (y|@) on the right side. Perhaps the equation is not meant to hold for
all z, but just for some z. In fact, if there is a function h such that ¥ =
h(X), then Equation (13.10) might hold for those = such that h(z) =y. In
fact, this is what happens in the discrete case of probabilities; in that case
we do have

rylo) =  fx(al0), (13.11)
zeh~1{y}
where
hHy} = {z|h(z) = y}.
Consequently,

Fxiy (@ly,0) = fx(z10)/fy (y10), if x € K™y}, (13.12)

and zero, otherwise. However, this modification of Equation (13.10) fails in
the continuous case of probability density functions, since h=*{y} is often
a subset of zero measure. Even if the set h~!{y} has positive measure,
integrating both sides of Equation (13.10) over # € h™'{y} tells us that
fy (y|#) < 1, which need not hold for probability density functions.

13.3.3 An Incorrect Proof

Everyone who works with the EM algorithm will say that the likelihood
is non-decreasing for the EM algorithm. The proof of this fact usually
proceeds as follows; we use the notation for the continuous case, but the
proof for the discrete case is essentially the same. Use Equation (13.10) to
get

log fx (x[0) = log fx|y (z]y,0) — log fy (y|0). (13.13)

Then replace the term log fx(x|0) in Equation (13.9) with the right side
of Equation (13.13), obtaining

log fy (ylo) — Q(6]6%) = —/fX\Y($|ya9k) log x|y (®|y,0)dz. (13.14)

Jensen’s Inequality tells us that

/u(;v) log u(z)dz > /u(x) log v(z)dz, (13.15)
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for any probability density functions u(x) and v(z). Since fx|y(x|y,) is
a probability density function, we have

/ Fxiy (], 65) log fxy (aly, 0)dz < / Fxiy (]9, 6F) log Fx v (zly, 0%)di3.16)

We conclude, therefore, that log fy (y|#) — Q(6]6%) attains its minimum
value at 6 = 6*. Then we have

log fy (y0"*") —log fy (y|6*) = Q(6"*1|6%) — Q(6*|6*) > 0. (13.17)

This proof is incorrect; clearly it rests on the validity of Equation (13.10),
which is generally false. For the discrete case, with Y = h(X), this proof
is valid, when we use Equation (13.12), instead of Equation (13.10). In all
other cases, however, the proof is incorrect.

13.3.4 Acceptable Data

We turn now to the question of how to repair the incorrect proof. Equation
(13.10) should read

fxiy(aly, 0) = fxy(z,yl0)/ fy (y]6), (13.18)

for all z. In order to replace log fx (z|f) in Equation (13.9) we write

fxy(w,yl0) = fX\Y(x|y79)fY(y\9)a (13.19)

and

Ixy (@, y|0) = fyx(ylz,0) fx (x]0), (13.20)

so that

log fx(x[0) = log fxy (z|y, 0) + log fy (y|0) — log fy|x (y|z,0). (13.21)

We say that the preferred data is acceptable if

fY\X(y|iL’79) = fY|X(?J|I)§ (13.22)

that is, the dependence of Y on X is unrelated to the value of the parameter
6. This definition provides our generalization of the relationship Y = h(X).

When X is acceptable, we have that log fy (y|0) — Q(6|6%) again at-
tains its minimum value at # = #*. The assertion that the likelihood is
non-decreasing then follows, using the same argument as in the previous
incorrect proof.
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13.4 The Discrete Case

In the discrete case, we assume that Y is a discrete random vector taking
values in a finite or countably infinite set A, and governed by probability
fy(y]@). We assume, in addition, that there is a second discrete random
vector X, taking values in a finite or countably infinite set B, and a function
h: B — A such that Y = h(X). We define the set

=Yy} = {x € Blh(z) = y}. (13.23)
Then we have
Frlo)y=">"  fx(x]). (13.24)
zeh={y}

The conditional probability function for X, given Y =y, is

Fxyy (zly, 0) = ff;g:g)), (13.25)

for x € h='{y}, and zero, otherwise. The so-called E-step of the EM
algorithm is then to calculate Q(0|0%) = E((log fx (X|0)|y, 0%) where

E((log fx(X|0)]y.0") = > fxyy(xly,0%)log fx(x]0), (13.26)
zeh~{y}

and the M-step is to maximize Q(6|0*) as a function of # to obtain §*+!,
Using Equation (13.25), we can write

Q(9)6%) = Z Fxpy (zly, 0%) log fx |y (zly, 0) + log fy (y|6). (13.27)
weh=1{y}
Therefore,
log fy (y]0) — Q(0]6%) = — Z Fxy (xly, 0%)1og fx)y (x]y,0).
zeh=1{y}

Since

Yo fxy(@ly, 6t = D fxy(aly.0) =1,

zeh—1{y} zeh~1{y}

that

= > fxy(@ly, 0%)log fxpy(2ly,0) > = > fxqy(xly, 0%)log fxpy (zly, 0%)
zeh—1{y} zeh={y}

follows from Jensen’s Inequality. Therefore, log fy (y|0) — Q(8|6%) attains
its minimum at @ = 6*. We have the following result.
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Proposition 13.1 The sequence {fy (y|0%)} is non-decreasing.
Proof: We have
log fy (y0°*") — Q0" *116%) > log fy (y|6*) — Q(6*]6%),
or
log fy (y|0™+") —log fy (y|6*) > Q(6*1|6%) — Q(6*(6") > 0.
|

Let xj,-1(y} () be the characteristic function of the set h~'{y}, that is,

Xn-1{y}(z) =1,

for x € h='{y}, and zero, otherwise. With the choices z = 6, f(z) =
fy (y]0), and b(2) = fx (x]|0)xp-1{y}(7), the discrete EM algorithm fits into
the framework of the non-stochastic EM algorithm. Consequently, we see
once again that the sequence {fy (y|#*)} is non-decreasing, and also that
the sequence

{KLO(=*),b(z"={ > KL(fx(x|6%), fx(x(0*))}

zeh~{y}

converges to zero.

13.5 Missing Data

We say that there is missing data if the preferred data X has the form

X = (Y, W), so that Y = h(X) = h(Y,W), where h is the orthogonal

projection onto the first component. The case of missing data for the

discrete case is covered by the discussion in Section 13.4, so we consider

here the continuous case in which probability density functions are involved.
Once again, the E-step is to calculate Q(0|0%) given by

Q(016%) = E((log fx (X|0)]y, 0%). (13.28)
Since X = (Y, W), we have
fx(@|0) = frw(y, w|0). (13.29)

Since the set h~1{y} has measure zero, we cannot write
Q) = [ v (aly. %) log fx (sl6)d
h='{y}
Instead, we write

QI8 = [ ey, 016) Lo Fraw (v wlO)du/ fy (16%). (13.30)
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Consequently, maximizing Q(6]6%) is equivalent to maximizing

/ Fyaw (s w]6%) log fy.aw (y, w]6)duw.

With b(0) = b(0, w) = fy,w(y,w|d) and

Fr(4]0) = £(6) = / Frw (g, w]8)dw = / b(6) duv,

we find that maximizing Q(#]0*) is equivalent to minimizing K L(b(6%), b(8))—
f(6). Therefore, the EM algorithm for the case of missing data falls into the
framework of the non-stochastic EM algorithm. We conclude that the se-
quence { f(6%)} is non-decreasing, and that the sequence { K L(b(6%), b(6**1))}
converges to zero.

Most other instances of the continuous case in which we have Y = h(X)
can be handled using the missing-data model. For example, suppose that
7y and Zy are uniformly distributed on the interval [0, 0], for some positive
0, and that Y = Z; + Z>. We may, for example, then take W to be
W =2y —Zy and X = (Y,W) as the preferred data.

13.6 The Continuous Case

We turn now to the general continuous case. We have a random vector
Y taking values in R’ and governed by the probability density function
fy (y|#). The objective, once again, is to maximize the likelihood function
L,(0) = fy(y|f) to obtain the maximum likelihood estimate of 6.

13.6.1 Acceptable Preferred Data

For the continuous case, the vector ¥ is obtained from 6% by maximizing
the conditional expected value

Q(016%) = E(log fx (X10)]y, %) = / Fxiy (aly, %) og fx (x]0)d.(13.31)

Assuming the acceptability condition and using

fX,Y(xvy‘ak) = fX\Y(x|y79k)fY(y|9k)a

and
log fx (x|0) = log fx vy (x,y|0) — log fy|x (y|x),

we find that maximizing E(log fx (2]0)|y, 0%) is equivalent to minimizing

H(0*,6) = /fx’y(x7y|9k)long’y(x7y|9)dx. (13.32)



182 CHAPTER 13. THE EM ALGORITHM

With f(0) = fy(y|0), and b(#) = fx, vy (x,y|f), this problem fits the frame-
work of the non-stochastic EM algorithm and is equivalent to minimizing

G(6%,0) = KL(b(%),b(6)) — f(6).

Once again, we may conclude that the likelihood function is non-decreasing
and that the sequence { K L(b(6%),b(6%+1))} converges to zero.

In the discrete case in which Y = h(X) the conditional probability
fyx (ylz,0) is 0(y — h(z)), as a function of y, for given z, and is the char-
acteristic function of the set X (y), as a function of z, for given y. Therefore,
we can write fx|y (z|y,f) using Equation (13.12). For the continuous case
in which Y = h(X), the pdf fy|x(y|z,0) is again a delta function of y, for
given z; the difficulty arises when we need to view this as a function of =z,
for given y. The acceptability property helps us avoid this difficulty.

When X is acceptable, we have

Fxiy (@ly, 0) = fyix (ylz) fx (210)/ fy (y]6), (13.33)

whenever fy(y|d) # 0, and is zero otherwise. Consequently, when X is
acceptable, we have a kernel model for fy (y|f) in terms of the fx(z|f):

fr (ul6) = / Fypx (vl) fx (]6)d; (13.34)

for the continuous case we view this as a corrected version of Equation
(13.11). In the discrete case the integral is replaced by a summation, of
course, but when we are speaking generally about either case, we shall use
the integral sign.

The acceptability of the missing data W is used in [67], but more for
computational convenience and to involve the Kullback-Leibler distance
in the formulation of the EM algorithm. It is not necessary that W be
acceptable in order for likelihood to be non-decreasing, as we have seen.

13.6.2 Selecting Preferred Data

The popular example of multinomial data given below illustrates well the
point that one can often choose to view the observed data as “incomplete”
simply in order to introduce “complete” data that makes the calculations
simpler, even when there is no suggestion, in the original problem, that the
observed data is in any way inadequate or “incomplete” . It is in order to
emphasize this desire for simplification that we refer to X as the preferred
data, not the complete data.

In some applications, the preferred data X arises naturally from the
problem, while in other cases the user must imagine preferred data. This
choice in selecting the preferred data can be helpful in speeding up the
algorithm (see [116]).
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If, instead of maximizing
[ v (e, 6 log £ (alo) o
at each M-step, we simply select 8¥T! so that

/fxw(mlyﬁ’“)log fX,Y(x,y|9k+1)dx—/fx|y(x|y,9’“)long7Y(a:,y|9k)dx >0,

we say that we are using a generalized EM (GEM) algorithm. It is clear
from the discussion in the previous subsection that, whenever X is accept-
able, a GEM also guarantees that likelihood is non-decreasing.

13.6.3 Preferred Data as Missing Data

As we have seen, when the EM algorithm is applied to the missing-data
model, the likelihood is non-decreasing, which suggests that, for an arbi-
trary preferred data X, we could imagine X as W, the missing data, and
imagine applying the EM algorithm to Z = (Y, X). This approach would
produce an EM sequence of parameter vectors for which likelihood is non-
decreasing, but it need not be the same sequence as obtained by applying
the EM algorithm to X directly. It is the same sequence, provided that X
is acceptable. We are not suggesting that applying the EM algorithm to
Z = (Y, X) would simplify calculations.

We know that, when the missing-data model is used and the M-step
is defined as maximizing the function in (13.30), the likelihood is not de-
creasing. It would seem then that, for any choice of preferred data X, we
could view this data as missing and take as our complete data the pair
Z = (Y,X), with X now playing the role of W. Maximizing the function
in (13.30) is then equivalent to maximizing

/fXIY(I|ya‘9k) log fx,v (v, y|0)dz; (13.35)

to get O*F1. It then follows that L, (0**1) > L, (6*). The obvious question
is whether or not these two functions given in (13.7) and (13.35) have the
same maximizers.

For acceptable X we have

log fx,y(z,yl0) = log fx (x]6) + log fy|x (y|x), (13.36)

so the two functions given in (13.7) and (13.35) do have the same maximiz-
ers. It follows once again that, whenever the preferred data is acceptable,
we have L, (0*1) > L, (0*). Without additional assumptions, however, we
cannot conclude that {#*} converges to 677, nor that { fy (y|0*)} converges

to fy (y|0nr)-
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13.7 EM and the KL Distance

We illustrate the usefulness of acceptability and reformulate the M-step in
terms of cross-entropy or Kullback-Leibler distance minimization.

13.7.1 Using Acceptable Data

The assumption that the data X is acceptable helps simplify the theoretical
discussion of the EM algorithm.

For any preferred X the M-step of the EM algorithm, in the continuous
case, is to maximize the function

/ Fxiy (ly, 6%) log fx (2]6)da, (13.37)

over € O; the integral is replaced by a sum in the discrete case. For
notational convenience we let

and
f(0) = fx(x0); (13.39)

both functions are functions of the vector variable z. Then the M-step is
equivalent to minimizing the Kullback-Leibler or cross-entropy distance

z k
KL £0) = [ Fxietely,04)10g (WW
Sxiy (aly, 0%)

fx(z]0) ) + fx(@l0) = fxv (aly, 0%)dz.

(13.40)

— [ frvtal, 0% tog

This holds since both fx(x|0) and fxly(l'|y,9k) are probability density
functions or probabilities.
For acceptable X we have

log fx,y(x,y|0) = log fx |y (z|y,0) + log fy (y|0) =

log fy|x (ylz) +log fx (x]0). (13.41)

Therefore,
log fy (y|6"*") —log fy (y|6) =

KL(b(6%), £(8)) — KL(b(6%), f(6"1))
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+KL(b(0%),b(6%1)) — KL(b(6%),b(0)). (13.42)
Since § = 051 minimizes K L(b(6*%), f(6)), we have that

log fy (y|0**') —log fy (y|0*) =

KL(b(O%), f(6%)) — KL(b(0*), f(0*1)) + KL(b(6%),b(0* 1)) > 0.(13.43)

This tells us, again, that the sequence of likelihood values {log fy (y|6)} is
increasing, and that the sequence of its negatives, {— log fy (y|0%)}, is de-
creasing. Since we assume that there is a maximizer 0,y of the likelihood,
the sequence {—log fy (y|0*)} is also bounded below and the sequences
[KLM(8%), b(051))} and {KLO(08), F(65)) — KL(B(OF), F(6*+1))} con-
verge to zero.

Without some notion of convergence in the parameter space ©, we
cannot conclude that {#*} converges to a maximum likelihood estimate
Oarrr,. Without some additional assumptions, we cannot even conclude that
the functions f(6%) converge to f(frr).

13.8 Finite Mixture Problems

Estimating the combining proportions in probabilistic mixture problems
shows that there are meaningful examples of our acceptable-data model,
and provides important applications of likelihood maximization.

13.8.1 Mixtures

We say that a random vector V taking values in R is a finite mizture (see
[110, 176]) if there are probability density functions or probabilities f; and
numbers 6; > 0, for j =1, ..., J, such that the probability density function
or probability function for V' has the form

J
fv(v]d) = Zejfj(v), (13.44)

for some choice of the 0; > 0 with Z'jjzl 0; = 1. As previously, we shall
assume, without loss of generality, that D = 1.

13.8.2 The Likelihood Function

The data are N realizations of the random variable V', denoted v,,, for n =
1,..., N, and the given data is the vector y = (v1, ...,vn). The column vector
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0 = (61,...,0;)T is the generic parameter vector of mixture combining
proportions. The likelihood function is

N

L0 =[] (91f1(vn) T oJfJ(un)). (13.45)

n=1

Then the log likelihood function is

N
LL,(0) = log (Glfl(vn) T oij(un)).

With u the column vector with entries u, = 1/N, and P the matrix with
entries P,; = f;(v,), we define

N N
55 = lenj = 2fj(v71).

Maximizing LL,(6) is equivalent to minimizing

J
F(0) = KL(u, P) + > (1—s;)0 (13.46)
j=1

13.8.3 A Motivating Illustration

To motivate such mixture problems, we imagine that each data value is
generated by first selecting one value of j, with probability 6;, and then
selecting a realization of a random variable governed by f;(v). For example,
there could be J bowls of colored marbles, and we randomly select a bowl,
and then randomly select a marble within the selected bowl. For each n
the number v,, is the numerical code for the color of the nth marble drawn.
In this illustration we are using a mixture of probability functions, but we
could have used probability density functions.

13.8.4 The Acceptable Data

We approach the mixture problem by creating acceptable data. We imagine
that we could have obtained z,, = j,, for n = 1, ..., N, where the selection
of v, is governed by the function f;, (v). In the bowls example, j, is the
number of the bowl from which the nth marble is drawn. The acceptable-
data random vector is X = (X1,..., Xn), where the X,, are independent
random variables taking values in the set {j = 1,...,J}. The value j, is
one realization of X,,. Since our objective is to estimate the true 6;, the
values v, are now irrelevant. Our ML estimate of the true §; is simply the
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proportion of times j = j,. Given a realization x of X, the conditional
pdf or pf of Y does not involve the mixing proportions, so X is acceptable.
Notice also that it is not possible to calculate the entries of y from those
of x; the model Y = h(X) does not hold.

13.8.5 The Mix-EM Algorithm

Using this acceptable data, we derive the EM algorithm, which we call the
Mix-EM algorithm.

With N; denoting the number of times the value j occurs as an entry
of x, the likelihood function for X is

L (0) = fx(z|0) = He (13.47)

and the log likelihood is

J
LL(0) =log L. (0) = Y _ N;logt;. (13.48)
Then
J
E(log L, (0)]y,0%) = Y E(N;ly,6*)log ;. (13.49)
j=1

To simplify the calculations in the E-step we rewrite LL,(6) as

N J
0)=> Y Xn;logt;, (13.50)

n=1j=1

where X,,; = 1 if j = j, and zero otherwise. Then we have

ekf'(vn)
E(Xply, 0%) = prob (X,; = 1]y, 0%) = W. (13.51)
The function E(LL,(0)|y, %) becomes
N kf
E(LL:(0)ly,0") = Z it |9k (13.52)

nl]l

Maximizing with respect to 6, we get the iterative step of the Mix-EM
algorithm:

N
05y Jin) (13.53)



188 CHAPTER 13. THE EM ALGORITHM

We know from our previous discussions that, since the preferred data
X is acceptable, likelihood is non-decreasing for this algorithm. We shall
go further now, and show that the sequence of probability vectors {6}
converges to a maximizer of the likelihood.

13.8.6 Convergence of the Mix-EM Algorithm

As we noted earlier, maximizing the likelihood in the mixture case is equiv-
alent to minimizing

J
F(0) = KL(u, PO) + > (1 —s;)0
j=1

over probability vectors 6. It is easily shown that, if # minimizes F (9) over
all non-negative vectors 6, then 6 is a probability vector. Therefore, we
can obtain the maximum likelihood estimate of # by minimizing F(6) over
non-negative vectors 6.

The following theorem is found in [55].

Theorem 13.1 Let u be any positive vector, P any non-negative matriz
with s; > 0 for each j, and

J
F(0) = KL(u, PO) + > B; K L(7;,0;)-
j=1
If sj+8; >0, a; = s;/(s;+B;), and Bjy; >0, for all j, then the iterative
sequence given by

ol = —19k(z P, Pak )+ (1= ) (13.54)

converges to a non-negative minimizer of F(0).

With the choices u,, = 1/N, v; = 0, and 5; = 1 — s;, the iteration in
Equation (13.54) becomes that of the Mix-EM algorithm. Therefore, the
sequence {#*} converges to the maximum likelihood estimate of the mixing
proportions.



Chapter 14

Geometric Programming
and the MART

14.1 Overview

Geometric Programming (GP) involves the minimization of functions of
a special type, known as posynomials. The first systematic treatment of
geometric programming appeared in the book [104], by Duffin, Peterson
and Zener, the founders of geometric programming. As we shall see, the
Generalized Arithmetic-Geometric Mean Inequality plays an important role
in the theoretical treatment of geometric programming, particularly in the
development of the dual GP (DGP) problem. The MART is then used to
solve the DGP.

Although geometric programming is a fairly specialized topic, a detailed
discussion of the GP problem is quite helpful in revealing new uses of
familiar topics such as the Arithmetic-Geometric Mean Inequality, while
introducing new themes, such as duality, primal and dual problems, and
iterative computation, that play important roles in iterative optimization.

14.2 An Example of a GP Problem

The following optimization problem was presented originally by Duffin, et
al. [104] and discussed by Peressini et al. in [175]. Tt illustrates well the
type of problem considered in geometric programming. Suppose that 400
cubic yards of gravel must be ferried across a river in an open box of length
t1, width t5 and height t3. Each round-trip cost ten cents. The sides and
the bottom of the box cost 10 dollars per square yard to build, while the
ends of the box cost twenty dollars per square yard. The box will have no

189
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salvage value after it has been used. Determine the dimensions of the box
that minimize the total cost.
With ¢ = (1, t2, t3), the cost function is

g(t) = + 20t1t3 + 10t to + 40t5t3, (14.1)
titats
which is to be minimized over t; > 0, for j = 1,2,3. The function g(t) is

an example of a posynomial.

14.3 The Generalized AGM Inequality

The generalized arithmetic-geometric mean inequality will play a promi-
nent role in solving the GP problem.

Suppose that x1, ..., zy are positive numbers. Let a1, ...,ay be positive
numbers that sum to one. Then the Generalized AGM Inequality (GAGM
Inequality) is

ztag? - 2 < a1xr 4 agza + ... +anzy, (14.2)
with equality if and only if 1 = zo = ... = zy. We can prove this using

the convexity of the function —logx.
A function f(x) is said to be convex over an interval (a,b) if

flarty + asta + ... +antn) < a1 f(ty) +axf(t2) + ... +an f(tn),

for all positive integers N, all a,, as above, and all real numbers ¢,, in (a, b).
If the function f(z) is twice differentiable on (a,b), then f(x) is convex
over (a,b) if and only if the second derivative of f(z) is non-negative on
(a,b). For example, the function f(z) = —logz is convex on the positive
z-axis. The GAGM Inequality follows immediately.

14.4 Posynomials and the GP Problem

Functions g(t) of the form

n m

gty => c ( 11 t;”"), (14.3)

i=1  j=1
with ¢ = (¢1, ..., %), the t; > 0, ¢; > 0 and a;; real, are called posynomials.
The geometric programming problem, denoted (GP), is to minimize a given
posynomial over positive ¢t. In order for the minimum to be greater than
zero, we need some of the a;; to be negative.
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We denote by u;(t) the function

ui(t) = ¢ ﬁ £, (14.4)
so that
g(t) => ui(t). (14.5)
i=1

For any choice of §; > 0,i=1,...,n, with

n
> ai=1,
=1

we have

o) = >0, (4

Applying the Generalized Arithmetic-Geometric Mean (GAGM) Inequal-
ity, we have

). (14.6)

n

o) = T (M4, (14.7)
i=1 g
Therefore,
g@)EII(Z)&<IIIIgw&>, (14.8)
or

=11 (). o

Suppose that we can find §; > 0 with
> aij6; =0, (14.10)
i=1

for each j. Then the inequality in (14.9) becomes
4(t) 2 v(d), (14.11)

for

v(8) = ]:[ (5—)5 (14.12)
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14.5 The Dual GP Problem

The dual geometric programming problem, denoted (DGP), is to maximize
the function v(9), over all feasible 6 = (41, ...,0,), that is, all positive ¢ for
which

n

> 6i=1, (14.13)

i=1

and
Zaijéi = 07 (14.14)
i=1

for each j =1, ..., m. Clearly, we have
o(t) > v(5), (14.15)

for any positive ¢ and feasible §. Of course, there may be no feasible J, in
which case (DGP) is said to be inconsistent.

As we have seen, the inequality in (14.15) is based on the GAGM In-
equality. We have equality in the GAGM Inequality if and only if the terms
in the arithmetic mean are all equal. In this case, this says that there is a
constant A such that

= A, (14.16)
for each 1 = 1, ...,n. Using the fact that the §; sum to one, it follows that
A= uilt) =g(t), (14.17)

i=1

and

5= — ), (14.18)

for each ¢ = 1,...,n. As the theorem below asserts, if t* is positive and
minimizes ¢(t), then 6*, the associated ¢ from Equation (14.18), is feasible
and solves (DGP). Since we have equality in the GAGM Inequality now,
we have

g(t") = v(8").

The main theorem in geometric programming is the following.
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Theorem 14.1 If t* > 0 minimizes g(t), then (DGP) is consistent. In
addition, the choice

o; = ui(t*) (14.19)
g9(t)
is feasible and solves (DGP). Finally,
g(t*) = o(6"); (14.20)
that is, there is no duality gap.
Proof: We have
8Ui ;i Us; (t*)
t) =L~ 14.21
i () = (14.21)
so that
tj 8tj (t ) = aijui(t ), (14.22)
for each j = 1,...,m. Since ¢t* minimizes g(¢), we have
dg "L Ouy
0=—2(t") = (t), (14.23)
ot P ot;
so that, from Equation (14.22), we have
0= ajui(t"), (14.24)
i=1

for each j = 1,...,m. It follows that §* is feasible. Since we have equality
in the GAGM Inequality, we know

g(t*) = v(5%). (14.25)

Therefore, §* solves (DGP). This completes the proof. |

14.6 Solving the GP Problem

The theorem suggests how we might go about solving (GP). First, we try
to find a feasible ¢* that maximizes v(4). This means we have to find a
positive solution to the system of m + 1 linear equations in n unknowns,
given by

> 6i=1, (14.26)
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and
> a0, =0, (14.27)
i=1

for j = 1,...,m, such that v(J) is maximized. As we shall see, the multi-
plicative algebraic reconstruction technique (MART) is an iterative proce-
dure that we can use to find such 4. If there is no such vector, then (GP)
has no minimizer. Once the desired §* has been found, we set

* _ Ui(t*)
LT ()

(14.28)

for each ¢ = 1, ...,n, and then solve for the entries of ¢*. This last step can
be simplified by taking logs; then we have a system of linear equations to
solve for the values logt}.

14.7 Solving the DGP Problem

The iterative multiplicative algebraic reconstruction technique MART can
be used to minimize the function v(¢), subject to linear equality constraints,
provided that the matrix involved has nonnegative entries. We cannot ap-
ply the MART yet, because the matrix A7 does not satisfy these conditions.

14.7.1 The MART

The MART is an iterative algorithm for finding a non-negative solution of
the system Pz = y, for an I by J matrix P with non-negative entries and
vector y with positive entries. We also assume that

1
p; = ZPij >0,
i=1

for all « = 1,...,1. When discussing the MART, we say that the system
Px =y is consistent when it has non-negative solutions. We consider two
different versions of the MART.

MART I

The iterative step of the first version of MART, which we shall call MART
I, is the following: for k = 0,1, ..., and ¢ = k(mod I) + 1, let

X

k+1 _ @( Yi )Pif/m’?
J I\(Pz*);

)



14.7. SOLVING THE DGP PROBLEM 195

for j =1,...,J, where the parameter m; is defined to be
m; = max{P,-j|j = 1, ceey J}

The MART 1 algorithm converges, in the consistent case, to the non-
negative solution for which the KL distance K L(z,2°) is minimized.

MART II

The iterative step of the second version of MART, which we shall call
MART 11, is the following: for k = 0,1, ..., and i = k(mod I) + 1, let

T )

k+1 l‘k( Yi )Pij/ij
J J (ka)i

for j =1,...,J, where the parameter n; is defined to be
n; = max{P;jp;1|j =1,..,J}.

The MART II algorithm converges, in the consistent case, to the non-
negative solution for which the KL distance

J
ijKL(Ijam?)

j=1

is minimized.

14.7.2 Using the MART to Solve the DGP Problem

Let the (n+ 1) by m matrix AT have the entries A;; = a;;, for j =1,...,m
and 7 =1,...,n, and A(,,41),; = 1. Let u be the column vector with entries
u; =0,for j=1,...,m, and up41 = 1.

The entries on the bottom row of AT are all one, as is the bottom en-
try of the column vector u, since these entries correspond to the equation
Zi]:l 0; = 1. By adding suitably large positive multiples of this last equa-
tion to the other equations in the system, we obtain an equivalent system,
BT§ = s, for which the new matrix B” and the new vector s have only
positive entries. Now we can apply the MART I algorithm to the system
BT§ = s, letting P = BT, p; = Zjill Bij, 6 = 2, 2° = cand y = s.
In the consistent case, the MART I algorithm will find the non-negative
solution that minimizes K L(z, ), so we select z° = ¢. Then the MART 1
algorithm finds the non-negative ¢* satisfying B”76* = s, or, equivalently,
AT§* =y, for which the KL distance

KL(d,¢c) = XI: (51- log% +ci— 5i)

=1
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is minimized. Since we know that

it follows that minimizing K L(4, ) is equivalent to maximizing v(d). Using
6*, we find the optimal ¢t* solving the GP problem.

For example, the linear system of equations AT = u corresponding to
the posynomial in Equation (14.1) is

11 1 0] [& 0
re =1 0 1 1| [&] o
AVo=u=1\_1 1 o 1] |s| = |o
11 1 1| |6, 1

Adding two times the last row to the other rows, the system becomes

13 3 21[5 2
T__123352_2
35_5_132353_2

11 1 1] |o, 1

The matrix BT and the vector s are now positive. We are ready to apply
the MART.

The MART iteration is as follows. With j = k(mod (J 4+ 1))+ 1, m; =
max{B;; i =1,2,..,I}and k=0,1, ..., let

L

The optimal §* is 6* = (.4,.2,.2,.2)7, the optimal t* is t* = (2, 1,.5), and
the lowest cost is one hundred dollars.

14.8 Constrained Geometric Programming

Consider now the following variant of the problem of transporting the gravel
across the river. Suppose that the bottom and the two sides will be con-
structed for free from scrap metal, but only four square yards are available.
The cost function to be minimized becomes

go(t) = + 40tots, (14.29)

" tatots
and the constraint is
tits t1to

S L et .
)= o+ <1 (14.30)
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With é; > 0, 65 > 0, and §; + d3 = 1, we write

40 40tqt3
=0 ) . 14.31
90() Yoy tatots o 2 ( )
Since 0 < g1(t) < 1, we have
40 40t9t3 A

t)y> (9 1) t 14.32
9o(t) = ( Yoititats 275, )(gl( )) : (14.32)

for any positive A\. The GAGM Inequality then tells us that

40 61 40t2t3 b2 A

t) > t)) , 14.33
90( ) - <(51t1t2t3> ( 52 ) > (gl( )) ( )

so that

golt) > ((‘;?)61 (2)62>t;‘”t3r%§2—5l (@) a3

From the GAGM Inequality, we also know that, for d3 > 0, é4 > 0 and
A = 03 + 04,

()" = ((223)53 (15;4)54}?3*5%3%33. (14.55)

Combining the inequalities in (14.34) and (14.35), we obtain
go(t) > U((s)tl_él+63+54t2_61+62+64t;61+52+63, (14.36)

with

0=(5)"(5) (&) (&) (ra)" assn

and § = (01,02, 03,04). If we can find a positive vector ¢ with

01+ =1,
53"’_54:)\;
—01 403+ 04 =0,

—01+05+04=0

—01 + 02 + 63 =0, (1438)
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then
go(t) = v(d). (14.39)

In this particular case, there is a unique positive ¢ satisfying the equations
(14.38), namely

5;_;5;:;5;;:%,%(15;:%, (14.40)
and
v(0™) = 60. (14.41)
Therefore, go(t) is bounded below by 60. If there is t* such that
go(t*) = 60, (14.42)
then we must have
g(t) =1, (14.43)
and equality in the GAGM Inequality. Consequently,
;ﬁ;g — 3(40£3£3) = 60, (14.44)
and
gtft; = %t’{t; =K. (14.45)

Since gi(t*) = 1, we must have K = 3. We solve these equations by taking
logarithms, to obtain the solution

1
t =21 =1, andt; = _. (14.46)

The change of variables ¢; = €%/ converts the constrained (GP) prob-
lem into a constrained convex programming problem. The theory of the
constrained (GP) problem can then be obtained as a consequence of the
theory for the convex programming problem.

See [27] for a discussion of the use of constrained GP to find the Perron-
Frobenius eigenvalue of a positive matrix.

14.9 Exercises

Ex. 14.1 Show that there is no solution to the problem of minimizing the
function

2
g(t1,t2) = — +tata + 1y, (14.47)
t1to

overty >0, to > 0.
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Ex. 14.2 Minimize the function
1
9(t1,t2) = T+ titz + 11 + 12, (14.48)
1t2

over ty > 0, to > 0. This will require some iterative numerical method for
solving equations.

Ex. 14.3 Program the MART algorithm and use it to verify the assertions
made previously concerning the solutions of the two numerical examples.
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Chapter 15

Variational Inequality
Problems and Algorithms

15.1 Monotone Functions

Variational inequality problems (VIP) generalize the problem of minimizing
a convex function over a closed convex set. Saddle-point problems can
be reformulated as variational inequality problems (VIP) for monotone
functions, and iterative algorithms used for their solution. Throughout this
chapter the norm is the Euclidean norm. We begin with some definitions.
A function f : RY — [—o0, +00] is proper if there is no x with f(z) =
—oo and some z with f(x) < 4+o00. The effective domain of f, denoted
dom(f), is the set of all « for which f(x) is finite. If f is a proper convex
function on R”7, then the sub-differential df(x), defined to be the set

of (x) ={ulf(z) > f(z) + (u,z — x) forall 2}, (15.1)

is a closed convex set, and nonempty for every x in the interior of dom(f).
This is a consequence of applying the Support Theorem to the epi-graph of
f. We say that f is differentiable at x if Of(x) is a singleton set, in which
case we have df(z) = {V f(x)}.

Definition 15.1 An operator T : R? — R’ is monotone if
(Tx —Ty,x —y) >0,
for all x and y.
Definition 15.2 An operator T : R7 — RY is strongly monotone if
(Tz — Ty, —y) >vlz—y|?

for all x and y.

201
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As we saw previously, an operator G : R — R” is v-inverse strongly

monotone (v-ism) if
(Gx — Gy,x —y) > v||Gz — Gyl

for all x and y.

Let f : R — R be convex and differentiable. Then the operator
T = Vf is monotone. If f(z) is convex, but not differentiable, then
B(z) = 0f(z) is a monotone set-valued function; we shall discuss set-
valued functions in Chapter 16. Not all monotone operators are gradient
operators, as Exercise 15.1 will show. In fact, if A is a non-zero, skew-
symmetric matrix, then Tx = Ax is a monotone operator, but is not a

gradient operator.
It is easy to see that if N is ne, then I — IV is monotone.

Definition 15.3 An operator G : R’ — R is weakly v-inverse strongly
monotone if

(Gr,x —y) > v||Gz|)?, (15.2)

whenever Gy = 0.

15.2 The Split-Feasibility Problem

The split-feasibility problem (SFP) is the following: find x in C' with Az in
@, where A is an I by J matrix, and C and @ nonempty, closed convex sets
in R/ and R!, respectively. The CQ algorithm [57, 58] has the iterative
step

2" = Po(I — AT (I — Pg)A)z”. (15.3)

2 k e .
For 0 < v < SCATAY the sequence {2} converges to a minimizer, over x
in C, of the convex function

1
f(@) = 5|1Po Az — Aa?,

whenever such minimizers exist. From Theorem 8.1 we know that the
gradient of f(z) is
Vf(z) = AT(I - Py)Ax,

so the iteration in Equation (15.3) can be written as
a* = Po(I — 4V f)a*. (15.4)
The limit 2* of the sequence {z*} satisfies the inequality
(Vf(x"),e—2") >0, (15.5)

for all cin C.
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15.3 The Variational Inequality Problem

Now let G be any monotone operator on R”. The variational inequality
problem (VIP), with respect to G and C, denoted VIP(G, C), is to find an
z* in C such that

(Gx™,c—2") >0,

for all ¢ in C. The form of the CQ algorithm suggests that we consider
solving the VIP(G, C) using the following iterative scheme:

zF T = Po(I — 4G)z*. (15.6)

The sequence {z*} solves the VIP(G, C') whenever there are solutions, if G
is v-ism and 0 < v < 2v; this is sometimes called Dolidze’s Theorem, and
is proven in [58] (see also [124]). A good source for related algorithms is
the paper by Censor, Tusem and Zenios [83].

In [83] the authors mention that it has been shown that, if G is strongly
monotone and L-Lipschitz, then the iteration in Equation (15.6) converges
to a solution of VIP(G, C') whenever v € (0,2v/L?). Then we have a strict
contraction mapping, a fixed point necessarily exists, and the result follows.
But under these conditions, I — G is also averaged, so the result, except
for the existence of fixed points, follows from Dolidze’s Theorem. When
G is not ism, there are other iterative algorithms that can be used; for
example, Korpelevich’s algorithm [141] has been studied extensively. We
discuss this method in the next section.

15.4 Korpelevich’s Method for the VIP

An operator T on R’ is pseudo-monotone if

implies
(Tx,z—y) > 0.

Any monotone operator is pseudo-monotone.
Suppose now that G is L-Lipschitz and pseudo-monotone, but not nec-
essarily ism. Let vL < 1, and S = vG. Korpelevich’s algorithm is then

zF T = Po(aF — Syb), (15.7)
where
y* = Po(aF — Sa*). (15.8)

The sequence {x*} converges to a solution of VIP(G, C) whenever there
are solutions [141, 79].
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15.4.1 The Special Case of C' = R’

In the special case of the VIP(G, C) in which C = R/ and Pz = I, Kor-
pelevich’s algorithm employs the iterative steps

b = gk — gy, (15.9)
where
yP = a* — Szt (15.10)
Then we have
a* = (I - S(I - 8))z*. (15.11)

If the operator S(I — ) is v-ism for some v > 3, then the sequence {z*}
converges to a solution of VIP(G, R”7) whenever there are solutions, accord-
ing to the KM Theorem. Note that z solves the VIP(G,R”) if and only if
0 € OG(z). The KM Theorem is valid whenever G is weakly v-ism for some
v > % Therefore, we get convergence of this special case of the Korpele-
vich iteration by showing that the operator S(I — S) is weakly 1_%U—ism,
where 0 = yL < 1.

Our assumptions are that T'= 1 — S(I — S), S is pseudo-monotone and
o-Lipschitz, for some o < 1, and Tz = z. It follows then that S(I—S)z = 0.
From

1S2] = [ISz = S(I = S)z|| < o]z — (I = S)z|| = ol|S=]],
and the fact that o < 1, we conclude that Sz = 0 as well.
Lemma 15.1 Let x be arbitrary, and z =Tz. Then
2S(I — S)z,x — 2) > (1 — )| Sz||* + ||S(T — S)z|> (15.12)
Proof: Using Sz = S(I — S)z = 0, we write
2€S(I-8)x,x—2) =2(SI-S)z—S(I—S)z,2—Sx—2+S52) +2(S(I—S)z, Sz)
— 2S(I—-8)a—S8(I-8)z, (I—S)z—(I—S)z) +2(S(I—S)z, Sx) > 2(S(I-S)z, Sz).

Also, we have

IS(I = 8)x||* = 2(S(I = S)x, Sw) +|Sz|* = |S( — S)z — Sz|* < o*||Sx*.

Therefore,

2(S(I — S)x,x — 2) > 2(S(I — S)x, Sz) > (1 —?)||Sz|* + ||S(I — S)||*.
|
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It follows from (15.12) and Cauchy’s Inequality that
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2[[S2|lIS(I = S)zl| = 2(S( — S)x, Sz) > (1 - o*)||S||* + IS(I - S)|I?,

so that
a?||Sz)|? = (||Sx| — IS(I — S)z|)*.
Therefore,
(1+0)||Sz[| = [|S(T = 5)x].
From
—o? 1
(S(I = 8)a, = 2) > = ||Sal> + 1S - S)|?
and
I2? > o IS = S)elf
we get

1 2.
(SU = S)x,x—2) > mHS(I— S)z||%;

in other words, the operator S(I —S) is weakly H%g—ism.

15.4.2 The General Case

Now we have x**! = T'z* where S = yG and T = Po(I — SPc(I — 5)).

We assume that Tz = z, so that z solves VIP(G, C).
The key Proposition now is the following.

Proposition 15.1 Let G : C — R” be pseudo-monotone and L-Lipschitz,
let c =L <1, and let S = yG. For any k let y* = Po(I — S)x*. Then

Iz = a®[* = |z = 2" > (1 = 0?)lly* - 2"

(15.13)

The proof of Proposition 15.1 follows that in [111]. The inequality in
(15.13) emerges as a consequence of a sequence of inequalities and equa-
tions. We list these results first, and then discuss their proofs. For conve-

nience, we let w* = 2*¥ — Sz*.

o 1) (SyF, yf —abF1) > (SyF, 2 — a2 tt).

° 2) (Sxk _ Syk,xk+1 _ yk> > (wk _ yk,x’”l _ yk>
e 3) |lz— wk|2 _ ”wk _ $k+1||2 > |z — l‘k+1||2.

o 4) o= wb? — b — b+ =

Iz = &*|1* = [l2* — 2™ H* + 2(Sy", 2 — 2™ ).
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° 5) [z —wh|? = wh —2"H]2 <
lz = a® )1 = fla® — 2™ + 2(Sy*, " — ).
o 6) —[lo* — 2" + 28y, yt — 2P =
L A e e e L S ]
o 7) llz =2~z — 2™ >

Hyk _ mk||2 + Hyk _ mk+1||2 _ 2<yk _ ,wk7yk _ xk+1>.

o 8) 2(yF —wk y* — M) <2yL|yF — 2FH|[lyF — 2.

o 9) 2yL|ly" — aFF|lyF — 2P| < APLPlyF — 2R+ flyF - 2R R

o 10) 2vL[ly* — 1 |[ly* — 2®|| < yL([ly* — 2|1 + [ly* — 2.

o 11) [z —a|]> — [z = ]2 > (1 = 4°L2)||y> — 2F|%.

o 12) |lz—a®|? =]z = 2" 12 > (L= yL)(lly* — 2" [* + [[y* — =" H).

Inequality 1) follows from the fact that z solves the VIP(G, C') and is
pseudo-monotone, and z**! is in C. To obtain Inequality 2), add and
subtract Sz on the left side of the inner product in 1) and use the fact
that y* = Po(I — 9)a*.

To get Inequality 3), expand

o= 2P = = w4k - 2R,
add and subtract 2*t! and use the fact that 2*+! = Pow”.

To get Equation 4) use w* = 2% — Sy* and expand. Then Inequality 5)
follows from 4) using Inequality 1). Equation 6) is easy.

Inequality 7) follows from 3), 5) and 6). To get Inequality 8), use
wk = 2F — Sy*, add and subtract Sz* in the left side of the inner product,
and use y* = Po(I — S)x*.

To get Inequality 9), expand
(VLlly® = 2®|| = ly* — 2™+])2.

Then 11) is immediate, and the Proposition is proved. To get Inequality
10), expand
(ly* = 2] = [ly* — 2™+
Then 12) is immediate. We shall use 12) in a moment.
From Inequality (15.13), we learn that the sequence {||z — z¥||} is de-
creasing, and so the sequence |y* — 2%||} converges to zero. From 12) we

learn that the sequence {||y* — z**1||} converges to zero.
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We know that
o — 2*HP = [l — g 4yt — 2R =
2% = yF 1P+ [ly* = a2 202 = yFyh -2t <
[ e e i e e T [ /E e 7

so it follows that {||z* — z**1||} converges to zero. The sequence {z*} is
bounded; let * be a cluster point. Then z* is a fixed point; that is

¥ = Po(z* — S(I — S)x™),

so z* solves the VIP(G, C) and we can replace z with z* in all the lines
above. It follows that {z*} converges to z*. Therefore, the Korpelevich
iteration converges whenever there is a solution of the VIP(G, C).

We saw that in the special case of Po = I, the operator S(I — 5) is
weakly v-ism; it does not appear to be true in the general case that weak
ism plays a role.

15.5 On Some Algorithms of Noor

In this section I comment on two algorithms that appear in the papers of
Noor.

15.5.1 A Conjecture

We saw that for the case of C = R the operator T = I — S(I — 95)
generates a sequence that converges to a fixed point of T'. I suspected that
the operator P = (I — S)? = T — S might also work. More generally, I
conjectured that the operator

Px = Po(Po(x — Sx) — SPo(x — Sx)) = (Po(I — S))*x  (15.14)
would work for the general case. Noor [168, 169, 170] considers this and
related methods, but does not provide details for this particular algorithm.

The conjecture is false, but we can at least show that z = Pz if and only
if z solves VIP(G, C).

Proposition 15.2 We have z = Pz if and only if z solves VIP(G,C).

Proof: One way is clear. So assume that z = Pz. Let y = Po(z — Sz), so
that z = Po(y — Sy). Then for all ¢ € C' we have

(z—y+Sy,c—2) >0,
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and

(y—z+ Sz,c—y) >0.
Therefore,

(Sy,y —2) > [ly — =|1%,
and

—(Sz,y—2) > |ly — 2>
Adding, we get
ally —zlI* > 1Sy = Szl lly — 2| = (Sy — Sz,y — 2) > 2|ly — 2|,

from which we conclude that y = 2. |

Unfortunately, this algorithm, which is Algorithm 3.6 in Noor [169],
fails to converge, in general, as the following example shows. Let S be the
operator on R? given by multiplication by the matrix

0 a
s= 5]
for some a € (0,1). The operator S is then monotone and a-Lipschitz con-
tinuous. With C' = R?, the variational inequality problem is then equiva-

lent to finding a zero of S. Note that Sz = 0 if and only if z = 0.
The Korpelevich iteration in this case is

" =Tk = (I - S(I - 8))a*.
Noor’s Algorithm 3.6 now has the iterative step
2t = pah = (I - 8)2a.

The operator T is then multiplication by the matrix

1—a? —a
T_[ a 1—a2]’

and the operator P is multiplication by the matrix

1—a® —2a
P_[ 2a 1a2]

For any = € R? we have
1Tz = ((1 - a®)* + a®)||z[* < [,
for all x # 0, while
[Pz]* = (1 = a*)* +4a®) 2| = (1 + a®)?|l2|*.

k

This proves that the sequence ¥t = PzF does not converge, generally.
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15.6 Split Variational Inequality Problems

The split variational inequality problem (SVIP) is the following: find z* in
C such that

(f(z*),c—2a*) >0, (15.15)
for all c € C, and
(g(Ax™),q — Az™) >0, (15.16)

for all ¢ € Q.
In [80] the authors present an iterative algorithm for solving the SVIP
(see also [162]). The iterative step is z¥T! = Sz*  where

S =U(I+~AT(T - 1)A),

U:PC<I_)‘f)?

and
T = Po(I — Ag).

It is easy to show that z* satisfies Equation (15.15) if and only if z* is
a fixed point of U, and Az* satisfies Equation (15.16) if and only if Az*
is a fixed point of T. We have the following convergence theorem for the
sequence {z¥}.

Theorem 15.1 Let f be v1-ism, g be vo-ism, v = min{vy, 12}, A € (0, 2a),
and v € (0,1/L), where L is the spectral radius of AT A. If the SVIP has
solutions, then the sequence {x*} converges to a solution of the SVIP.

Take A < 2v. Then the operators I — Af and I — Ag are J-av, for

0= % < 1. The operator Py is firmly non-expansive, so is Ll av. Then

2
the operator T' = Pg(I — Ag) is ¢-av, with ¢ = 5%1.
The following lemma is key to the proof of the theorem.

Lemma 15.2 If T is ¢-av, for some ¢ € (0,1), then AT(I —T)A is M%L_
sm.

Proof: We have
(AT(I-T)Az — AT(I -T)Ay,z —y) = (I - T)Az — (I - T) Ay, Az — Ay).

Since I — T is ﬁ—ism7 we have

(I —T)Az — (I - T)Ay, Ax — Ay) (I —T)Az — (I —T)Ay|>.

1
> %”
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From
JAT(I — T) Az — AT(I — T)Ayl|? < LI(I - T) Az — (I — T) Ay,
it follows that

(I-T)Ax—(I-T)Ay, Az — Ay) > 2¢%L||AT(I—T)Aﬁlc—AT(I—T)Ay||2.

Proof of the Theorem: Assume that z is a solution of the SVIP. The
operator YAT (I — T)A is 27ﬁ—ism. The operator V' will be averaged if
ypL < 1, or

1 2

If v < 1, then the inequality (15.17) holds for all choices of A < 2a.

In similar iterative algorithms, such as the CQ algorithm and the Landwe-
ber algorithm (see [57, 58]), the upper bound on 7 is 2 . We can allow v
to approach % here, but only by making § approach zero, that is, only by
taking A near zero.

Since U is also averaged, the operator S is averaged. Since the inter-
section of Fix(U) and Fix(V') is not empty, this intersection equals Fix(.5).
By the Krasnosel’skii-Mann-Opial Theorem 7.1, the iteration z¥+1 = Sa*
converges to a fixed point x* of S, which is then a fixed point of both U
and V. From V(z*) = z* it follows that AT (T — I)Az* = 0. We show that
(T — I)Az* = 0. We know that T'(Az*) = Az* + w, where ATw = 0. Also
T(Az) = Az, since z solves the SVIP. Therefore, we have

IT(Ax™) — T(A2)||* = Az — Az||* + w]*;

but 7" is non-expansive, so w = 0 and (T — I)Az* = 0. |

15.7 Saddle Points

As the title of [141] indicates, the main topic of the paper is saddle points.
The main theorem is about convergence of an iterative method for finding
saddle points. The saddle-point problem can be turned into a case of
the variational inequality problem, which is why the paper contains the
theorem on convergence of an iterative algorithm for the VIP that we have
already discussed.

The increased complexity of Korpelevich’s algorithm is not needed if
our goal is to minimize a convex function f(z) over a closed convex set C,
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when V f is L-Lipschitz. In that case, the operator %V f is ne, from which
it can be shown that it must be fne. Then we can use the averaged operator
T =Po(I —~Vf), for 0 <~ < % Similarly, we don’t need Korpelevich
to solve z = Nz, for non-expansive N; we can use the averaged operator
T = (1 —a)l + aN. However, for saddle-point problems, Korpelevich’s
method is useful.

15.7.1 Notation and Basic Facts

Let C C R’ and Q C R be closed convex sets. Say that u* = (z*,y*) € U
is a saddle-point for the function f(z,y) : U = C x Q@ — R if, for all
u=(x,y) € U, we have

[ y) < fla®y") < fz,y7). (15.18)

We make the usual assumptions that f(z,y) is convex in z and concave
in y, and that the partial derivatives f,(z,y) and f,(x,y) are L-Lipschitz.
Denote by U* the set of all saddle points u*.
It can be shown that u* = (z*,y*) is a saddle point for f(z,y) if and

only if

<fw(x*7y*)a T — .’17*> Z 0)
for all z € C, and

(fy@*,y")y—y") <0,
for all y € Q.

15.7.2 The Saddle-Point Problem as a VIP
Define T : U — R x R! by

Tu= (fz($>y)7 _fy(xay))
Then u* € U* if and only if
(Tu*,u—u*) >0,

for all w € U. The operator T is monotone and L-Lipschitz. Therefore,
we can find saddle points by applying the Korpelevich method for finding
solutions of the VIP.

Note that if T is a gradient operator, then we must have

f(@,y) = h(x) - g(y),

where h and g are convex functions. Then (z*,y*) is a saddle point if and
only if * minimizes h(z) over x € C and y* minimizes g(y) over y € Q.
In this case, the saddle point can be found by solving two independent
minimization problems, and Korpelevich’s algorithm is not needed.
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15.7.3 Example: Convex Programming

In convex programming (CP) we want to minimize a convex function f :
R’ — R over all z > 0 such that g(z) < 0, where g is also convex. The
Lagrangian function is

L(z,y) = f(z) + {y, 9()). (15.19)

When the problem is super-consistent, we know that «* is a solution of CP
if and only if there is y* > 0 such that

L(z*,y) < L(z*,y") < L(z,y"). (15.20)

15.7.4 Example: Linear Programming

The primary problem of linear programming, in canonical form, denoted
PC, is to minimize z = ¢z, subject to 2 > 0 and ATz > b. The Lagrangian
is now

L(z,y) ="z +y"(b— ATz) = Tz + by — y" A2, (15.21)

Therefore, x* is a solution if and only if there is y* > 0 such that (15.20)
holds for L(x,y) given by Equation (15.21).

15.7.5 Example: Game Theory

In two-person zero-sum matrix games, the entries A,,, of the matrix A
are the payoffs from Player Two (P2) to Player One (P1) when P1 plays
strategy m and P2 plays strategy n. Optimal randomized strategies p* and
q* for players P1 and P2, respectively, are probability vectors that satisfy
the saddle-point condition

f(a*,p) < f(q",p") < flg,p"), (15.22)

where f(q,p) = p? Aq for probability vectors p and q.

We could attempt to find the optimal randomized strategies p* and ¢*
using Korpelevich’s saddle point method; however, the constraint that the
p and ¢ be probability vectors may be difficult to implement in the iterative
algorithm. There is another way.

A standard approach to showing that optimal randomized strategies
exist is to convert the problem into a linear programming problem. Specif-
ically, we first modify A so that all the entries are non-negative. Then we
take b and ¢ to have all entries equal to one. We then minimize z = ¢!z
over all z > 0 with AT2 > b. Because the entries of A are non-negative,
both the primary and dual linear programming problems have feasible so-
lutions, and therefore have optimal solutions, which we denote by z* and
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y*. It follows that p = c¢T2* = bTy*, so that p* = Lz* and ¢* = iy* are
probabilities. They are then the optimal randomized strategies.

From this, we see that we can reformulate the search for the game-
theory saddle point as a search for a saddle point of the Lagrangian for the
linear programming problem. Now the constraints are only that > 0 and
y = 0.

15.8 Exercises

Ex. 15.1 Let T : R? — R? be the operator defined by T(x,y) = (—y,z).
Show that T is a monotone operator, but is not a gradient operator.
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Chapter 16

Set-Valued Functions in
Optimization

16.1 Overview

Set-valued mappings play an important role in a number of optimization
problems. We examine several of those problems in this chapter. We discuss
iterative algorithms for solving these problems and prove convergence.

16.2 Notation and Definitions

If C is a nonempty closed convex subset of R’, then N¢(z), the normal
cone to C' at x, is the empty set, if x is not a member of C, and if x € C,
then

Ne(x) = {u|{u,c —z) <0,forallc € C}. (16.1)

Let f(z) = vc(x), the indicator function of the set C, which is +oo for
2 not in C and zero for z in C. Then

Ove(x) = Ne(x). (16.2)
Most of the time, but not always, we have
f +9)(x) = 0f(x) + dg(x),
Consequently, most of the time, but not always, we have
Nang(z) = Na(z) N Np(z); (16.3)

215
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see Exercise (16.1). In order for Equation (16.3) to hold, some additional
conditions are needed; for example, it is enough to know that the set AN B
has a nonempty interior (see [26], p. 56, Exercise 10).

The mapping that takes each x to d0f(z) is a set-valued function, or
multi-valued function. The role that set-valued functions play in optimiza-
tion is the subject of this chapter. It is common to use the notation 28 to
denote the collection of all subsets of R”.

16.3 Basic Facts

If 2* minimizes the function f(x) over all z in R’ then 0 € 9f(z*); if f is
differentiable, then V f(z*) = 0. The vector x* minimizes f(x) over x in C
if and only if * minimizes the function f(x) + tc(z) over all z in R7, and
so if and only if 0 € df(z*) + Ne(z*), which is equivalent to

(u,c —x*y >0, (16.4)

for all w in Of(z*) and all ¢ in C. If f is differentiable at «*, then this
becomes

(Vf(@"),c—a") >0, (16.5)

for all ¢ in C.
Similarly, for each fixed x, y minimizes the function

£(6) + gl — 13

if and only if

or

xey+9f(y).

Then we write y = proxyz. If C'is a nonempty closed convex subset of R
and f(x) = tc(x), then proxs(z) = Pex.

16.4 Monotone Set-Valued Functions

A set-valued function B : RV — 2% is monotone if, for every x and y, and
every u € B(x) and v € B(y) we have

(u—v,z—y) >0.

A monotone (possibly set-valued) function B is a mazimal monotone opera-
tor if the domain of B cannot be enlarged without the loss of the monotone

property.
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Let f : R/ — R be convex and differentiable. Then the operator
T = Vf is monotone. If f(z) is convex, but not differentiable, then
B(z) = 0f(x) is a monotone set-valued function. If A is a non-zero, skew-
symmetric matrix, then Tx = Az is a monotone operator, but is not a
gradient operator.

16.5 Resolvents

Let B : R/ — 28 he a set-valued mapping. If B is monotone, then
x € z+ B(z) and © € y + B(y) implies that z = y, since then x — z € B(z)
and z — y € B(y), so that

0<{(x—2)—(z—y),z—y) =—llz—yll3.

Consequently, the resolvent operator for B, defined by

Jg=({I+B)™!
is single-valued, where
Jp(z) ==z
means that
x € z+ B(z).

If B(z) = N¢(z) for all z, then z = Jg(z) if and only if z = P (x), the
orthogonal projection of x onto C; so we have

Joe = Ing = Po = prox, .

We know that z = prox;z if and only if x — 2 € df(2), and so if and
only if x € (I + 0f)z or, equivalently, z = Jysx. Therefore,

Jof = proxy.

As we shall see shortly, this means that prox; is fne.
The following theorem is helpful in proving convergence of iterative
fixed-point algorithms [91, 56, 92].

Theorem 16.1 An operator T : RY — R is firmly non-expansive if and
only if T = Jp for some (possibly set-valued) maximal monotone function
B.

We sketch the proof here. Showing that Jp is fne when B is monotone
is not difficult. To go the other way, we suppose that T is fne and define
B(x) = T2} — x, where y € T~'{x} means Ty = x. Then Jg = T.
That this function B is monotone follows fairly easily from the fact that
T = Jp is fne.
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16.6 The Split Monotone Variational Inclu-

sion Problem
Let B, : R/ — 2®” and By, : R — 2% be set-valued mappings, A :
R’ — R! a real matrix, and f : R/ — R’ and g : R — R’ single-
valued operators. Following Moudafi [162], we can pose the split monotone

variational inclusion problem (SMVIP).
The SMVIP is to find z* in R such that

0 € f(z*) + By(z"), (16.6)
and
0 € g(Az™) + Bo(Ax™). (16.7)

Let C be a closed, nonempty, convex set in R”. The normal cone to C
at z is defined to be the empty set if z is not in C, and, if z € C, to be the
set No(z) given by

Ne(z) = {ul{u,c — z) < 0,forallc € C}. (16.8)

Suppose that C C R’ and Q C R’ are closed nonempty convex sets. If we
let By = N¢ and By = Ng, then the SMVIP becomes the split variational
inequality problem (SVIP): find «* in C such that

(f(@"),e—a") >0, (16.9)
for all c € C, and
(9(Az"),q — Az™) >0, (16.10)

for all ¢ € Q.

16.7 Solving the SMVIP

We can solve the SMVIP in a way similar to that used to solve the SVIP,
by modifying the CGR algorithm. Now we define

S=U(I —~vAT(T - 1)A),

where
U=Jxg, (I—-\f),

and
T = J)\BQ(I — )\g),
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for A > 0. It is easy to show that z* satisfies Equation (16.6) if and only
if 2* is a fixed point of U and Az* satisfies Equation (16.7) if and only if
Ax* is a fixed point of T. We have assumed that there is a z that solves
the SMVIP, so it follows that z is a fixed point of both U and V', where V'
is given by

V =(I+~AT(T - 1)A).

Under the assumption that both By and Bs are maximal monotone set-
valued mappings, we can conclude that both Jyp, and Jyp, are fne oper-
ators, and so are av operators. It follows that both U and V are averaged,
as well, so that S is averaged.

Now we can argue just as we did in the proof of convergence of the
algorithm for the SVIP that the sequence {S*z°} converges to a fixed
point of S, which is then a solution of the SMVIP.

16.8 Special Cases of the SMVIP

There are several problems that can be formulated and solved as special
cases of the SMVIP. One example is the split minimization problem.

16.8.1 The Split Minimization Problem

Let f: R/ — Rand g : R’ — R be lower semicontinuous, convex functions,
and C and Q nonempty, closed, convex subsets of R’ and R’, respectively.
The split minimization problem is to find z = 2* € C that minimizes f(x)
over all € C, and such that ¢ = Az* € @ minimizes g(q) over all ¢ € Q.

16.9 The Split Common Null-Point Problem

The split common null-point problem (SCNPP) [68] is related to the SMVIP.
Let #; and #s be real Hilbert spaces. Let B; : H; — 27, fori=1,...,p,
and Fj : Ho — 2%2 for j = 1,...,r, be set-valued mappings, and 4; : H; —
Ho be bounded linear operators. The SCNPP is the following: find a point
z* in ‘H1 such that

0 € N_y Bi(z"),
and such that, for y; = A;(z*), we have

0 € My By (y))-

16.10 Exercises

Ex. 16.1 InR2, let A and B be the closed circles with radius one centered
at (—1,0) and (1,0), respectively. Show that Nanp((0,0)) = R?, while
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N4((0,0)) + N5((0,0)) is the z-axis.



Chapter 17

Fenchel Duality

17.1 The Legendre-Fenchel Transformation

The duality between convex functions on R” and their tangent hyperplanes
is made explicit through the Legendre-Fenchel transformation. In this
chapter we discuss this transformation, state and prove Fenchel’s Duality
Theorem, and investigate some of its applications.

Throughout this section f : C C R/ — R is a closed, proper, convex
function defined on a non-empty, closed convex set C.

17.1.1 The Fenchel Conjugate

We say that a function h(z) : R/ — R is affine if it has the form h(z) =
(a,x) — v, for some vector a and scalar . If v = 0, then we call the
function linear. A function such as f(z) = 5z + 2 is commonly called
a linear function in algebra classes, but, according to our definitions, it
should be called an affine function.

For each fixed vector a in R”, the affine function h(z) = (a,z) — v is
beneath the function f(z) if f(z) — h(xz) > 0, for all x; that is,

f(z) —{a,z) +v =0,
v > {a,z) — f(x). (17.1)

This leads us to the following definition, involving the maximum of the
right side of the inequality in (17.1), for each fixed a.

Definition 17.1 The conjugate function associated with f is the function
fH(a) = sup,co({a, z) — f(x)). (17.2)

221
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We then define C* to be the set of all a for which f*(a) is finite. For
each fixed a, the value f*(a) is the smallest value of v for which the affine
function h(z) = (a,x) — v is beneath f(x) for x € C. The passage from f
to f* is the Legendre-Fenchel Transformation.

For example, suppose that f(x) = %m? The function h(z) = ax + b is
beneath f(z) for all z if

z?,

DN | =

ar +b <

for all . Equivalently,

1
b< —a?—
290 ax,

for all . Then b must not exceed the minimum of the right side, which is

—%aQ and occurs when & — a = 0, or £ = a. Therefore, we have

vy=-b> a?.

1
2

a?, so we have

The smallest value of v for which this is true is v = %

£*(a) = La?.
17.1.2 The Conjugate of the Conjugate

Now we repeat this process with f*(a) in the role of f(z). For each fixed
vector z, the affine function ¢(a) = (a, z) — is beneath the function f*(a)
if f*(a) —c(a) > 0, for all a € C*; that is,

fr(a) = {a,2) +~v >0,
or

v = (e, x) = f*(a). (17.3)

This leads us to the following definition, involving the maximum of the
right side of the inequality in (17.3), for each fixed z.

Definition 17.2 The conjugate function associated with f* is the function
[ (@) = sup,({a, x) — f*(a)). (17.4)

For each fixed x, the value f**(z) is the smallest value of v for which the
affine function c(a) = (a,z) — v is beneath f*(a).

Applying the Separation Theorem to the epigraph of the closed, proper,
convex function f(x), it can be shown ([181], Theorem 12.1) that f(z) is
the point-wise supremum of all the affine functions beneath f(z); that is,

f(x) = sup{h(z)|f(z) = h(x)}.

a,”y
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Therefore,

f(@) = sup ((a,2) = £*(@)).

a

This says that
[ (@) = flo). (17.5)

If f(x) is a differentiable function, then, for each fixed a, the function
g9(x) = (a,z) — f(x)
attains its minimum when
0= Vg(a) = a— Vf(a),

which says that a = V f(z).

17.1.3 Some Examples of Conjugate Functions
e The exponential function f(x) = exp(x) = e has conjugate
exp*(a) = aloga — a, (17.6)
ifa>0,0ifa=0, and +c0 if a < 0.

e The function f(x) = —logx, for > 0, has the conjugate function
f*(a) = =1 —log(—a), for a < 0.

e The function f(x) = % has conjugate f*(a) = %, where p > 0,
g > 0, and % + % = 1. Therefore, the function f(z) = i|z|? is its
own conjugate, that is, f*(a) = §|a|>.

e Let A be a real symmetric positive-definite matrix and
1
f(x) = 5 (Ar, ).

Then 1
I(@) = 3(4" 0, a)

e Let ic(z) be the indicator function of the closed convex set C, that
is, ic(x) = 0, if € C, and oo otherwise.Then

ic(a) = sgg(ws%
x

which is the support function of the set C, usually denoted o¢(a).
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e Let C C R’ be non-empty, closed and convex. The gauge function of
Cis
vo(z) = inf{\ > 0|z € A\C}.

If C' = B, the unit ball of R/, then vz (z) = ||x||2. For each C define
the polar set for C' by

C% = {z|(z,¢) < 1, forallc € C}.

Then
V& = teo.

o Let C = {z] ||z]|2 < 1}, so that the function ¢(a) = ||al|2 satisfies

¢(a) = sup(a, z).

zeC

Then

Therefore,
¢ (z) = oo (x) = ic (x) = ic(x).
17.1.4 Infimal Convolution Again

The infimal convolution and deconvolution are related to the Fenchel con-
jugate; specifically, under suitable conditions, we have

fog=U"+9"),
and
See Lucet [151] for details.

17.1.5 Conjugates and Sub-gradients
We know from the definition of f*(a) that

f(a) = (a,2) = f(2),

for all z, and, moreover, f*(a) is the supremum of these values, taken over
all z. If @ is a member of the sub-differential Jf(z), then, for all z, we have

f(z) = f(x) + {a, 2 — ),

so that
(a,z) = f(z) = (a,2) — f(2).
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It follows that

so that

f(@) + f*(a) = (a, 2).
If f(z) is a differentiable convex function, then a is in the sub-differential
Of(x) if and only if @ = V f(z). Then we can say

f@)+ 1 (Vf(2)) = (Vf(2),z). (17.7)
If a = Vf(z1) and a = Vf(22), then the function
9(x) = (a,z) — f(z)
attains its minimum value at # = 21 and at & = x5, so that
[H(a) = (a,21) = Vf(21) = (a,22) — f(x2).

Let us denote by z = (Vf)~!(a) any x for which Vf(z) = a. Then the
conjugate of the differentiable function f : C C R/ — R can then be defined
as follows [181]. Let D be the image of the set C' under the mapping V f.
Then, for all a € D, define

f(@) = (a, (V)" a)) = F((V) " (a). (17.8)

The formula in Equation (17.8) is also called the Legendre Transform .

17.1.6 The Conjugate of a Concave Function

A function g : D C RY — R is concave if f(x) = —g(x) is convex. One
might think that the conjugate of a concave function g is simply the nega-
tive of the conjugate of —g, but not quite.

The affine function h(z) = {(a,z) — v is above the concave function g(z)
if h(z) — g(x) > 0, for all z € D; that is,

(a,z) —v—g(x) >0,

or
7 < (a,2) - g(a). (17.9)

The conjugate function associated with g is the function
g"(a) = inf, ((a,) — g(a)). (17.10)

For each fixed a, the value g*(a) is the largest value of  for which the
affine function h(x) = (a,z) — v is above g(z).
It follows, using f(x) = —g(x), that

9" (a) = infy({a, z) + f(2)) = —sup, ((—a,z) = f(z)) = = f"(=a).
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17.2 Fenchel’s Duality Theorem

Let f(z) be a proper convex function on C' C R’ and g(z) a proper concave
function on D C R, where C and D are closed convex sets with non-
empty intersection. Fenchel’s Duality Theorem deals with the problem of
minimizing the difference f(x) — g(z) over x € C'N D.

We know from our discussion of conjugate functions and differentiability
that

—f*(a) < f(z) — (a,z),
and
9" (a) < (a,z) — g(x).
Therefore,
f(z) = g(x) > g*(a) — f*(a),

for all z and a, and so
inf (£(2) — 9(a)) = sup (9°(@) = ().

We let C* be the set of all a such that f*(a) is finite, with D* similarly
defined.

The Fenchel Duality Theorem, in its general form, as found in [152] and
[181], is as follows.

Theorem 17.1 Assume that C N D has points in the relative interior of
both C and D, and that either the epigraph of f or that of g has non-empty
interior. Suppose that

p=_inf (f(2) = gl))

zeCND

1s finite. Then

-, (101 0) = s, (0 )
p=_iof (f(2)—g(@)) = max (g°(a)-f"(a)),
where the mazximum on the right is achieved at some ag € C* N D*.

If the infimum on the left is achieved at some xqg € C'N D, then

max ((a:,ao> — f(x)) = (w0, ao) — f(20),

zeC

and
min ((z,a0) — g(x)) = (z0,a0) — g(ao).
xeD
The conditions on the interiors are needed to make use of sub-differentials.
For simplicity, we shall limit our discussion to the case of differentiable f(x)
and g(z).
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17.2.1 Fenchel’s Duality Theorem: Differentiable Case

We suppose now that there is g € C'N D such that

inf (f(z)—g(z)) = f(zo) — g(x0),

zeCND

and that
V(f —g)(x0) =0,

Vf(zo) = Vg(xo). (17.11)

Let V f(xo) = ag. From the equation

f@) + [ (Vf(2) = (Vf(z),z)

and Equation (17.11),we have

f(@o) = g(w0) = g™(a0) — f(ao),

from which it follows that

inf (f(z)—g(z))= sup (g"(a)— f*(a)).

zeCND aeC*ND*

This is Fenchel’s Duality Theorem.

17.2.2 Optimization over Convex Subsets

Suppose now that f(x) is convex and differentiable on R”, but we are only
interested in its values on the non-empty closed convex set C. Then we
redefine f(x) = +oo for z not in C. The affine function h(x) = (a,z) — v
is beneath f(x) for all z if and only if it is beneath f(z) for z € C. This
motivates our defining the conjugate function now as

[(a) = sup(a,z) — f(z).

zeC
Similarly, let g(x) be concave on D and g(x) = —oo for  not in D. Then
we define
g"(a) = nf (a,2) — g(z).
Let

C* ={al f*(a) < 400},

and define D* similarly. We can use Fenchel’s Duality Theorem to minimize
the difference f(z) — g(z) over the intersection C' N D.
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To illustrate the use of Fenchel’s Duality Theorem, consider the problem
of minimizing the convex function f(x) over the convex set D. Let C = R”
and g(x) =0, for all . Then

7*(@) = sup ({a.2) = f(2) = sup ((a.2) ~ ] ().

zeC

and

g*(a) = inf ((a,x) —g(x)) = in

f .
z€D meD<a7 z)

The supremum is unconstrained and the infimum is with respect to a linear
functional. Then, by Fenchel’s Duality Theorem, we have

max_(g°(a) — f*(a)) = inf f(a).

acC*ND* xeD

17.3 An Application to Game Theory

In this section we apply the Fenchel Duality Theorem to prove the Min-Max
Theorem for two-person zero-sum matrix games.

17.3.1 Pure and Randomized Strategies

In a two-person game, the first player selects a row of the matrix A, say 1,
and the second player selects a column of A, say j. The second player pays
the first player A;;. If some A;; < 0, then this means that the first player
pays the second. As we discussed previously, there need not be optimal
pure strategies for the two players and it may be sensible for them, over the
long run, to select their strategies according to some random mechanism.
The issues then are which vectors of probabilities will prove optimal and
do such optimal probability vectors always exist. The Min-Max Theorem,
also known as the Fundamental Theorem of Game Theory, asserts that
such optimal probability vectors always exist.

17.3.2 The Min-Max Theorem

In [152], Luenberger uses the Fenchel Duality Theorem to prove the Min-
Max Theorem for two-person games. His formulation is in Banach spaces,
while we shall limit our discussion to finite-dimensional spaces.

Let A be an I by J pay-off matrix, whose entries represent the payoffs
from the second player to the first. Let

I
P= {p - (pla "'apl) |pl Z 07 Zpl = 1}7
i=1
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I
S:{S: (813"'a31)|8i ZO, ZSZ < 1}7
i=1

and
J
Q={a=(q1,-»as) g >0, Y g =1}
j=1

The set S is the convex hull of the set P.
The first player selects a vector p in P and the second selects a vector
q in Q. The expected pay-off to the first player is

E = (p, Ag).
Let
mo = max gggm Ag),
and

m® = min max(p, Aq).

qeQ peEP

Clearly, we have

in(p, Aq) < (p, Aq) < A
ggg(p, q) < (p, Q>_I;1€alg<<p, Q)

for all p € P and q € Q. It follows that mg < m°. We show that mg = m°.
Define
f(z) = max(p. ),
which is equivalent to
f(z) = meagi(s,@.

Then f is convex and continuous on R/. We want mingeq f(Ag).
We apply Fenchel’s Duality Theorem, with f = f, ¢ = 0, D = A(Q),
and C = R!. Now we have

inf (f(z) —g(x)) = min f(Aqg).

zeCND q€Q
We claim that the following are true:
e 1) D* =R/,
e 2) g*(a) = mingeq(a, Ag);
e 3)C*=S5,;

e 4) f*(a) =0, for all a in S.
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The first two claims are immediate. To prove the third one, we take a
vector a € R! that is not in S. Then, by the separation theorem, we can
find z € RT and a > 0 such that

(x,a) > a4+ (x,s),

for all s € S. Then

(z,a) — Isneagc@, s) > a > 0.

Now take k > 0 large and y = kx. Since

<y78> = k<$75>7

we know that
{y,a) —max(y,s) = (y,a) — f(y) > 0

and can be made arbitrarily large by taking k& > 0 large. It follows that
f*(a) is not finite if @ is not in S, so that C* = S.
As for the fourth claim, if a € S, then

<yv a> - T€a§<<y? S>

achieves its maximum value of zero at y = 0, so f*(a) = 0.
Finally, we have

min ma, Aqg) = min f(Aq) = max ¢g*(a) = maxmin(p, Aq).
min max(p, Ag) = min f(Aq) = max g"(a) = maxmin{p, Aq)
Therefore,

min ma; Aqg) = maxmin(p, Ag).
min max(p, Ag) = maxmin{p, Aq)

17.4 Exercises

Ex. 17.1 Show that the exponential function f(x) = exp(x) = e* has con-
jugate

exp®(a) = aloga — a, (17.12)
ifa>0,01ifa=0, and +o0 if a < 0.

Ex. 17.2 Show that the function f(x) = —logx, for x > 0, has the conju-
gate function f*(a) = —1 —log(—a), for a < 0.

Ex. 17.3 Show that the function f(x) = %Ip has conjugate f*(a)

where p >0, ¢ > 0, and % + % = 1. Therefore, the function f(x) = |||}
1

is its own conjugate, that is, f*(a) = 3||al|3.



17.4. EXERCISES 231

Ex. 17.4 Let A be a real symmetric positive-definite matriz and

fla) = 5 (Az, ).

Show that 1
/(@) = 5(4 a,0)

Hints: Find V f(z) and use Equation (17.8).
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Chapter 18

Compressed Sensing

18.1 Compressed Sensing

One area that has attracted much attention lately is compressed sensing or
compressed sampling (CS) [103]. For applications such as medical imaging,
CS may provide a means of reducing radiation dosage to the patient without
sacrificing image quality. An important aspect of CS is finding sparse
solutions of under-determined systems of linear equations, which can often
be accomplished by one-norm minimization. Perhaps the best reference to
date on CS is [35].

The objective in CS is exploit sparseness to reconstruct a vector f in
R’ from relatively few linear functional measurements [103].

Let U = {u',u?,...,u’} and V = {v!,v2,...,v'} be two orthonormal
bases for R7, with all members of R’ represented as column vectors. For
i=1,2,..,J, let

_ i i
pa = max {|{u’, )]}
and
w(U, V) =max{pu;|i =1,...,1}.

We know from Cauchy’s Inequality that

[(u',07)| <1,
and from Parseval’s Equation
J
Dol V)P =y =1
j=1
Therefore, we have
% <u(U,V)<1

233
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The quantity (U, V) is the coherence measure of the two bases; the closer
w(U, V) is to the lower bound of %], the more incoherent the two bases
are.

Let f be a fixed member of R”; we expand f in the V basis as

f = xl'ul + 1‘21}2 + ...+ Z‘JU‘].
We say that the coefficient vector x = (x1,...,2s) is s-sparse if s is the
number of non-zero ;.
If s is small, most of the x; are zero, but since we do not know which
ones these are, we would have to compute all the linear functional values

zj = (f,v7)

to recover f exactly. In fact, the smaller s is, the harder it would be to learn
anything from randomly selected z;, since most would be zero. The idea in
CS is to obtain measurements of f with members of a different orthonormal
basis, which we call the U basis. If the members of U are very much like
the members of V', then nothing is gained. But, if the members of U are
quite unlike the members of V, then each inner product measurement

yi = (fou') = flu’

should tell us something about f. If the two bases are sufficiently inco-
herent, then relatively few y; values should tell us quite a bit about f.
Specifically, we have the following result due to Candés and Romberg [71]:
suppose the coefficient vector x for representing f in the V basis is s-sparse.
Select uniformly randomly M < J members of the U basis and compute
the measurements y; = (f,u’). Then, if M is sufficiently large, it is highly
probable that z = x also solves the problem of minimizing the one-norm

llzllx = z1] + [22] + ... + |24,
subject to the conditions
yi = (g,u') = g™,
for those M randomly selected u’, where
J

g=z1v1—|—sz2—|—...—|—sz .

The smaller p(U,V) is, the smaller the M is permitted to be without
reducing the probability of perfect reconstruction.
18.2 Sparse Solutions

Suppose that A is a real M by N matrix, with M < N, and that the linear
system Az = b has infinitely many solutions. For any vector x, we define
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the support of  to be the subset S of {1,2, ..., N} consisting of those n for
which the entries x,, # 0. For any under-determined system Ax = b, there
will, of course, be at least one solution of minimum support, that is, for
which s = | S|, the size of the support set S, is minimum. However, finding
such a maximally sparse solution requires combinatorial optimization, and
is known to be computationally difficult. It is important, therefore, to have
a computationally tractable method for finding maximally sparse solutions.
Consider the problem Fy: among all solutions x of the consistent system
b = Az, find one, call it Z, that is maximally sparse, that is, has the
minimum number of non-zero entries. Obviously, there will be at least
one such solution having minimal support, but finding one, however, is a
combinatorial optimization problem and is generally NP-hard.

18.3 Minimum One-Norm Solutions

Instead, we can seek a minimum one-norm solution x*, that is, solve the

problem P;: minimize
N

el =) |zal,

n=1

subject to Az = b. As we shall see shortly, problem P; can be formulated as
a linear programming problem, so is more easily solved. The big questions
are: when does P; have a unique solution z*, and when is z* = £? The
problem P; will have a unique solution if and only if A is such that the
one-norm satisfies

a1y < [|2* + ol 1,

for all non-zero v in the null space of A.

If the vector x is required to be non-negative, then the one-norm is
simply the sum of the entries, and minimizing the one-norm subject to
Ax = b becomes a linear programming problem. This is the situation in
applications involving image reconstruction. Generally, though, the vector
x cannot be assumed to be non-negative. The one-norm is not a linear
functional of x, but the problem can still be converted into a linear pro-
gramming problem.

The entries of x need not be non-negative, so the problem is not yet a
linear programming problem. Let

B=[4 -A],

and consider the linear programming problem of minimizing the function

2J

T

cz= E 2,
Jj=1
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subject to the constraints z > 0, and Bz = b. Let z* be the solution. We
write

Then, as we shall see, £* = u* — v* minimizes the one-norm, subject to
Ax =b.

First, we show that ujv; = 0, for each j. If, say, there is a j such that
0 < v} < wuj, then we can create a new vector z from z* by replacing the

old u} with uj — v} and the old v} with zero, while maintaining Bz = b.

But then, since u; — v <wuj +vj, it follows that c¢Tz < ¢Tz*, which is a
contradiction. Consequently, we have ||z*||; = T z*.
Now we select any x with Az =b. Write u; = x5, if x; > 0, and u; = 0,

otherwise. Let v; = u; — x;, so that = u — v. Then let

z= .
v
Then b = Ar = Bz, and ¢’z = ||z||;. Therefore

lz*]ly = "2" < T2 = ||z,

and x* must be a minimum one-norm solution.

18.3.1 Why the One-Norm?

When a system of linear equations Ax = b is under-determined, we can
find the minimum-two-norm solution that minimizes the square of the two-
norm,

N
llll5 =) 3,
n=1

subject to Az = b. One drawback to this approach is that the two-norm
penalizes relatively large values of z,, much more than the smaller ones,
so tends to provide non-sparse solutions. Alternatively, we may seek the
solution x* for which the one-norm,

N

e/l = leal,

n=1

is minimized. The one-norm still penalizes relatively large entries x, more
than the smaller ones, but much less than the two-norm does. As a result,
it often happens that the minimum one-norm solution actually solves P,
as well.
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18.3.2 Comparison with the PDFT

The PDFT approach [40, 41] to solving the under-determined system Az =
b is to select weights w,, > 0 and then to find the solution Z that minimizes
the weighted two-norm given by

N
Z |xn|2wn.

n=1

Our intention is to select weights w,, so that w, ! is reasonably close to
|#% |; consider, therefore, what happens when w,,! = |z |. We claim that Z
is also a minimum-one-norm solution.

To see why this is true, note that, for any z, we have

2

N
|n]
> lzal = — /[

Therefore,

Therefore, T also minimizes the one-norm.

18.3.3 Iterative Reweighting

Let x denote the truth. We want each weight w, to be a good prior
estimate of the reciprocal of |x,|. Because we do not yet know x, we
may take a sequential-optimization approach, beginning with weights w? >
0, finding the PDFT solution using these weights, then using this PDFT
solution to get a (we hope!) better choice for the weights, and so on. This
sequential approach was successfully implemented in the early 1980’s by
Michael Fiddy and his students [118].

In [72], the same approach is taken, but with respect to the one-norm.
Since the one-norm still penalizes larger values disproportionately, balance
can be achieved by minimizing a weighted-one-norm, with weights close

to the reciprocals of the |z|. Again, not yet knowing x*, they employ a
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sequential approach, using the previous minimum-weighted-one-norm so-
lution to obtain the new set of weights for the next minimization. At each
step of the sequential procedure, the previous reconstruction is used to
estimate the true support of the desired solution.

It is interesting to note that an on-going debate among users of the
PDFT concerns the nature of the prior weighting. Again, let x be the
truth. Does w, approximate |z,|~! or |x,|~2? This is close to the issue
treated in [72], the use of a weight in the minimum-one-norm approach.

It should be noted again that finding a sparse solution is not usually
the goal in the use of the PDFT, but the use of the weights has much the
same effect as using the one-norm to find sparse solutions: to the extent
that the weights approximate the entries of |z*|~!, their use reduces the
penalty associated with the larger entries of an estimated solution.

18.4 Why Sparseness?

One obvious reason for wanting sparse solutions of Az = b is that we have
prior knowledge that the desired solution is sparse. Such a problem arises
in signal analysis from Fourier-transform data. In other cases, such as in
the reconstruction of locally constant signals, it is not the signal itself, but
its discrete derivative, that is sparse.

18.4.1 Signal Analysis

Suppose that our signal f(¢) is known to consist of a small number of
complex exponentials, so that f(¢) has the form

J
F(t) =) azet,
j=1

for some small number of frequencies w; in the interval [0,27). For n =
0,1,....,N —1, let f, = f(n), and let f be the N-vector with entries f,;
we assume that J is much smaller than N. The discrete (vector) Fourier
transform of f is the vector f having the entries

1 N-1
fk: _ fn627rikn/N’
g

fork=0,1,..., N—1; we write f = Ef, where F is the N by N matrix with
entries Ey, = %62’”’“"/ N_If N is large enough, we may safely assume
that each of the w; is equal to one of the frequencies 27ik and that the
vector f is J-sparse. The question now is: How many values of f (n) do we
need to calculate in order to be sure that we can recapture f(t) exactly?

We have the following theorem [70]:
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Theorem 18.1 Let N be prime. Let S be any subset of {0,1,...,N — 1}
with |S| > 2J. Then the vector f can be uniquely determined from the
measurements f, forn in S.

We know that
f=E"f,
where ET is the conjugate transpose of the matrix E. The point here is
that, for any matrix R obtained from the identity matrix I by deleting
N — | S| rows, we can recover the vector f from the measurements Rf.

If N is not prime, then the assertion of the theorem may not hold, since
we can have n = 0mod N, without n = 0. However, the assertion remains
valid for most sets of J frequencies and most subsets S of indices; therefore,
with high probability, we can recover the vector f from Rf.

Note that the matrix E is unitary, that is, EYE = I, and, equivalently,
the columns of E form an orthonormal basis for CV. The data vector is

b=Rf=RE'f.

In this example, the vector f is not sparse, but can be represented sparsely
in a particular orthonormal basis, namely as f = ET f , using a sparse vector
f of coefficients. The representing basis then consists of the columns of the
matrix ET. The measurements pertaining to the vector f are the values
fn, for n in S. Since f, can be viewed as the inner product of f with §™,
the nth column of the identity matrix I, that is,

fn = (8", 1),

the columns of I provide the so-called sampling basis. With A = RET and
r = f, we then have
Ax =0,

with the vector x sparse. It is important for what follows to note that the
matrix A is random, in the sense that we choose which rows of I to use to
form R.

18.4.2 Locally Constant Signals

Suppose now that the function f(¢) is locally constant, consisting of some
number of horizontal lines. We discretize the function f(t) to get the
vector f = (f(0), f(1),..., f(N))T. The discrete derivative vector is g =
(gla g2, -+ gN)Ta with
gn = f(n) = f(n—1).

Since f(t) is locally constant, the vector g is sparse. The data we will have
will not typically be values f(n). The goal will be to recover f from M
linear functional values pertaining to f, where M is much smaller than N.
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We shall assume, from now on, that we have measured, or can estimate,
the value f(0).

Our M by 1 data vector d consists of measurements pertaining to the
vector f:

N
dm = Z Hmnfna

n=0

for m =1,..., M, where the H,,, are known. We can then write

dp = f(o)(;N%Hmn) + XN: (iv:Hmj)gk.

k=1 j=k

Since f(0) is known, we can write

N N
n=0 k=1
where N
Ay =Y Hpj.
j=k

The problem is then to find a sparse solution of Ax = g. As in the previous
example, we often have the freedom to select the linear functions, that is,
the values H,,,, so the matrix A can be viewed as random.

18.4.3 Tomographic Imaging

The reconstruction of tomographic images is an important aspect of med-
ical diagnosis, and one that combines aspects of both of the previous ex-
amples. The data one obtains from the scanning process can often be
interpreted as values of the Fourier transform of the desired image; this is
precisely the case in magnetic-resonance imaging, and approximately true
for x-ray transmission tomography, positron-emission tomography (PET)
and single-photon emission tomography (SPECT). The images one encoun-
ters in medical diagnosis are often approximately locally constant, so the
associated array of discrete partial derivatives will be sparse. If this sparse
derivative array can be recovered from relatively few Fourier-transform val-
ues, then the scanning time can be reduced.
We turn now to the more general problem of compressed sampling.

18.5 Compressed Sampling

Our goal is to recover the vector f = (fi, ..., fy)T from M linear functional
values of f, where M is much less than N. In general, this is not possible
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without prior information about the vector f. In compressed sampling,
the prior information concerns the sparseness of either f itself, or another
vector linearly related to f.

Let U and V be unitary N by N matrices, so that the column vectors
of both U and V form orthonormal bases for C¥. We shall refer to the
bases associated with U and V' as the sampling basis and the representing
basis, respectively. The first objective is to find a unitary matrix V' so that
f = Vx, where x is sparse. Then we want to find a second unitary matrix
U such that, when an M by N matrix R is obtained from U by deleting
rows, the sparse vector « can be determined from the data b = RVz = Ax.
Theorems in compressed sensing describe properties of the matrices U and
V such that, when R is obtained from U by a random selection of the rows
of U, the vector = will be uniquely determined, with high probability, as
the unique solution that minimizes the one-norm.
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Chapter 19

Appendix:
Bregman-Legendre
Functions

In [13] Bauschke and Borwein show convincingly that the Bregman-Legendre
functions provide the proper context for the discussion of Bregman pro-
jections onto closed convex sets. The summary here follows closely the
discussion given in [13].

19.1 Essential Smoothness and Essential Strict
Convexity

Following [181] we say that a closed proper convex function f is essentially
smooth if intD is not empty, f is differentiable on intD and z™ € intD,
with 2™ — = € bdD, implies that ||V f(z™)||2 — +o00. Here

D = {a|f(z) < +oc},

and intD and bdD denote the interior and boundary of the set D. A closed
proper convex function f is essentially strictly convez if f is strictly convex
on every convex subset of dom Jf.

The closed proper convex function f is essentially smooth if and only if
the subdifferential 9 f(z) is empty for x € bdD and is {V f(z)} for z € intD
(so f is differentiable on intD) if and only if the function f* is essentially
strictly convex.

Definition 19.1 A closed proper convex function f is said to be a Legen-
dre function if it is both essentially smooth and essentialy strictly convez.

243
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So f is Legendre if and only if its conjugate function is Legendre, in
which case the gradient operator Vf is a topological isomorphism with
Vf* as its inverse. The gradient operator V f maps int dom f onto int
dom f*. If int dom f* = R’ then the range of Vf is R’ and the equation
Vf(x) = y can be solved for every y € R”/. In order for int dom f* = R it
is necessary and sufficient that the Legendre function f be super-coercive,
that is,

/@ _ (19.1)

llella—+oo |[z]]2

If the effective domain of f is bounded, then f is super-coercive and its
gradient operator is a mapping onto the space RY.

19.2 Bregman Projections onto Closed Con-
vex Sets

Let f be a closed proper convex function that is differentiable on the
nonempty set intD. The corresponding Bregman distance D¢ (z, z) is de-
fined for z € R’ and z € intD by

Dy(z,2) = f(z) = f(2) = (Vf(2),z — 2). (19.2)

Note that Ds(z, z) > 0 always and that Ds(x,z) = +oo is possible. If f is
essentially strictly convex then Dy(z,z) = 0 implies that = 2.

Let K be a nonempty closed convex set with K NintD # (. Pick z €
intD. The Bregman projection of z onto K, with respect to f, is

P} (2) = argmin, ¢ o p Dy (, 7). (19.3)

If f is essentially strictly convex, then P};(z) exists. If f is strictly convex
on D then P}; (z) is unique. If f is Legendre, then P}f((z) is uniquely defined
and is in intD; this last condition is sometimes called zone consistency.

Example: Let J = 2 and f(z) be the function that is equal to one-half the
norm squared on D, the nonnegative quadrant, 400 elsewhere. Let K be
the set K = {(z1,x2)|x1 + z2 = 1}. The Bregman projection of (2, 1) onto
K is (1,0), which is not in intD. The function f is not essentially smooth,
although it is essentially strictly convex. Its conjugate is the function f*
that is equal to one-half the norm squared on D and equal to zero elsewhere;
it is essentially smooth, but not essentially strictly convex.

If f is Legendre, then P};(z) is the unique member of K NintD satisfying
the inequality

(VF(PL(2)) = Vf(2), PL(2) — ¢) > 0, (19.4)
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for all ¢ € K. From this we obtain the Bregman Inequality:
Dj(c,2) > Dy(e, PL(2)) + Dy (PL(2), 2), (19.5)

for all c € K.

19.3 Bregman-Legendre Functions

Following Bauschke and Borwein [13], we say that a Legendre function f
is a Bregman-Legendre function if the following properties hold:

B1: for  in D and any a > 0 the set {z|Dy(z,z) < a} is bounded.

B2: if x is in D but not in int D, for each positive integer n, y™ is in intD
with y” — y € bdD and if {D;(z, y™)} remains bounded, then D (y,y") —
0, so that y € D.

B3: if 2™ and y™ are in intD, with 2™ — = and y™ — y, where z and y
are in D but not in intD, and if D¢(z™,y™) — 0 then z = y.

Bauschke and Borwein then prove that Bregman’s SGP method converges
to a member of K provided that one of the following holds: 1) f is Bregman-
Legendre; 2) K NintD # () and dom f* is open; or 3) dom f and dom f*
are both open.

The Bregman functions form a class closely related to the Bregman-
Legendre functions. For details see [38].

19.3.1 Useful Results about Bregman-Legendre Func-
tions

The following results are proved in somewhat more generality in [13].

R1: If y" € int dom f and y” — y € int dom f, then Dy(y,y™) — 0.

R2: If z and 3™ € int dom f and y™ — y € bd dom f, then Dy (z,y") —
+00.

R3: Ifz" €D, 2" >z €D, y" €int D, y" -y € D, {z,y}Nint D #
and Dy(z",y") — 0, then z = y and y € int D.

R4: If z and y are in D, but are not in int D, y™ € int D, y™ — y and
Dy(z,y") — 0, then . = y.

As a consequence of these results we have the following.

R5: If {Dy(x,y™)} — 0, for y" € int D and = € R/, then {y"} — =.

Proof of R5: Since {Df(x,y™)} is eventually finite, we have x € D. By
Property Bl above it follows that the sequence {y"} is bounded; without
loss of generality, we assume that {y"} — ¥, for some y € D. If x is in int
D, then, by result R2 above, we know that y is also in int D. Applying
result R3, with " = z, for all n, we conclude that x = y. If, on the other
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hand, z is in D, but not in int D, then y is in D, by result R2. There are
two cases to consider: 1) y is in int D; 2) y is not in int D. In case 1) we
have D¢ (z,y™) — Ds(z,y) = 0, from which it follows that = y. In case
2) we apply result R4 to conclude that z = y. |
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firmly non-expansive operator, 76

fixed point, 70

fne, 76

Frobenius norm, 93

full-cycle ART, 111

Fundamental Theorem of Game The-
ory, 228

gauge function, 224
Gauss-Seidel method, 142
generalized AGM Inequality, 190
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logarithmic barrier function, 38

majorization minimization, 31

MART, 14, 17, 194

MDFT, 11

Min-Max Theorem, 228

modified DFT, 11

monotone operators, 201

Moreau envelope, 43, 61

multiplicative algebraic reconstruc-
tion technique, 14, 194

geometric programming problem, 190 myltiplicative ART, 17

Halpern-Lions-Wittmann-Bauschke al-, , =1

gorithm, 109, 110
HLWB algorithm, 109

incoherent bases, 234

indicator function, 62, 77, 223
induced matrix norm, 94

infimal convolution, 44, 224
infimal deconvolution, 43, 224
inverse barrier function, 38

inverse strongly monotone, 86, 202
ism operator, 86, 202

Jacobi overrelaxation, 145
Jacobi’s method, 142
JOR, 144

KL distance, 18

KMO Theorem, 88

Korpelevich’s algorithm, 203

Krasnosel’skii-Mann-Opial Theorem,
88

Kullback-Leibler distance, 18

Landweber algorithm, 106, 124
least-squares, 42

Legendre function, 243
Legendre transform, 225

non-expansive, 71
norm-constrained least-squares, 42
normal cone, 215

normal equations, 141

one-norm, 81

operator on R”, 69
optimization transfer, 31
orthogonal projection, 74

paracontractive, 90

pc, 90

PDFT, 237
posynomials, 190
proper function, 77
proximity function, 102
proximity operator, 62

quadratic-loss penalty, 42
quasi-non-expansive, 99

relaxed ART, 113
resolvent operator, 217
row-action method, 16, 110

saddle point, 210

Legendre-Fenchel Transformation, 222 sc, 72

level set, 46
linear function, 221
Lipschitz continuity, 70

SFP, 102, 202
Shannon entropy, 19
SIMOP, 106
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simultaneous orthogonal projections,
106

SMART, 151

SMVIP, 218

SOP, 105

SOR, 144

spectral radius, 98

split monotone variational inclusion,
218

split variational inequality problem,
209

split-feasibility problem, 102, 202

splitting methods, 142

strict contraction, 72

strong under-relaxation, 117

strongly monotone operators, 201

sub-differential, 201

submultiplicativity, 93

subspace, 73

successive orthogonal projection method,
105

successive overrelaxation, 149

super-coercive, 244

support function, 223

SVIP, 209

variational inequality problem, 203
VIP, 203

wavelength, 9
weakly ism, 89, 202
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