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1 Introduction

There are three hasic algebraic operations that we perform on matrices: 1) addition:
2) multiphcation of one matrix by another compatible one and 3) multiplication of a
niatrix by a sealar. The second of these. at least, may sec a bit unmotivated. The
purpose of this note is to illustrate the usetuliuess of these three operations throngh
examples. The examples are but two of manyv interesting ones discussed in the hook

by Anton and Rorres [1].

2 Family Influence

Our first example concerns family influence. An arrow from A to B in the graph below
indicates that A can influence B divectly. If the danghter (D) wants the father’s (1)
permission to stay out late. she just asks him. confident i getting her way. If the
older son (OS), on the other hand, wants the father to raise his allowance he must ask
the younger son (YS) to talk to the mother (M), to get her to talk to the daughter
(D) and convince her to approach the father (F). '

We make all this a bit more mathematical using a matrix. that is. a two dimen-

sional array of numbers. The mfluence matrix obtained from the graph 1s

{0 01 1 0
0 0 0 1 1
M = ‘O I 0 0 0
00 0 01
[1 0 0 0 0

The horizontal rows correspond to M,F.D.OS and V'S, in that order from top to

bottom and the columns are in the same order from left to right. The ones in the



third and fourth colnmns of row one indicate that the mother can influence directhy
both the danghter and older son. as the araph tells ns.

Suppose the danghter wants to get the vounger son to stop bringing his friends
home after school. She can’t convinee him directly. so she must fake another ronte.
Studying the graph is one wayv to figure ont what she mnst do. bhat there is another
Wav.

The danghter computes the following sum of products:
A l;_“ !\-[}3 + A }{_;-_) A /3,‘-1 1 ;1];‘{';;’1 [:_;5 + 1:1!;5151]45 |- J"Ur';ﬁﬂj”,;)_ (2})

whore Al indicates the munber in the ath row and nth column of matrix M. 10
any one of the products m (2.1) is one (for example. Al50A 0L = 1) that means that
both factors are nonzero . so that the danghter can mfluence the vounger son using
the person with the third mdex (20 this case). The sum of prodncts we just formed
helps s deline the product of two matrices. Tn this case we shall mnltiply A7 by A/
to get M2 Form = 1....5and n = 1.5 the entry in the mth row and nth column
of A will he

(M ’ Ymn = Z Moo M.

=1

Performimg these calenlations (or rather, getting MATLAD to do it) we find

O 1 0 0 1
10 0 0 1
MP=10 0 0 1 1
I 00 0 0

[{)()lli}J

The matrix A2 tells us who can influence whom with the help of exactly one other
person. Suppose now that we add M and M?. which means form the matrix M + A2
by adding together the entries in the same row and column of both. Then we find

that

01 1 1 1
001 2
M+ M =10 1 0 1 1
1 0 0 0 1
1 01 10

Notice that the entry in the fourth row and second column is still zero, meaning that
the older son can’t mfluence the father directly or by using the help of one other
person! Compute the matrix M+ M2 + M? and see how the older son is doing in his
efforts. What about M + M2 ¢ M? | M*?




3 Which Team is the Best?

Suppose now that cach of five baseball teams plavs all the other fonr and we indicate
the results nsing a matrix W with a one m the peth row and nth cohnnn 1f team m

Beat teamy nowhen they met. Suppose the matrie Wos

0O 0 1 1 0
o 1 01
W=10 0 0 110
0 1 0 00
L 1 1 0

When we add across cach row we Hud that teams 2 and 5 both had three victories
and evervone else had fewer than three. So who is the best team?” We know that
teant 2 heat team 5 when they met. so perhaps 2 is the hest. But 5 beat L and 4 beat

2. o navhe that shonld count for something  Once again. we compute W4 W2 1o

el
o1 1 20
200 3 3 1
W+Ww?2=10 1 0 1 0
11 0 1
11 2 3 0

Now team 2 has a row sum of nine. while team 5 has a row s ol seven:; even
taking mto consideration the results involving a third team we find that 2 s still
the hest. But wait! Who says we have to count the matrix W2 as heavily as the
matrix W7 Shouldn't the head-to-head matehes mean more than these other three-
way combinations? OK! Suppose we agree to weight head-to-head twice as much as

three-way combinations. Let’s caleulate %Hf + %Wz:

1 2
0 3 : 1 9
2 1., : (,) s 1oa
W+ EW“ =10 g 0 20
' - $ 2 040 3
21 .
12 21 30

Now who has the largest row sum?
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Figure 1: Family InHuence Graph




