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Chapter 1

Preface

In the chapters that follow you will find solutions to many, but not all,
of the exercises in the text. Some chapters in the text have no exercises,
but those chapters are included here to keep the chapter numbers the same
as in the text. Please note that the numbering of exercises within each
chapter may differ from the numbering in the text itself, because certain
exercises have been skipped.
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Chapter 2

Introduction

2.1 Consider the function f(x) defined by f(x) = e™*, for x > 0 and by
f(x) = —€*, for x < 0. Show that

-1= limi(r)lf f(z)

and
1 =limsup f(z).

x—0

As we approach x = 0 from the left, the limit is —1, while as we approach
from the right, the limit is +1. Therefore, the set S is S = {—1,0,1}. The
greatest lower bound for S is its minimum member, —1, while the least
upper bound is its maximum member, +1.

2.1 Exercise
2.2 Forn=1,2,..., let
1
An = - < - )
fal o= all < )
and let oy, and B, be defined by

a, = inf{f(x)|z € 4,},

and

Bn =sup{f(x)|z € A,}.

e o) Show that the sequence {a,} is increasing, bounded above by f(a)
and converges to some «, while the sequence {(,} is decreasing,
bounded below by f(a) and converges to some (. Hint: use the
fact that, if A C B, where A and B are sets of real numbers, then
inf(A) > inf(B).
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e b) Show that « and B are in S. Hint: prove that there is a sequence
{x"} with " in A, and f(z") < o, + L.

n

e ¢) Show that, if {x™} is any sequence converging to a, then there is
a subsequence, denoted {x™n~}, such that ™ is in A,, for each n,
and so

an < f(z™) < Bn.
e d) Show that, if {f(z™)} converges to vy, then

a<vy<p

e ¢) Show that

a = liminf f(x)

and
8 = limsup f(z).
Tr—a
According to the hint in a), we use the fact that A,11 C A,,. For b),
since ., is the infimum, there must be a member of A,,, call it ™, such

that L
ap < f(@") <ap+ —.
n

Then the sequence {z"} converges to a and the sequence {f(z™)} converges
to a.

Now suppose that {2} converges to a and {f(z™)} converges to 7.
We don’t know that each z™ is in A,,, but we do know that, for each n,
there must be a term of the sequence, call it ", that is within % of a,
that is, ™" is in A,,. From c) we have

ap < f(z™") < Ba.
The sequence {f(z™=)} also converges to -, so that
a<y<p.

Finally, since we have shown that « is the smallest number in S it follows
that
o = liminf f(x).

r—a

The argument for 3 is similar.



Chapter 3

Optimization Without
Calculus

3.1 Exercises

3.1 Let A be the arithmetic mean of a finite set of positive numbers, with
x the smallest of these numbers, and y the largest. Show that

zy < Az +y— A),

with equality if and only if v =y = A.

This is equivalent to showing that

A2 = Alw+y) +ay=(A-a)(A-y) <0,
which is true, since A —z >0 and A —y <0.
3.2 Minimize the function
f(x) =x2+%+4x+g,

over positive x. Note that the minimum value of f(x,y) cannot be found
by a straight-forward application of the AGM Inequality to the four terms
taken together. Try to find a way of rewriting f(x), perhaps using more

than four terms, so that the AGM Inequality can be applied to all the terms.

The product of the four terms is 16, whose fourth root is 2, so the AGM
Inequality tells us that f(z) > 8, with equality if and only if all four terms

7
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are equal. But it is not possible for all four terms to be equal. Instead, we
can write

| 1 1 1 1
fl@)=2"+ 5 +r+-—+or+-+o+-+o+-.
€T T x x x

These ten terms have a product of 1, which tells us that
f(z) > 10,
with equality if and only if x = 1.

3.3 Find the mazimum value of f(x,y) = x2y, if x and y are restricted
to positive real numbers for which 6z + 5y = 45.

Write
1

153732 5y).

flz,y) = vy =

and
45 = 6z + by = 3x + 3x + Hy.

3.4 Find the smallest value of
f(z) =5z + % + 21,

over positive x.
Just focus on the first two terms.

3.5 Find the smallest value of the function

f@) =va?+y?,

among those values of x and y satisfying 3x — y = 20.

By Cauchy’s Inequality, we know that
20 =3z —y = (x,9) - (3, 1) < Va2 +2/32 + (-1)2 = V1022 + o2,

with equality if and only if (z,y) = ¢(3, —1) for some number ¢. Then solve
for c.

3.6 Find the maximum and minimum values of the function

flx) =100+ 22 — x

over mon-negative .
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The derivative of f(x) is negative, so f(z) is decreasing and attains its
maximum of 10 at x = 0. As z — oo, f(z) goes to zero, but never reaches
Z€To.

3.7 Multiply out the product
1

1 1
(m+y+z)(;+§+;)

and deduce that the least value of this product, over non-negative , y, and
z, 18 9. Use this to find the least value of the function

T Yy =z
over mon-negative x, y, and z having a constant sum c.
See the more general Exercise 3.9.

3.8 The harmonic mean of positive numbers ay,...,an s

H= [(ail N %)/N]‘l.

Prove that the geometric mean G is not less than H.
Use the AGM Inequality to show that H—1 > G~1.

3.9 Prove that

1 1
(—+..+—)(a1 + ... +any) > N?,
aq an
with equality if and only if a1 = ... = ap.

When we multiply everything out, we find that there are IV ones, and
N(N—1)
2

An

pairs of the form ‘Z—’n" + 2= for m # n. Each of these pairs has

am
the form = + %, which is always greater than or equal to two. Therefore,
the entire product is greater than or equal to N + N(N — 1) = N2, with

equality if and only if all the a,, are the same.

3.10 Show that the Equation S = ULUT, can be written as

S = Mut(uh)T + Aou? (W) + L+ Anu ()T (3.1)
and
IR S UITY NS PRy L N N\T
ST = u(w) + et (u) 4 et (u) (3-2)
M A2 AN
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This is just algebra.
3.11 Let Q be positive-definite, with positive eigenvalues
A2 .2 A >0

and associated mutually orthogonal norm-one eigenvectors u™. Show that

ITQI' < >\17
for all vectors x with ||z|| = 1, with equality if x = u'. Hints: use
1=|z|?> =2T2 = 2" Iz,

I=u'(u)? + ..+ (W),
and Equation (3.1).

Use the inequality
N N
' Q= Z AolzTu™? < Ay Z leTu™|? = Ay
n=1 n=1

3.12 Relate Example 4 to eigenvectors and eigenvalues.

We can write

4 6 12
236,,236
6 9 18 :49(?7?7?)71(?)?7?)7
12 18 36
so that
4 6 12
(2x+3y+62’)2=|(x7y,z)(273,6)T|2Z(x7y,z) 6 9 18 (xa:%Z)T'
12 18 36

The only positive eigenvalue of the matrix is 7 and the corresponding nor-

malized eigenvector is (2, 2, )7, Then use Exercise 3.11.

3.13 Young’s Inequality Suppose that p and q are positive numbers
greater than one such that %Jr% = 1. If x and y are positive numbers, then

with equality if and only if P = y9. Hint: use the GAGM Inequality.

This one is pretty easy.
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3.14 For given constants ¢ and d, find the largest and smallest values of
cx + dy taken over all points (x,y) of the ellipse

3.15 Find the largest and smallest values of 2x-+y on the circle x?+y? = 1.
Where do these values occur? What does this have to do with eigenvectors
and eigenvalues?

This one is similar to Exercise 3.12.

3.16 When a real M by N matriz A is stored in the computer it is usually
vectorized; that is, the matriz

All A12 - AlN

Aoy Asy ... Aoy
A =

Ay Am2 ... Aun

becomes
vec(A) = (A11, Aoty ooy Aprt, Arz, Asgy oy Angay oo, Apin) T

Show that the dot product vec(A)-vec(B) = vec(B)Tvec(A) can be ob-
tained by
vec(A)-vec(B) = trace (AB”) = trace (BT A).

Easy.
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Chapter 4

Geometric Programming

4.1 Exercise

4.1 Show that there is no solution to the problem of minimizing the func-
tion

2
g(t1,ta) = — + tita + t1, (4.1)
tito

overt; >0, to > 0. Can g(t1,ts) ever be smaller than 2v/27

Show that the only vector § that works must have d3 = 0, which is not
allowed.

To answer the second part, begin by showing that if ¢t < 1 then
g(ti1,t2) > 4, and if t; > 1, then g(t1,t2) > 3. We want to consider
the case in which t; — 0, to — oo, and both t1t3 and (t;t2)~! remain
bounded. For example, we try

t2 = i((J,eitl =+ 1),
t
for some positive a. Then g(t1,t2) — %H +a-+1ast; — 0. Which a
gives the smallest value? Minimizing the limit, with respect to a, gives
a =+/2 — 1, for which the limit is 2v/2.
More generally, let
f(t)

ty

for some positive function f(¢;) such that f(¢1) does not go to zero as t;
goes to zero. Then we have

ty =

)

g(t1,t2) = + f(t1) + 1,

2
f(t1)
13
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which converges to % + £(0), as t1 — 0. The minimum of this limit, as a
function of f(0), occurs when f(0) = /2, and the minimum limit is 2/2.



Chapter 5

Convex Sets

5.1 References Used in the Exercises

Proposition 5.1 The convexr hull of a set S is the set C of all convex
combinations of members of S.

Proposition 5.2 For a given z, a vector z in C is Pox if and only if
(c—z,z—1z) >0, (5.1)
for all ¢ in the set C.

Lemma 5.1 For H = H(a,7), z = Pyx is the vector

z=Pgx =2+ (y—(a,2))a. (5.2)
Lemma 5.2 For H = H(a,~v), Hy = H(a,0), and any x and y in R’, we
have
Py(z +y) = Pux + Pyy — PO, (5.3)
so that
P,y (z +y) = P,z + Py, (5.4)

that is, the operator Py, s an additive operator. In addition,

Py, (ax) = aPy,x, (5.5)
so that Py, s a linear operator.
Lemma 5.3 For any hyperplane H = H(a,~) and Hy = H(a,0),

Pyx = Py,z + PgO, (5.6)

so Py is an affine linear operator.

15
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Lemma 5.4 For i = 1,...,1 let H; be the hyperplane H; = H(a’,v;),
Hiy = H(a*,0), and P; and Pjy the orthogonal projections onto H; and
Hjq, respectively. Let T be the operator T = PrPy_y --- PoPy. Then
Tx = Bx + d, for some square matrix B and vector d; that is, T is an
affine linear operator.

Definition 5.1 Let S be a subset of R and f : S — [—00,00] a function
defined on S. The subset of R7T1 defined by

epi(f) = {(z,M|f(x) <~}

1s the epi-graph of f. Then we say that [ is convex if its epi-graph is a
convezr set.

5.2 Exercises

5.1 Let C C R’, and let 2, n = 1,..., N be members of C. For n =
1,...,N, let o, > 0, with a1 + ... + ay = 1. Show that, if C is convez, then
the convex combination

041:51 —+ a2x2 + ...+ aNxN

is in C.

We know that the convex combination of any two members of C' is again
in C'. We prove the apparently more general result by induction. Suppose
that it is true that any convex combination of N — 1 or fewer members of
C is again in C. Now we show it is true for N members of C'. To see this,
merely write

No1o
E anz” =(1—an) E " 2"+ anz.
l—OlN
n=1 n=1

5.2 Prove Proposition 5.1. Hint: show that the set C' is convez.

Note that it is not obvious that C' is convex; we need to prove this fact.
We need to show that if we take two convex combinations of members of
S, say x and y, and form z = (1 — )z + ay, then z is also a member of C.

To be concrete, let
N
Tr = Z Bnz",
n=1

and

M
= Ymy™
m=1
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where the x™ and y™ are in S and the positive 3, and ~,, both sum to

one. Then
N

M
2= (1=a)Bua" + Y avmy™
n=1 m=1

which is a convex combination of N + M members of S, since

N M
Z(l —a)Bn + Z aym = 1.
n=1 m=1

5.3 Show that the subset of R’ consisting of all vectors x with ||z||; = 1
18 mot convez.

Don’t make the problem harder than it is; all we need is one counter-
example. Take z and —z, both with norm one. Then }(z + (—z)) = 0.

5.4 Let ||z]l2 = |lyll2 = 1 and z = (z +y) in R'. Show that ||z|2 < 1
unless x = y. Show that this conclusion does not hold if the two-norm || -||2
1s replaced by the one-norm, defined by

J
2l = |1
j=1

Now x and y are given, and z is their midpoint. From the Parallelogram
Law,
lz +yl? + |z = ylI* = 2[|=]* + 2(ly[|*,

we have
lz +yl? + |z — ylI* = 4,

so that 1
ol + £lle = yl? = 1,

from which we conclude that ||z]| < 1, unless x = y.

5.5 Let C be the set of all vectors x in R’ with ||z]2 < 1. Let K be a
subset of C obtained by removing from C any number of its members for
which ||z||2 = 1. Show that K is convezx. Consequently, every x in C' with
llz|]|l2 =1 is an extreme point of C.

Suppose we remove some x with ||z|| = 1. In order for the set without
x to fail to be convex it is necessary that there be some y # = and z # z in
C for which z = Y32, But we know that if ||y[| = ||z|| = 1, then [jz[| < 1,
unless y = z, in which case we would also have y = z = z. So we cannot
have |ly|]| = ||z|]| = 1. But what if their norms are less than one? In that

case, the norm of the midpoint of y and z is not greater than the larger of
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the two norms, so again, it cannot be one. So no = on the boundary of C
is a convex combination of two distinct members of C', and removing any
number of such points leaves the remaining set convex.

5.6 Prove that every subspace of R’ is convex, and every linear manifold
18 CONver.

For the first part, replace 3 in the definition of a subspace with 1 — «,
and require that 0 < o < 1. For the second part, let M = S + b, where S
is a subspace, and b is a fixed vector. Let x = s+ b and y =t 4+ b, where s
and ¢t are in S. Then

I-a)z+ay=[1-a)s+at]+10,
which is then also in M.
5.7 Prove that every hyperplane H(a,~) is a linear manifold.

Show that
Y

H(a,v) = H(a,0) + Ha||2a'

5.8 (a) Let C be a circular region in R®. Determine the normal cone
for a point on its circumference. (b) Let C be a rectangular region in R?.
Determine the normal cone for a point on its boundary.

For (a), let 2% be the center of the circle and x be the point on its
circumference. Then the normal cone at x is the set of all z of the form
2z =x+v(z —2°), for v > 0. For (b), if the point z lies on one of the sides
of the rectangle, then the normal cone consists of the points along the line
segment through = formed by the outward normal to the side. If the point
x is a corner, then the normal cone consists of all points in the intersection
of the half-spaces external to the rectangle whose boundary lines are the
two sides that meet at x.

5.9 Prove Lemmas 5.2, 5.3 and 5.4.
Applying Equation (5.2),
Pz =+ (y - (a,3))a,
we find that
Pr(ety) = z+y+(y—(e,2+y))a = x4+ (7= (a,z))aty+(7—(a,y))a—va
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We also have
Py(z) =z +~ya — {(a,x)a = va+z — (a,z)a = Py (0) + Py, (x).
Finally, consider the case of I = 2. Then we have
Tz = PyPy(x) = Py(z + (11 — (a*, z))al)
= [z —{a',2)a’ — (a®,x)a® + (a*, x)(a? a")a?] + y1a' +70a® —y1{a?, a')a?
=Lz + b,
where L is the linear operator

Lr =z — (a',z)a' — (a®,z)a® + (a*, z){a?, a')a?,

and

b=a' 4+ yga® — ’yl(aQ, a1>a2.

We can then associate with the linear operator L the matrix
B=1]— al(al)T _ 0,2(CL2)T 4 <a2’a1>a2(a1)T.

5.10 Let C be a convez set and f : C C R’ — (—o00,00]. Prove that f(x)
s a convex function, according to Definition 5.1, if and only if, for all
and y in C, and for all 0 < a < 1, we have

flaz+ (1 —a)y) <af(x)+ (1 —a)f(y).
Suppose that the epigraph of f is a convex set. Then
a(z, f(2) + (1 = a)(y, f(y) = (ax + (1 — o)y, af (x) + (1 — @) f(y))
is a member of the epigraph, which then tells us that
flaz + (1= a)y) < af(x)+(1-a)f(y)

Conversely, let (x,v) and (y,d) be members of the epigraph of f, so that
f(z) <+, and f(y) < 4. Let a be in [0,1]. We want to show that

a(z,7) + (1= a)(y,0) = (ax + (1 - a)y,ay + (1 — )J)
is in the epigraph. But this follows from the inequality
flaw+ (1 - a)y) < af(@) + (1 - a)f(y) < ay + (1 - a)d,

5.11 Given a point s in a convex set C, where are the points x for which
s=Pox?
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Suppose that s = Pcx. From the inequality
(z— 5,0 5) <0,

for all ¢ in C, it follows that  — s is in Ng(s). So s = Pox if and only if
the vector x — s is in Ng(s).

5.12 Let C be a closed non-empty convex set in R, x a vector not in C,
and d > 0 the distance from x to C. Let

oc(a) = sup(a,c),
ceC

the support function of C. Show that

d=m= lm?%(l{(a,@ —oc(a)}.

Hints: Consider the unit vector %(x — Pox), and use Cauchy’s Inequality
and Proposition 5.2.

Let a® = 1 (z — Pox). First, show that
oc(a®) = (a®, Pox).
Then
d=(a’ x — Pox) = (a®, z) — (a®, PCx) = (a°,2) — 0c(a®) < m;

therefore, d < m.
From Cauchy’s Inequality, we know that

(a,7 — Pox) < ||z — Poxl|l|al| = d,

for any vector a with norm one. Therefore, for any a with norm one, we
have
d > (a,x) — {a, Pcz) > (a,x) — oc(a).

Therefore, we can conclude that d > m, and so d = m.
5.13 (Radstrém Cancellation)

e (a) Show that, for any subset S of R’, we have 28 C S + S, and
25 =S5+ S5 if S is convex.

e (b) Find three finite subsets of R, say A, B, and C, with A not
contained in B, but with the property that A+ C C B+ C. Hint: try
to find an example where the set C' is C = {-1,0,1}.
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(¢) Show that, if A and B are convez, B is closed, and C' is bounded,
then A+ C C B + C implies that A C B. Hint: Note that, under
these assumptions, 2A+C =A+ (A+C)C2B+C.

(a) If x and y are in S, then z +y isin S+ S. If S is convex, then
% is also in S, or

T +y
2

z+y =2 )

is in 25; therefore S + .5 = 285.

(b) Take A ={0,1}, B ={0,2} and C = {—1,0,1}. Then we have
A+C={-101,2},

and
B+ C={-1,0,1,2,3}.

(c) Begin with
2A+C=(A+A)+C=A4+(A+C)CA+(B+C)=(A+C)+B
C(B+C)+B=(B+B)+C=2B+C.

Continuing in this way, show that
nA+C CnB+ C,

o 1 1
A+-CC B+ —C,
n n
forn =1,2,3,.... Now select a point a in A; we show that a is in B.

Since C' is a bounded set, we know that there is a constant K > 0
such that ||c|| < K, for all ¢ in C. For each n there are ¢ and d" in
C and b™ in B such that

1 1
a+—c"=b"+ —-d".
n n

Then we have

1
" =a+ g(c" —d"). (5.7)

Since C' is bounded, we know that %(c” — d™) converges to zero, as
n — oo. Then, taking limits on both sides of Equation (5.7), we find
that {b"} — a, which must be in B, since B is closed.
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Chapter 6

Linear Programming

6.1 Needed References

Theorem 6.1 Let x and y be feasible vectors. Then

z=clz>bTy =w. (6.1)

Corollary 6.1 If z is not bounded below, then there are no feasible y.

Corollary 6.2 If x and y are both feasible, and z = w, then both x and y
are optimal for their respective problems.

Lemma 6.1 Let W = {w!,..,w™} be a spanning set for a subspace S
in RT, and V = {v!,...,vM} a linearly independent subset of S. Then
M < N.

6.2 Exercises

6.1 Prove Theorem 6.1 and its corollaries.

Since y is feasible, we know that ATy < ¢, and since x is feasible, we
know that z > 0 and Az = b. Therefore, we have

w="b"y=(Ax) 'y =aTATy <alc=c"z =z

This tells us that, if there are feasible z and y, then z = ¢Tz is bounded

below, as we run over all feasible x, by any w. Consequently, if z is not
bounded, there cannot be any w, so there can be no feasible y.

If both = and y are feasible and z = ¢’z = b7y = w, then we cannot
decrease z by replacing x, nor can we increase w by replacing y. Therefore,
x and y are the best we can do.

23
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6.2 Let W = {w?,...,w™} be a spanning set for a subspace S in R!, and

V = {vl,...,vM} a linearly independent subset of S. Let A be the matriz
whose columns are the v'™, B the matrix whose columns are the w™. Show
that there is an N by M matriz C such that A = BC. Prove Lemma
6.1 by showing that, if M > N, then there is a non-zero vector x with
Cr=Az=0.

If C'is any M by N matrix with M > N, then, using Gauss elimination,
we can show that there must be non-zero solutions of Cz = 0. Now, since
W is a spanning set, each column of A is a linear combination of the
columns of B, which means that we can find some C such that A = BC. If
there is a non-zero x for which Cx = 0, then Ax = 0 also. But the columns
of A are linearly independent, which tells us that Az = 0 has only the zero
solution. We conclude that M < N.

6.3 Show that when the simplex method has reached the optimal solution
for the primal problem PS, the vector y with y? = ¢5 B~ becomes a feasible
vector for the dual problem and is therefore the optimal solution for DS.
Hint: Clearly, we have

z=cle = cEB‘lb =yTb=w,
s0 we need only show that ATy < c.
We know that the simplex algorithm halts when the vector
T =(ch —cEB7IN) =k —y'N
has only non-negative entries, or when
cy >N Ty.

Then we have

BT BTy BT(BT)~ ¢
T, _ _ B | _
A y= [NT:|y_ |:NTy:| S |: eN =g,

so y is feasible, and therefore optimal.



Chapter 7

Matrix Games and
Optimization

7.1 Some Exercises

7.1 Show that the vectors p = 1% and ¢ = ig] are probability vectors and
are optimal randomized strategies for the matriz game.

Since
t=cli=p=0"y=uw,

it follows that ¢7p = 7§ = 1. We also have

and
2T Ay = (AT2) g > 0"y = p,

so that

A = p,
and

oA 1

prAG=—.

I

For any probabilities p and ¢ we have

R . 1 1
pTAG=—pTAg < —ple=—,
[ 7 1
and 1
ﬁTAq = (ATﬁ)Tq = *(AT@A?)TQ > ;qu = ﬁ



26 CHAPTER 7. MATRIX GAMES AND OPTIMIZATION

7.2 Given an arbitrary I by J matriz A, there is a > 0 so that the matriz
B with entries B;; = Aij + o has only positive entries. Show that any
optimal randomized probability vectors for the game with pay-off matriz B
are also optimal for the game with pay-off matriz A.

This one is easy.



Chapter 8

Differentiation

8.1 Exercises

8.1 Let QQ be a real, positive-definite symmetric matriz. Define the Q-
inner product on R’ to be

<5L'7y>Q = xTQy = <vay>7

lzlle = y/{z, 2)q-

Show that, if Vf(a) is the Fréchet derivative of f(x) at x = a, for the
usual Euclidean norm, then Q~'V f(a) is the Fréchet derivative of f(z) at
x = a, for the Q-norm. Hint: use the inequality

VAl < [hlle < VAllA]l2,

where A1 and \j denote the greatest and smallest eigenvalues of @, respec-
tively.

and the Q-norm to be

8.2 For (x,y) not equal to (0,0), let

l.ayb
P +yd’

flz,y) =

with f(0,0) = 0. In each of the five cases below, determine if the function
is continuous, Gateaux, Fréchet or continuously differentiable at (0,0).

.1)&:2,b:37p:2, andq:4;
.2)0/:1,b:37p:27 andq:4;
e 3)a=2,b=4,p=4, and g=38;

27
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e J)a=1,b=2,p=2, andq=2;

e j5)a=1,b=2,p=2, and q=4.



Chapter 9

Convex Functions

Proposition 9.1 The following are equivalent:
1) the epi-graph of g(z) is convez;
2) for all points a < x < b

3) for all points a < x < b

g9(b) — g(a)
b—a

4) for all points a and b in R and for all « in the interval (0,1)

g(z) < (z —b) + g(b); (9.2)

g((1 —a)a+ ab) < (1 — a)g(a) + ag(b). (9.3)

Lemma 9.1 A firmly non-expansive operator on R’ is non-expansive.

9.1 Exercises

9.1 Prove Proposition 9.1.

T—

The key idea here is to use a = =%, so that x = (1 — a)a + ab.

9.2 Prove Lemma 9.1.

From the definition, F' is firmly non-expansive if
(F(x) = F(y),z —y) > |z — yl3. (9.4)

Now use the Cauchy Inequality on the left side.

29
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9.3 Show that, if & minimizes the function g(x) over all x in R’, then
x = 0 is in the sub-differential Og(&).

This is easy.

9.4 If f(z) and g(x) are convex functions on R’, is f(x) + g(x) convex?
Is f(x)g(x) convex?

It is easy to show that the sum of two convex functions is again convex.
The product of two is, however, not always convex; take f(x) = —1 and
g(x) = 22, for example.

9.5 Let vc(x) be the indicator function of the closed convex set C, that is,

(@) = 0, if z € C;
T 4o, if ¢ C.

Show that the sub-differential of the function vc at a point ¢ in C is the
normal cone to C at the point ¢, that is, dic(c) = Ne(c), for all ¢ in C.

This follows immediately from the definitions.

9.6 Let g(t) be a strictly convez function for t > 0. For x >0 andy > 0,

define the function
fa,y) = ag(2).

Use induction to prove that

N
Z f(xn’yn) > f($+7 y+)7
n=1

for any positive numbers x,, and y,, where x4y = 22;1 Ty. Also show
that equality obtains if and only if the finite sequences {x,} and {y,} are
proportional.

We show this for the case of N = 2; the more general case is similar.
We need to show that

flxi, 1) + f(x2,y2) > f(or + 22,51 + ¥2).

Write

I & i)

Pl ) (s, m) = g () +ag(22) = (aries)

T Y1 T2 Y2 Y
—+ 2y =2pg(=0) = flag,y4).

>
- (x1 + xQ)g(xl + 2o 1 X1+ To To Ty

.’L‘l—l—l'gg T l‘1+$29

Y2
T2

)
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9.7 Use the result in FExercise 9.6 to obtain Cauchy’s Inequality. Hint: let

g(t) = —VI.

Using the result in Exercise 9.6, and the choice of g(t) = —v/t, we obtain
N
_an [ Yn > —ay Y+
n=1 In T+

N
> VENVR < VT

so that

which is Cauchy’s Inequality.

9.8 Use the result in FExercise 9.6 to obtain Milne’s Inequality:

N N
"L”",y’",
Tiyy = (Z(% + yn)) ( > m)
1 n n

n= n=1
Hint: let g(t) = — 4.

This is a direct application of the result in Exercise 9.6.

9.9 Forxz >0 andy > 0, let f(x,y) be the Kullback-Leibler function,
flay) = KIiw,y) = (log ") 4y~

Use Ezxercise 9.6 to show that

N
> KL(xn,yn) > KL(z4,y4).

n=1

Use g(t) = —logt.
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Chapter 10

Fenchel Duality

10.1 Exercises

10.1 Let A be a real symmetric positive-definite matriz and

f(x) = 5 (A, ).
Show that
F(a) = 5(A 0,0,
Hints: Find V f(z) and use Equation (10.1).
We have
F*(a) = (0, (V)7 (@) ~ (V) @), (10,1
Since V f(z) = Az, it follows from Equation (10.1) that

1<A(A*1)a, A71a> = %(a, A~ la).

f(@) = (0, A7) -

33
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Chapter 11

Convex Programming

11.1 Referenced Results

Theorem 11.1 Let (&,9) be a saddle point for K(x,y). Then & solves the
primal problem, that is, & minimizes f(x), over all x in X, and § solves
the dual problem, that is, § mazximizes g(y), over all y in'Y. In addition,
we have

9(y) < K(2,9) < f(l‘), (11'1)

for all x and y, so that the mazimum value of g(y) and the minimum value
of f(x) are both equal to K(Z,9).

Theorem 11.2 Let x* be a reqular point. If x* is a local constrained
minimizer of f(x), then there is a vector \* such that

e 1) X >0, fori=1,...K;
o 2) Ngi(z*)=0, fori=1,...K;

* 3) V(") + X, A Vagi(@") = 0.

11.2 Exercises
11.1 Prove Theorem 11.1.
We have

f(@) = St;pK(i,y) = K(%,7),

and
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From f(z) > f(&) we conclude that z = & minimizes f(z). In a similar
way, we can show that y = § maximizes g(y).

11.2 Apply the gradient form of the KKT Theorem to minimize the func-
tion f(x,y) = (z +1)2 +y? over allx >0 and y > 0.

Setting the x-gradient of the Lagrangian to zero, we obtain the equa-

tions
2(£U—|—1)—)\1 =0,
and
2y - )\2 =0.

Since x > 0, we cannot have A; = 0, consequently ¢1(z,y) = —x = 0, so
x = 0. We also have that y = 0 whether or not Ay = 0. Therefore, the
answer is x =0, y = 0.

11.3 Minimize the function

flxy) = Va? + 2,

subject to
x+y<0.

Show that the function M P(z) is not differentiable at z = 0.

Equivalently, we minimize f(z,y)? = 22 + y2, subject to the constraint
g(z,y) < z. If z > 0, the optimal point is (0,0) and MP(z) = 0. If
z < 0, the optimal point is = § =y, and M P(z) = ;—% The directional
derivative of M P(z) at z = 0, in the positive direction is zero, while in the
negative direction it is %7 so M P(z) is not differentiable at z = 0.

11.4 Minimize the function

f(xay) = 721’7:%

subject to
r+y=s1,
0<x <1,
and
y=>0

We write g1(z,y) =2 +y — 1, g2(z,y) = —x <0, gs(z,y) =2 -1 <0,
and g4(x,y) = —y < 0. Setting the partial derivatives of the Lagrangian
to zero, we get

0=—=2+X 4+ A2 — Az,
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and
0=—-14+ X — M\

Since \; > 0 for each i, it follows that Ay # 0, so that 0 = ¢1(z,y) =
r+y—1l,orx+y=1.

If Ay =0, then \;y = 1 and Ay — A3 = 1. Therefore, we cannot have
Ay = 0, which tells us that g2(z,y) =0, or z = 1, in addition to y = 0.

If Ay > 0, then y = 0, which we already know, and so x = 1 again. In
any case, then answer must be x = 1 and y = 0, so that the minimum is

f(1,0) = —2.

11.5 Apply the theory of convex programming to the primal Quadratic
Programming Problem (QP), which is to minimize the function

1
f(.’E) = ngQ:u
subject to
alz < c,

where a # 0 is in R?, ¢ < 0 is real, and Q is symmetric, and positive-
definite.

With g(z) = a’x —c < 0, we set the z-gradient of L(z, \) equal to zero,
obtaining
Qx* 4+ Xa =0,

or
¥ =-\Q la.

So, for any A > 0, V,L(z,A) = 0 has a solution, so all A > 0 are feasible
for the dual problem. We can then write

A2 A2
L(z*,\) = 7aTQ71a —XdTQ7ta— A= — (ECLTQfla + Ac).

Now we maximize L(z*,\) over A > 0.

We get
0=-Xa"Q 'a—c¢,

so that .
AN=
aT@Q la

and the optimal z* is
. Q7 'a

aTQ la’

11.6 Use Theorem 11.2 to prove that any real N by N symmetric matriz
has N mutually orthonormal eigenvectors.
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Let Q be symmetric. First, we minimize f(z) = $27Qz subject to
g(z) = 1 — 272z = 0. The feasible set is closed and bounded, and f(z)
is continuous, so there must be a minimum. From the KKT Theorem we
have

Qr — Ax =0,

so that Qr = Az and z is an eigenvector of Q; call z = 2V, and A\ = vy.

Note that the optimal value of f(x) is 2.

Next, minimize f(z), subject to gi(z) =1 — 272 = 0 and 272" = 0.
The Lagrangian is

Lz, \) = %Z'TQ:U + M (1= 2Tz) + ATz,
Setting the z-gradient of L(z, \) to zero, we get
0=Qx— Mz + Nz,
Therefore,
0=2TQzr — MzTz+ X"z = 27Qx — \,

or
A= xTQx.

We also have

0= (xN)TQx — Al(xN)Tx + )\g(a:N)TxN,
and

(LCN)TQ _ 'YN(I'N)Tv
so that
0= ’yN(xN)T:n — Al(xN)Tx + A3 = Ag,

S0 Ao = 0. Therefore, we have

Q.’L' = )\11‘7
so x is another eigenvector of @, with associated eigenvalue \;; we write
r =2V"1 and \; = yx_;. Note that the optimal value of f(x) is now

%=1, Since the second optimization problem has more constraints than

the first one, we must conclude that yy_1 > yn.

We continue in this manner, each time including one more orthogonal-
ity constraint, which thereby increases the optimal value. When we have
performed N optimizations, and are about to perform one more, we find
that the constraint conditions now require x to be orthogonal to each of
the previously calculated z™. But these vectors are linearly independent in
RN, and so the only vector orthogonal to all of them is zero, and we are
finished.
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Iterative Optimization

12.1 Referenced Results

k+1

Lemma 12.1 Suppose that x is chosen using the optimal value of i,

as described by Equation (12.1),
g9(z" = wVg(a*)) < g(a* —1Vg(ah)). (12.1)
Then

(Vg(z**1),Vg(z*)) = 0. (12.2)

12.2 Exercises
12.1 Prove Lemma 12.1.

Use the Chain Rule to calculate the derivative of the function f(v) given
by
f(y) = g(a® —1Vg(a"h)),

and then set this derivative equal to zero.

12.2 Apply the Newton-Raphson method to obtain an iterative procedure
for finding \/a, for any positive a. For which x° does the method converge?
There are two answers, of course; how does the choice of x° determine
which square root becomes the limit?

This is best done as a computer exercise.

12.3 Apply the Newton-Raphson method to obtain an iterative procedure
for finding a'/3, for any real a. For which x° does the method converge?

39
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Another computer exercise.

12.4 Extend the Newton-Raphson method to complex variables. Redo the
previous ezercises for the case of complex a. For the compler case, a has
two square roots and three cube roots. How does the choice of x° affect
the limit? Warning: The case of the cube root is not as simple as it may
appear, and has a close connection to fractals and chaos.

Consult Schroeder’s book before trying this exercise.

12.5 (The Sherman-Morrison-Woodbury Identity) Let A be an in-
vertible matriz. Show that, if w = 1+ vT A7 u # 0, then A + wvT is
invertible and

(A+uwT)t=A"1— éA_luvTA_l. (12.3)

This is easy.

12.6 Use the reduced Newton-Raphson method to minimize the function
%xTQx, subject to Ax = b, where

0 -13 -6 -3
-13 23 -9 3
-6 -9 -12 1 |’
-3 3 1 -1

Q=

1 1 3 -1
and
3
bM.
Start with )
1
0 _
= o
0

We begin by finding a basis for the null space of A, which we do by
using Gauss elimination to solve Az = 0. We find that (1,—4,1,0)T and
(—=2,3,0,1)T do the job, so the matrix Z is

1 -2
-4 3
Z= 1 0
0 1
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The matrix Z7Q is then

v [ 46 114 18 —14
ZQ_[—ALQ 98 —14 14

and
ZTQa° = [_5668] .
We have
70z= | T T |
so that
Z7Q2)" = 535 s )

One step of the reduced Newton-Raphson algorithm, beginning with v* =
0, gives

1_ (T —15,TH,0 _ 0.5
v =-(202) 2 Qn _[0.4286 ’

so that
0.6428

0.2858
0.5
0.4286

When we check, we find that Z7Qz' = 0, so we are finished.

at =20+ Zvt =

12.7 Use the reduced steepest descent method with an exact line search to
solve the problem in the previous exercise.

Do as a computer problem.
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Chapter 13

Modified-Gradient
Algorithms

There are no exercises in this chapter.
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Chapter 14

Quadratic Programming

There are no exercises in this chapter.
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Chapter 15

Solving Systems of Linear
Equations

15.1 Regularizing the ART

In our first method we use ART to solve the system of equations given in
matrix form by

(AT eI] {ﬂ = 0. (15.1)
We begin with u® = b and v° = 0. Then, the lower component of the limit
vector is v>° = —eZ..

The method of Eggermont et al. is similar. In their method we use
ART to solve the system of equations given in matrix form by

[A €] [‘”] = b. (15.2)

v
We begin at 20 = 0 and v = 0. Then, the limit vector has for its upper
component z°° = I, and ev>™ = b — AZ..
15.2 Exercises

15.1 Show that the two algorithms associated with Equations (15.1) and
(15.2), respectively, do actually perform as claimed.

We begin by recalling that, in the under-determined case, the minimum
two-norm solution of a system of equations Az = b has the form z = ATz,
for some z, so that the minimum two-norm solution is z = AT(AAT)~1p,
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provided that the matrix AA” is invertible, which it usually is in the under-
determined case.

The solution of Az = b for which ||z — p|| is minimized can be found in
a similar way. We let z = x — p, so that © = z + p and Az = b — Ap. Now
we find the minimum two-norm solution of the system Az = b — Ap; our
final solution is x = z + p.

The regularized solution Z. that we seek minimizes the function

1
(@) = SllAz = b + &l2]%,
and therefore can be written explicitly as
fe=(ATA+ )71 A D,

For large systems, it is too expensive and time-consuming to calculate Z.
this way; therefore, we seek iterative methods, in particular, ones that do
not require the calculation of the matrix AT A.

The first of the two methods offered in the chapter has us solve the
system

[AT €] {ﬂ = 0. (15.3)

When we use the ART algorithm, we find the solution closest to where we
began the iteration. We begin at

u’ b
UO = 0]’
so we are finding the solution of Equation (15.1) for which
lu = 0% + [|o]?

is minimized. From our previous discussion, we see that we need to find
the solution of
[AT €] m =—ATh

for which
lIsI1* + 1[I

is minimized. This minimum two-norm solution must have the form
s| | A L Az
tl el |” |ex |

(ATA + 2Tz = —ATD,

This tells us that
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or that —z = Z.. Since the lower part of the minimum two-norm solution
is t = ez, the assertion concerning this algorithm is established.
The second method has us solve the system

[A eI f’}] =b, (15.4)

using the ART algorithm and beginning at
[0

0 )
so we are seeking a minimum two-norm solution of the system in Equation
(15.2). We know that this minimum two-norm solution must have the form

MR

(AAT + 1)z = b,

Therefore,

and
AT(AAT + €Nz = (ATA+ENAT2 = (ATA+ EDNa = b,

Consequently, = %, and this x is the upper part of the limit vector of
the ART iteration.
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Chapter 16

Conjugate-Direction
Methods

16.1 Proofs of Lemmas
Lemma 16.1 When x* is constructed using the optimal o, we have
Vf(zk) - d* =o. (16.1)

Proof: Differentiate the function f(z*~*+ad*) with respect to the variable
«, and then set it to zero. According to the Chain Rule, we have

V(b -db =o.

|

Lemma 16.2 The optimal oy, is

af = w, (16.2)
where F = ¢ — QxF~ 1.
Proof: We have
Vih) = Qa* —c= Q"' + apd®) — ¢ = Qz*~! — ¢ + a,Qd",
so that
0=V d*=—rF. d* 4+ adt - Qd".

|

o1
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Lemma 16.3 Let ||z|], = - Qu denote the square of the Q-norm of x.
Then
12 = 2*7H[G = 18 —a¥llG = (F - d%)?/d" - Qd* = 0

for any direction vectors dF.
Proof: We use ¢ = Q. Then we have
(2—2*)-Q(a—2") = (2—2"")-Q(a—2" ") —20ed*-Q(2—2* ") +aid*-Qd",
so that
& — xk_lﬂé — ||z - kaé = 204.d" - (¢ — QzF 1) — aidk - Qd*.

Now use r* = ¢ — Qz*~! and the value of «y,. |

Lemma 16.4 A conjugate set that does not contain zero is linearly inde-
pendent. If p™ £ 0 for n = 1,...,J, then the least-squares vector T can be
written as

&=apt + ...+ ayp’,

with a; = c-p/ [p? - Qp’ for each j.
Proof: Suppose that we have
0=cipt + ...+ cnp™,
for some constants ¢y, ..., ¢,. Then, for each m = 1, ...,n we have

0=cip™ Qp' + ... + cup™ - Qp™ = cup™ - Qp™,

from which it follows that ¢,, = 0 or p™ = 0.
Now suppose that the set {p,...,p’} is a conjugate basis for R’. Then
we can write
T = CLlpl + ...+ Cl‘]p']7

for some a;. Then for each m we have

m

p .c= pm . Qj‘j — amp’n’b . me7

so that

Lemma 16.5 Whenever p"t' = 0, we also have r" T =0, in which case
we have ¢ = Qx™, so that ™ is the least-squares solution.
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Proof: If p"*! = 0, then r"*! is a multiple of p”. But, »"*! is orthogonal
to p™, so r"T1 =0. |

Theorem 16.1 Forn=1,2,....J and j =1,...,n — 1 we have

e a) -1l =0;

e b) r"-p =0; and

e c)p"-Qp =0.

16.2 Exercises

16.1 There are several lemmas in this chapter whose proofs are only
sketched. Complete the proofs of these lemma.

The proof of Theorem 16.1 uses induction on the number n. Throughout
the following exercises assume that the statements in the theorem hold for
some n < J. We prove that they hold also for n + 1.

16.2 Use the fact that
FH = — a,Qp,
to show that Qp’ is in the span of the vectors ri and rit!
We have
P = - Qul = - QuiT! — Q=1 — a,Qp,

so that

j+1 J — ) J
r -1l = —a;Qp’.

16.3 Show that ¥t .+ = 0. Hints: establish that

n n

r’.r

Oy = ————,
"o Qpn

by showing that

rn_pnzrn.,rn,

and then use the induction hypothesis to show that

- Qpt =p"-pt.
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‘We know that

" =p" + Bo1p™

where
PR Qpn—l
bn1= T
prt-Qp
Since ™ - p"~1 =0, it follows that
n 3 n n

Therefore, we have

= Q-

From the induction hypothesis, we have

(r" —p™) - Qp™ = Bn_1p™ - Qp" =0,

so that
- Qpt =p" - Qp".
Using
Tn+1 =7r" - anQpn7
we find that
7‘”+1 R L P anTn . Qpn =0.

16.4 Show that r"*1 .77 =0, forj =1,...,n—1. Hints: 1. show that r™*!
is in the span of the vectors {rit1 Qp*1 Qp’*2,...,Qp™}; and 2. show that
7 is in the span of {p?,p?~1}. Then use the induction hypothesis.

We begin with

P = — 0, QP = T — a1 QP — Q"

We then use

n—1 n—2 n—2
r =r — Qp_2p )

and so on, to get that 7" is in the span of the vectors {r/ ™1, Qp' ™1, Qp'*2, ..., Qp"}.
We then use
ri it =,

and ‘ ‘ A
rl =p + ﬂj—lpjfl,

along with the induction hypothesis, to get

7,.j ' me = 07

form=j+1,...,n.
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16.5 Show that r™+1 . pJ =0, for j = 1,..,n. Hint: show that p’ is
in the span of the vectors {r7,ri=1 .. rl} and then use the previous two
exercises.

Write _ _ '
=1 =B
and repeat this for p? !, p?~2, and so on, and use p' = r' to show that p’
is in the span of {r/,r79=1 .. r!}. Then use the previous exercises.

16.6 Show that p"t!-Qp’ =0, for j =1,...,n — 1. Hint: use
Qp = aj (1! =7t
We have
prt QY = QY = (ot (Y =T h)) =0,
The final step in the proof is contained in the following exercise.
16.7 Show that p"*t1.Qp"™ = 0. Hints: write
ptt ="t — g,
where

rn+1 . Qpn

KN

‘We have
p" T Qpt ="t Qpt — Bup™ - QP =0,

from the definition of 3,.
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Chapter 17

Sequential Unconstrained
Minimization Algorithms

Lemma 17.1 For any non-negative vectors x and z, with z4 = Z'I

=1 Zj >
0, we have

KL(z,2) = KL(x4,2,) + KL(z, 2 2). (17.1)
Z-

17.1 Exercises

17.1 Prove Lemma 17.1.

This is easy.

17.2 Use the logarithmic barrier method to minimize the function
flz,y) =2 =2y,

subject to the constraints
1+x— y2 >0,

and
y > 0.

For k > 0, we minimize
x— 2y — klog(l + 2 — y?) — klog(y).
Setting the gradient to zero, we get
k=14x— y27

o7
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1

and 9
2= k(s - -).
1+z—y> gy
Therefore,
2% — 2y — k=0,

so that L1
Y= 5—1-5\/1—1—21@.

As k — 0, we have y — 1 and = — 0, so the optimal solution is x = 0 and

y = 1, which can be checked using the KKT Theorem.

17.3 Use the quadratic-loss penalty method to minimize the function

f(x’ y) = _l‘y7

subject to the equality constraint
r+2y—4=0.

For each k > 0 we minimize the function
—xy + k(z + 2y — 4)2.

Setting the gradient equal to zero, we obtain
x =4k(x + 2y — 4),

and so z = 2y and
2z —8
YT T
Solving for x, we get
16
T =
-7
and
8
v=§-T

As k — oo, x approaches 2 and y approaches 1. We can check this result
by substituting x = 4 — 2y into f(x,y) and minimizing it as a function of

y alone.



Chapter 18

Likelihood Maximization

There are no exercises in this chapter.
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Chapter 19

Operators

19.1 Referenced Results

Suppose that B is a diagonalizable matrix, that is, there is a basis for R’
consisting of eigenvectors of B. Let {u!,...,u’} be such a basis, and let
Bul = )\juj, for each j = 1,...,J. For each x in R, there are unique
coeflicients a; so that

J
x = Zajuj. (19.1)
j=1
Then let
J
llll = > layl. (19.2)
j=1
Lemma 19.1 The expression || - || in Equation (19.2) defines a norm on

R’. If p(B) < 1, then the affine operator T is sc, with respect to this norm.

Lemma 19.2 Let T be an arbitrary operator T on R’ and G = I —T.
Then

llz —y|3 — |7z — Ty||3 = 2((Gz — Gy,z —y)) — ||Gz — Gyl|3. (19.3)

Lemma 19.3 Let T be an arbitrary operator T on R7 and G = I —T.
Then
(Tz —Ty,x —y) — ||Te — Tyl =

(Gx — Gy,x —y) — |Gz — Gy|5. (19.4)

61



62 CHAPTER 19. OPERATORS

Lemma 19.4 An operator T is ne if and only if its complement G =1 —-T
18 %—ism, and T is fne if and only if G is 1-ism, and if and only if G is
fne. Also, T is ne if and only if F = (I +T)/2 is fne. If G is v-ism and
~v > 0 then the operator vG is %—z’sm.

Proposition 19.1 An operator F is firmly non-expansive if and only if
F= %(I + N), for some non-expansive operator N.

Proposition 19.2 Let T be an affine linear operator whose linear part B
is diagonalizable, and |\| < 1 for all eigenvalues \ of B that are not equal to
one. Then the operator T s pc, with respect to the norm given by Equation

(19.2).
19.2 Exercises
19.1 Show that a strict contraction can have at most one fized point.
Suppose that T is strict contraction, with
[Tz =Tyl < rllz—yl,
for some r € (0,1) and for all z and y. If Tx = 2 and Ty = y, then
e =yl = 1Tz — Tyl < rllz —yll,
which implies that ||z — y|| = 0.

19.2 Let T be sc. Show that the sequence {T*xy} is a Cauchy sequence.

From
||oF — 2| < J|l2b — 2P| L | = R (19.5)
and
s — b < ok gk (19.6)
we have
|zF — 2" < (L7 +r2 4+ |2k — 2B
From

o — 2# 1) < ¥ — 2|
we conclude that, given any € > 0, we can find k& > 0 so that, for any n > 0

lz* — &™) <€,
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so that the sequence {T%2°} is a Cauchy sequence.
Since {x*} is a Cauchy sequence, it has a limit, say &. Let e¥ = & —z*.
From
b =Tk — TFO

we have
]| < r¥ & — 2°),

so that {e¥} converges to zero, and {z*} converges to #. Since the sequence
{x**+1} is just the sequence {z*}, but starting at z! instead of x°, the
sequence {2**1} also converges to #. But we have {x**1} = {T'2*}, which
converges to T'z, by the continuity of T'. Therefore, TZ = Z.

19.3 Suppose that we want to solve the equation

r=—-e "

Let Tx = %e’m for x in R. Show that T is a strict contraction, when re-
stricted to non-negative values of x, so that, provided we begin with x° > 0,
the sequence {xk = Txk_l} converges to the unique solution of the equa-
tion.

Let 0 < x < z. From the Mean Value Theorem we know that, for ¢ > 0,
e t=e0 -5,
for some s in the interval (0,¢). Therefore,
1—e 72 = ¢ ¢(z — 1),
for some ¢ in the interval (0,z — z). Then
|Tx —Tz| = %e_‘r(l —e 7)) < %e‘me_c(z —z) <
Therefore, T is a strict contraction, with r = %
19.4 Prove Lemma 19.1.

Showing that it is a norm is easy.
Since Tz — Ty = Bx — By, we know that |Tz — Ty| = ||B(z — v)|-

Suppose that
J
x—y= Z cjul.
j=1

Then

J
Bz —y) = Z)\jcjuj7
j=1
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and

J J
1Bz =)l =D Willes| < p(B) Z l¢jl = p(B)]lz — yl|

j=1

Therefore, T is a strict contraction in this norm.
19.5 Show that, if the operator T is a-av and 1 > 3 > «, then T is B-av.

Clearly, if
1
(G —Gy,x —y) = |Gz = Gyl (19.7)
and 1 > 0 > «, then

(Go = Gy, o —y) > |Gz — Gyl[3.

1
20
19.6 Prove Lemma 19.4.
Clearly, the left side of the equation

lle = yll3 = 1Tz — Tyll3 = 2((Gz — Gy,z — y)) — ||Gz — Gyl[3

is non-negative if and only if the right side is non-negative, which is equiv-
alent to

1
(Gz - Gy, —y)) = 516z — Gyl

1

5-ism. Similarly, the left side of the equation

which means that G is
(To —Ty,x —y) — |Te — Tyl =

(Gx — Gy, x —y) — ||Gz — Gyl|3

is non-negative if and only if the right side is, which says that T is fne if
and only if G is fne if and only if G is 1-ism.

19.7 Prove Proposition 19.1.

Note that F' = (I + N) is equivalent to F = I — G, for G = I — N.
Therefore, if N is ne, then G is %—ism and %G is 1-ism, or fne. Therefore,
N is ne if and only if F' is the complement of a 1-ism operator, and so is

itself a 1-ism operator and fne.

19.8 Prove Proposition 19.2.



19.2. EXERCISES 65

Suppose that Ty = y. We need to show that
1Tz —yl| <[z —yl,
unless Tx = x. Since Ty = y, we can write
[Tz —yl| = [Tz =Tyl = [| Bz — y)]|.
Suppose that

J
xT—y= E a;u’
gw,

Jj=1

and suppose that Tz # x. Then

J
=yl = lajl,
j=1
while
J
1Bz =)l = IAllagl-
j=1

If A; =1 for all j such that a; # 0, then B(z — y) = « — y, which is not
the case, since Te — Ty # x — y. Therefore, at least one |\;| is less than
one, and so

[Tz —y|| < [lz =yl

19.9 Show that, if B is a linear av operator, then |\| < 1 for all eigenval-
ues A of B that are not equal to one.

We know that B is av if and only if there is a € (0,1) such that
B=(1-a)l+aN.

From Bu = A\u it follows that

A -1
NUZLU.
@
Since N is ne, we must have
’)\—ka—l‘ <1,
o
or
A+a—-1 <a

Since B is ne, all its eigenvalues must have |A| < 1. We consider the
cases of A real and A complex and not real separately.
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If A is real, then we need only show that we cannot have A = —1. But
if this were the case, we would have

|—24+a|=2—a<a,

or o > 1, which is false.
If A\ =a + bi, with a® +b> =1 and b # 0, then we have

l(a +a —1) +bi]*> < a?,
or
(a+ (a—1)2 +b% <o’

Then
a? + b+ 2a(a— 1) + (a — 1)? < o2

Suppose that a? +b> =1 and b # 0. Then we have
1<a?+2a(1—a)— (1 —-a)?=2a(1 —a)—1+2a,

or
2<2(1 - a)a+2a,

so that
1<(1-a)a+a(l),

which is a convex combination of the real numbers a and 1. Since a € (0, 1),
we can say that, unless a = 1, 1 is strictly less than the maximum of 1
and a, implying that a > 1, which is false. Therefore, we conclude that
a?+b? < 1.



Chapter 20

Convex Feasibility and
Related Problems

20.1 A Lemma

For i = 1,...,1 let C; be a non-empty, closed convex set in R’. Let C =
NZ_,C; be the non-empty intersection of the C;.

Lemma 20.1 If c e C and x = ¢+ Zlepi, where, for each i, ¢ =
Pg,(c+p*), then ¢ = Pew.
20.2 Exercises
20.1 Prove Lemma 20.1.
For each ¢ we have

(c—(c+p),c —c)=(=p',c —c) 20,
for all ¢ in C;. Then, for any d in C' = N!_,C;, we have

(—p',d—c)>0.

Therefore,

I

I
(c—md—c)=(=> pd—c)=)Y (-p'd—c) >0,
=1

i=1

from which we conclude that ¢ = Pox.
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