CHAPTER 2

Qualitative Solution Sketching for
First-Order Differential Equations

Beverly Henderson West*

1. Introduction

Qualitative solution sketching, as explained in this module, can yield very
useful information about the solutions y = f(x) to a given differential
equation y* = g(x, y). In particular, it usually allows you to examine the
limiting or long-range behavior for y as x — oo without actually coming up
with an explicit expression for the solution. Frequently, an explicit solution
is unnecessary or technically difficult, or it might not exist at all in terms of
elementary functions (polynomial, trigonometric, logarithmic, exponential).
In these cases the qualitative approach may be a lifesaver—or at least a
worksaver.

Recall that the differential equation y* = g(x, y) has a whole family of
solutions of the form y = f(x). Different solutions in the family result from
different values of the constant of integration, e.g., y' = | has a family of
solutions y = x + ¢ (see Fig. 2.1). For a particular problem, the value of ¢
is determined by some given condition f(x,) = y,; this determines which
member of the family of solutions is the solution. However, we shall not be
looking for explicit solutions, much less particular solutions, so we shall be
sketching the family of solutions to each differential equation.

In elementary calculus you learned how derivatives could be used in
graphing a function. Now we shall capitalize on those skills and show how
to do it even when you do not have the explicit equation y = f(x) to help
you (Sections 2—-4). Furthermore, we shall see that much additional informa-
tion on equilibria and stability of solutions can be extracted from these
sketches (Section 3).
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Figure 2.1

2. Direction Field

If a first-order differential equation can be put in the form y* = g(x, y), then
we can determine the slope of the solution y = f(x) through any point (x, y).
Graphically, we can draw a short line of the proper slope through each of

many peints (x, y) in the plane. This is called a direction map or direction
field.

ExampLE 1. Consider
dy
= = —xy. 1
v Xy (1)

You might start off with a few simple calculations, as tabulated here.

L_dy _

X ¥ y = dx xy
ifx=0orify =0,y =0, so the direction 0 anything 0
lines along both axes are all horizontal anything 0 0
fx=1,3 = —1,s0 1 1 —1

1 2 -2
ifx=1/2, v = —y/2, s0 1/2 1 -1/2

1/2 2 -1

With very little further precise calculation, you can continue to fill in
graphically the direction field by noting facts as the following.
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(1) Symmetry exists about the origin and about both axes, so considering

the first quadrant in detail gives you all the information for the other
three.

(2) For fixed x, the slopes get steeper as ¥ increases.
(3) For fixed y, the slopes get steeper as x increases.

Thus you can arrive rather quickly at a direction field (Fig. 2.2).

A direction field such as this gives a visual indication of the family of all
possible solutions to the differential equation. Any one solution must be
tangent to these direction lines for each point through which it passes.
Usually, the solutions can be put in the form ¥ = f(x), with each member of
the family having different values of the constant which results from integra-
tion. For instance, the general solution to (1) is, in fact, y = ge ™7, and
one of these solutions, with a = 3, has been drawn in on the direction field
so that you may see how it fits all the direction lines of the map. The actual
solution is easily obtained by separation of variables:

’

Yy o= —xy

dy
y
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Figure 2.3

3. Relevance of Uniqueness Theorems

Whenever a uniqueness theorem applies to a first-order differential equation,
there can be only one solution through any point (x, y), so no two solutions
can ever cross. This is terribly helpful information when you are trying to
sketch a family of solutions. For instance, in Example 1, this means the
only way to draw in a family of solutions on that direction field is as illus-
trated in Figure 2.3.

You will now want to know “‘when does a uniqueness theorem apply?”
The closest we can come to an easy answer is “usually” for first-order
ordinary differential equations. To be mathematically precise is rather
complicated. Any elementary text on differential equations will focus on
this equation and will state some theorem such as the following.

Theorem. For a first-order differential equation y" = g(x,y) with initial
condition y(xq) = yo, a sufficient (though not necessary) condition that a
unique solution y = f(x) exist is that g and dg[0y be real, finite, single-valued,
and continuous over a rectangular region of the plane containing the point
(X0, Yo)-

Seldom do elementary texts prove such theorems. A notable exception is
Martin Braun’s Differential Equations and their Applications (New York:
Springer—Verlag, 1978, 2nd ed.).’ In Chapter 1.10 Braun gives an excellent
discussion, with proofs, of questions of uniqueness and existence. This
treatment is easily accessible to anyone with a simple elementary calculus
background.

In any case, you can see that the criterion for uniqueness of solutions to
¥ = g(x, y) with a given condition is roughly that g and dg/dy are “‘nice.”
We shall now look at some of the many cases where this is so.

! See also W. E. Boyce and R. C. Di Prima, Elementary Differential Equations and Boundary
Value Problems (New York: Wiley, 1977, 3rd ed.)
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Figure 2.12

The graph of Example 4 demonstrates a stable equilibrium at y= -3
and an unstable equilibrium at y = 2. What does this mean physically? A
possible interpretation of this unstable equilibrium is given by the following.
Suppose y(x) represents millions of bacteria on a plate at time x. Suppose
you have a plate with 2,000,000 bacteria at time Xo. Then you are on the
y(x) = 2 equilibrium solution. If someone sneezes on the plate at time x,,
suddenly giving you 2,000,126 bacteria, you now go onto one of the y” > 0,
»” > Osolutions, and the number of bacteria increases drastically. Similarly,
if you had removed 617 of the bacteria at time Xg, your population of
1,999,383 would now be represented by one of the ¥ <0, y” < 0 curves,
and the number of bacteria will decrease as time passes. So, when we jiggle
or perturb this equilibrium solution y = 2, the conditions change drastically.
The new situation never returns to y = 2.

On the other hand, if a system is perturbed near a stable equilibrium,
such as N = k of Example 3, it tends to come right back to the equilibrium.
A population of N = k would tend to remain at N = %, and one with N
close to k will move toward the level N = k. This question of stability is
crucial in many applied problems (see Exercises 5-8, 17, 18).

Now it is time for you to try some problems. Again, the point of this
chapter is to teach you how to do it, not to show that some people can. Try
some of the Exercises 1-19. Talk with someone else if you get stuck. When
you feel you have conquered some of those, try the following.

6. A More Difficult Example

ExaMmPLE 5. Sketch solutions for

’

yo=2x -y (5)

Try this problem before reading further. Then the following explanations
are more apt to clarify and less apt to confuse or complicate your thinking.

1) Look at y':

It

y =0, for p=2x
vy >0, for p<2x
vy <0, for p>2x

LR LA “w@

¥
\F y=2x
y'<o =
negative z.ln\_ _
slope | = Y>>0
H\. positive
- slope
N D e
Figure 2.13
¥
~ ‘__\umk-m
\:VO ( E \W
concave : ;
up |\ y<o
S/ concave
fw N down

N
e

Figure 2.14

which gives us, so far, Figure 2.13. (Note: Where )’ = 0, y is not a constant.
Therefore, there is no equilibrium, no horizontal solution.)

2) Look at y” .

k:ﬂwlﬁ"wlwk;.%
y'=0,fory =2x — 2
y'>0,fory > 2x — 2
yo<0,fory < 2x — 2

giving us, in addition to the information in 1), Figure 2.14.

3) Put it together:

Y ¥ y” Conclusion
Greater than (to the left of) y = 2x -+ N
Between y = 2xand y = 2x — 2 + + S
Less than (to theright of ) y = 2x — 2 + _ el
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42 2. Qualitative Solution Sketching for First-Order Differential Equations

Exercises
(The most challenging exercises are denoted by a dagger.)

For Exercises 1-4, sketch solution to the given differential equations.

LYoy

dx X

dy
2. = =y

dx 7
x4y 1= -y
A.%‘”N‘E.

X

5. Nutrients flow into a cell at a constant rate of R molecules per unit time and leave
it at a rate proportional to the concentration, with constant of proportionality K.
Let N be the concentration at time ¢. Then the mathematical description of the rate
of change of nutrients in the above process is

N = R — KN;

dt
that is, the rate of change of N is equal to the rate at which nutrients are entering
the cell minus the rate at which they are leaving. Will the concentration of nutrients
reach an equilibrium? If so, what is it and is it stable? Explain, using a graph of

the solutions to this equation.

6. Suppose that the average new professor at a university begins checking books out
of the library at the rate of one per day. Suppose further that the library recalls,
in an average week, 1/10 of the books checked out. How many books does the
average professor than have checked out at any one time after he has been around

several years?

7. Suppose that an island is colonized by immigration from the mainland. Suppose
further that there are S species on the mainland and, at time ¢, N(¢) on the island.
The rate that new species immigrate to the island and colonize is proportional to
the number of species on the mainland which are not already established on the
island (S — N(1)), with constant of proportionality /. Moreover, on the island
species become extinct at a rate proportional to the number of species on the island,
with constant of proportionality E. Show that the number of species on the island
will reach an equilibrium number approximately = [f/(/ + E)]S. Sketch the curve
of N as a function of 1.

8. Suppose a hard rock fan club starts out at time ¢ = 0 with N, fanatical members.
The club would no doubt grow at a rate proportional to the membership, except
there are at most M people who are at all interested in such music. Hence as the
membership approaches M the rate decreases because new recruits become harder
to find. So in actuality, the rate of increase is proportional to the product of the
number of members and the number of remaining interested people. Give the
differential equation involving membership, N(r). How many memberships can
the organizers expect to sell per year, assuming the constants remain steady for a

few years?

"21. Sketch the curve y(x) =

Exercises
43

m:mwmwow M‘ number of solutions to the following equations. Your sketches
ould exhibit the correct slope and concavity and indicate points of inflec-

tion.
9.y =y — 1.
10. ' = p(y — 2(y — 4).

Iy = (e™ - Dy,
123" = (y = (3 + ). Include the solution where y(0) = 1.5,

13, dyfdx = x(2 — p)j(x + 1), x > 0. Find all equilibrium points, and classify the
as stable or unstable. Sketch the solutions which cross the v mxwm at0,1,2 wmsa wﬁ
E.mka sure your curves have the correct slope at x = 0. However, 3~ ww ‘<ﬂw .
plicated to find, so you might try to do without looking at it. 7 yeem

14, mw.mﬂnr a moHE.wo: to the equation »* + 3* = 16 when »(0) = 0. Find the equili
brium values, if any, and tell whether they are stable or unstable. ’

15. Sketch a solution to the equation Y 4+ y? = 8 when y(0) =

. 0. Find ilibri
values, if any, and tell whether they are stable or unstable. aulorium

16. Without solving the differential equation y' = x + y, sketch a solution between

x=0and x = | satisfying =
d ying ¥(0) = 0. Make sure your curve has t
at the origin and the correct concavity. he correctslope

7. Water flows into a conical tank at a rate of k, units of volume per unit time. Water
m<mﬁv0w,m8m from the tank at a rate proportional to %3 where I is the volume of

w .
ater in the tank. Let the constant of proportionality be k. Find the differential

ODEN:OS mm.:mmmﬁ _.._w_ V ’U(:TC_.: sol mg it € solu . mm there a
s S
X ving Wmnﬂ: some 50l tions mu I n

18. A population of bugs on a plate tend to live in a circular colony. If N is the be
of bugs and r, is the per capita growth rate, then dN/fdt = r 2 is the Em__HME. y
growth rule. Eoe.zmﬁwﬁ those bugs on the perimeter suffer w:wB cold, and th cw%s
m.ﬁ arate _unowuoﬂ:o:m_ to their number, which means that they die at mﬂ rate Muw Q_n
tional to N*2. Let this constant of proportionality be r,. Find the aﬁmﬁ%&%

equation satisfied by N. Without solving i
atior . ng it, sketch i
equilibrium? If so, is it stable? : rome soluions. s there an

19, = i ili
hﬁmﬁcﬂe\\&k Y((1/x) — 1), x > 1. Find all equilibrium points and classify them as
mmm. e or .c:mz&_m. Sketch solutions with »(1) = land y(1) = —1. Indicate points
o E:o.n:o:. Your curves should have the correct slope at x = 1 and the correct
concavity. For a general solution ¥(x), what happens as x — o0 ?

'20. Consider the differential equation ' = e* — y. Without solving this i
sketch solutions passing through the following points: (0 1) M €) Aolﬂ%mm_w?
(0, Swi, 0), (—1,0). In addition to these curves and no,o_.nmumﬂ.n m.xnm mrﬂmw
¥ = €% Your curves should exhibit the correct slope at the given points umua the

correct concavity. You should write d i
. Own your reasoning.
of stable solution? e Deyou sec any sor

x

-2 . .
e”" dt, paying careful attention to slope, concavity,

and initial value y(0). Hiny-
o ¥(0). Hint: Use the Fundamental Theorem of Calculus to notice




