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Arc Length of a Polar Curve 

If a curve has the polar equation 𝑟 = 𝑓 𝜃 , where 𝑓′ 𝜃  
is continuous for 𝛼 ≤ 𝜃 ≤ 𝛽,  
then its arc length 𝐿 from 𝜃 = 𝛼 to 𝜃 = 𝛽 is 

𝐿 = � 𝑓 𝜃 2 + 𝑓′ 𝜃 2

𝛽

𝛼

𝑑𝜃 

or equivalently 

𝐿 = � 𝑟2 +
𝑑𝑟
𝑑𝜃

2𝛽

𝛼

𝑑𝜃 
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Arc Length of a Polar Curve 
(Rough Proof) 

Very Rough Proof: 
In rectangular coordinates: 

𝐿 = � 1 +
𝑑𝑑
𝑑𝑑

2𝑏

𝑎
𝑑𝑑 

= � 1 +
𝑑𝑑 𝑑𝜃⁄
𝑑𝑑 𝑑𝜃⁄

2𝑏

𝑎
𝑑𝑑 

= �
𝑑𝑑 𝑑𝜃⁄
𝑑𝑑 𝑑𝜃⁄

2

+
𝑑𝑑 𝑑𝜃⁄
𝑑𝑑 𝑑𝜃⁄

2𝑏

𝑎
𝑑𝑑 

= �
𝑑𝑑 𝑑𝜃⁄ 2 + 𝑑𝑑 𝑑𝜃⁄ 2

𝑑𝑑 𝑑𝜃⁄ 2

𝑏

𝑎
𝑑𝑑 
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Arc Length of a Polar Curve 
(Rough Proof continued) 

𝐿 = �
−𝑟 sin 𝜃 + cos𝜃 𝑑𝑟𝑑𝜃

2
+ 𝑟 cos 𝜃 + sin 𝜃 𝑑𝑟𝑑𝜃

2

𝑑𝑑 𝑑𝜃⁄

𝑏

𝑎
𝑑𝑑 

= �
𝑟2 sin2 𝜃 − 2𝑟 sin 𝜃 cos 𝜃 𝑑𝑟𝑑𝜃 + cos2 𝜃 𝑑𝑟

𝑑𝜃
2

+ 𝑟2 cos2 𝜃 + 2𝑟 sin 𝜃 cos𝜃 𝑑𝑟𝑑𝜃 + sin2 𝜃 𝑑𝑟
𝑑𝜃

2

𝑑𝑑 𝑑𝜃⁄

𝑏

𝑎
𝑑𝑑 

= �
𝑟2 sin2 𝜃 + 𝑟2 cos2 𝜃 + cos2 𝜃 𝑑𝑟

𝑑𝜃
2

+ sin2 𝜃 𝑑𝑟
𝑑𝜃

2

𝑑𝑑 𝑑𝜃⁄

𝑏

𝑎
𝑑𝑑 
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Arc Length of a Polar Curve 
(Rough Proof continued) 

𝐿 = �
𝑟2 + 𝑑𝑟

𝑑𝜃
2

𝑑𝑑 𝑑𝜃⁄

𝑏

𝑎
𝑑𝑑 

Making the change: 

𝑎 = 𝑟 cos𝛼 ⇒ 𝜃 = cos−1
𝑎
𝑟  = 𝛼  

𝑏 = 𝑟 cos𝛽 ⇒ 𝜃 = cos−1
𝑏
𝑟  = 𝛽  

𝑑𝑑 =
𝑑𝑑
𝑑𝜃 𝑑𝜃 ⇒

𝑑𝑑
𝑑𝑑 𝑑𝜃⁄ = 𝑑𝜃 

we get: 

𝐿 = � 𝑟2 +
𝑑𝑟
𝑑𝜃

2𝛽

𝛼

𝑑𝜃 
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Example 1 

Find the arc length of the spiral 𝑟 = 𝑒𝜃 between 𝜃 = 0 
and 𝜃 = 1. 
 
Solution: 

𝐿 = � 𝑟2 +
𝑑𝑟
𝑑𝜃

2𝛽

𝛼

𝑑𝜃 = � 𝑒𝜃 2 + 𝑒𝜃 2

1

0

𝑑𝜃 

= � 2𝑒𝜃
1

0

𝑑𝜃 = 2𝑒𝜃�
0

1
= 2 𝑒 − 1 . 
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Example 2 

Find the total arc length of 
the cardioid 

𝑟 = 2 1 + cos𝜃 . 
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Example 2 (continued) 

Solution: 
The cardioid is traced out once as 𝜃 varies from 
𝜃 = 0 to 𝜃 = 2𝜋. 

𝐿 = � 𝑟2 +
𝑑𝑟
𝑑𝜃

2𝛽

𝛼

𝑑𝜃 

= � 2 1 + cos𝜃 2 + −2 sin𝜃 2

2𝜋

0

𝑑𝜃 



Example 2 (continued) 

𝐿 = � 4 + 8 cos𝜃 + 4 cos2 𝜃 + 4 sin2 𝜃
2𝜋

0

𝑑𝜃 

= � 8 + 8 cos𝜃
2𝜋

0

𝑑𝜃 = 2 2� 1 + cos𝜃
2𝜋

0

𝑑𝜃 

= 2 2� 2 cos2
𝜃
2

2𝜋

0

𝑑𝜃 = 4� cos
𝜃
2

2𝜋

0

𝑑𝜃 
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Example 2 (continued) 

Since 

cos
𝜃
2
≥ 0 when 0 ≤ 𝜃 ≤ 𝜋 

and 

cos
𝜃
2
≤ 0 when 𝜋 ≤ 𝜃 ≤ 2𝜋 

we get 

𝐿 = 4� cos
𝜃
2

2𝜋

0

𝑑𝜃 = 4� cos
𝜃
2

𝜋

0

𝑑𝜃 − 4� cos
𝜃
2

2𝜋

𝜋

𝑑𝜃 
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Example 2 (continued) 

𝐿 = 4� cos
𝜃
2

𝜋

0

𝑑𝜃 − 4� cos
𝜃
2

2𝜋

𝜋

𝑑𝜃 

= 8 sin
𝜃
2
�
0

𝜋

− 8 sin
𝜃
2
�
𝜋

2𝜋

 

 
= 16 
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