The Fundamental Theorem of
Calculus



Recall: The Fundamental Theorem of
Calculus

(a) Let f be continuous on an openinterval I, and leta € I. If

F(x) =j f(t)dt
Then ’

d
P = 4o F@) = 1| [ r0 e = 1w

(b) If f is continuous on |a, b] and if F is an antiderivative of f
on |[a, b], then

b
| r@ax=Fo) - F@



Find

Example 1

e _
J cos(t) dt
0




Example 1 (continued)

Solution:
d

where

and

- _
—f cos(t) dt
dx|J,

Foo = |

0

X

cos(t) dt

= % [f(g(0)]

g(x) =+/x



Example 1 (continued)

By the Chain Rule:

d \/E | d ! /
- fo cos(t) dt_ = E[f(g(x))] =f'(g() - g'(x)

Now

flx) = —U cos(t) dt] = cos(x)
f' (g(x)) = COS(g(x)) = cos+/x

and
1

d 1
90 = (=52 = o



Example 1 (continued)

Therefore
d | v '
—f cos(t) dt
dx|J,
— cos(yE) - —
= cos(+/x N
COS VX




Discovery from Example 1

" rg(x) I
f f(t)dt

= f(9(x)) - g'(x)



Find

Solution:

Example 2

d 0
dx j';an(x) 1

O

el

dx |

tan(a&)
|

1

d 0
E J‘can(x) 1+ t?

1

1+ t?

dt

dt




i tan(x) 1 ]
dt
dx | J; _

Example 2 (continued)

1+ ¢t2
1

1+ (tan(x))2
sec?(x)

1 + tan?(x)

sec?(x
( )::__1

sec?(x)

(tan(X))



Example 3

Find the total area
between the region

y = sec(x) tan(x),—— <

= | S

7T .
X < " and the x-axis.

y = sec(x) tan(x)
ty
1.5

I

05

0.5




Example 3 (continued)

y = sec(x) tan(x)
Ty

L5

I

05

Solution:

0.5

In order to find the total
area, we will need to
calculate the area below
the x-axis and the area

" above the x-axis.



Example 3 (continued)

A, = area under the x—axis

0
— —f sec(x) tan(x) dx
—1t/4
0
—1/4

= —sec(0) — (— sec (— %)) =—-1++2

= —sec(x)]



Example 3 (continued)

A, = area above the x—axis
/4
= f sec(x) tan(x) dx
0
= sec(x)]ﬂ(/)4

= sec (%) —sec(0) =v2 -1



Example 6 (continued)

Answer:

The total area is:

A=A1+A2
=(-1+v2)+(vV2-1)
=22 =2



Displacement and Distance Traveled

Suppose v(t) is the velocity of an object moving
along a straight line and that s(t) is the position.

S=fvdt

It follows from the First Fundamental Theorem of
Calculus that the displacement of that object over
the time interval [a, b] is

b

s(b) —s(a) = j v(t) dt

a



Displacement and Distance Traveled

To find the total distance traveled, which is the
distance traveled in the positive direction plus
the distance traveled in the negative direction,
we have:

total distance traveled during time

b
interval [a, b] =f lv(t)| dt
a
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