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Theorem 

If 𝑢 = 𝑔 𝑥  and 𝑑𝑢
𝑑𝑑

= 𝑔′ 𝑥  is continuous on 
𝑎, 𝑏  and if 𝑓 is continuous on 𝑅 𝑔  (= the 

range of 𝑔), then 

� 𝑓 𝑢
𝑑𝑑
𝑑𝑑

𝑏

𝑎
𝑑𝑥 = � 𝑓 𝑢

𝑔 𝑏

𝑔 𝑎
𝑑𝑑 
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Theorem Rough Proof 

Let 𝐹′ 𝑥 = 𝑓 𝑥 . Then 
𝑑
𝑑𝑑

𝐹 𝑔 𝑥 = 𝐹′ 𝑔 𝑥 ∙ 𝑔′ 𝑥  

= 𝐹′ 𝑢 ∙
𝑑𝑑
𝑑𝑑

 

= 𝑓 𝑢
𝑑𝑑
𝑑𝑑

 

So the left hand side of the equation on the 
Theorem becomes: 
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Theorem Rough Proof (continued) 

� 𝑓 𝑢
𝑑𝑑
𝑑𝑑

𝑏

𝑎
𝑑𝑥 = �

𝑑
𝑑𝑑

𝐹 𝑔 𝑥
𝑏

𝑎
𝑑𝑥 

= 𝐹 𝑔 𝑥 �
𝑎

𝑏
= 𝐹 𝑔 𝑏 − 𝐹 𝑔 𝑎  

= 𝐹 𝑢 �
𝑔 𝑎

𝑔 𝑏
 

= � 𝑓 𝑢
𝑔 𝑏

𝑔 𝑎
𝑑𝑑, 

proving our theorem. 
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Example 1 

Evaluate 

� 2𝑥 𝑥2 + 1 3
2

0
𝑑𝑥 

Solution: 
We will use substitution to solve this. 

𝑢 = 𝑥2 + 1 
𝑑𝑑 = 2𝑥𝑥𝑥 
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Example 1 (continued) 

When we make the substitution, we are no longer 
in “𝑥” land – we have moved to “𝑢” land, so we 
need to change every part of the original integral to 
be in terms of 𝑢 – including the limits of integration. 

𝑢 = 𝑥2 + 1 
𝑑𝑑 = 2𝑥𝑥𝑥 

Upper limit of integration:  
𝑥 = 2 ⇒ 𝑢 = 22 + 1 = 5 

Lower limit of integration: 
𝑥 = 0 ⇒ 𝑢 = 02 + 1 = 1 
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Example 1 (continued) 

� 2𝑥 𝑥2 + 1 3
2

0
𝑑𝑥 = � 𝑥2 + 1 3

2

0
∙ 2𝑥 𝑑𝑥 

= � 𝑢3
5

1
𝑑𝑢 =

1
4
𝑢4�

1

5
 

=
1
4
∙ 54 −

1
4
∙ 14 = 156 

Notice that since we changed the limits of 
integration, we did not need to replace 𝑢 with its 
equivalent in 𝑥. 
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Example 2 

Evaluate 

� cos 𝜋 − 𝑥
𝜋 4⁄

0
𝑑𝑥 

Solution: 
𝑢 = 𝜋 − 𝑥 

𝑑𝑑 = −𝑑𝑑 ⇒ −𝑑𝑑 = 𝑑𝑑 

𝑥 =
𝜋
4
⇒ 𝑢 = 𝜋 −

𝜋
4

=
3𝜋
4

 

𝑥 = 0 ⇒ 𝑢 = 𝜋 − 0 = 𝜋 
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Example 2 (continued) 

� cos 𝜋 − 𝑥
𝜋 4⁄

0
𝑑𝑥 = � cos 𝑢

3𝜋 4⁄

𝜋
−𝑑𝑢  

= � cos 𝑢
𝜋

3𝜋 4⁄
𝑑𝑢 = sin 𝑢 �

3𝜋 4⁄

𝜋
 

= sin 𝜋 − sin
3𝜋
4

= −
2

2
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Theorem 

• If 𝑓 is even, then 

� 𝑓 𝑥
𝑎

−𝑎
𝑑𝑥

= 2� 𝑓 𝑥
𝑎

0
𝑑𝑥 

• If 𝑓 is odd, then 

� 𝑓 𝑥
𝑎

−𝑎
𝑑𝑥 = 0 

J. Gonzalez-Zugasti, University of 
Massachusetts - Lowell 10 



Example 3 

� cos 𝑥
𝜋 4⁄

−𝜋 4⁄
𝑑𝑥 

= 2 ∫ cos 𝑥𝜋 4⁄
0 𝑑𝑥 = 2sin 𝑥 |0

𝜋 4⁄  
= 2 sin

𝜋
4

− 2 sin 0 = 2 

 

� sin 𝑥
𝜋 4⁄

−𝜋 4⁄
𝑑𝑥 

= 0 
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Home On the Range 
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