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Example 1 

Find the length of the curve 𝑥 = 𝑦3 2⁄

3
− 𝑦1 2⁄  

from 𝑦 = 1 to 𝑦 = 9. 
 
Solution: 

𝑥 =
𝑦3 2⁄

3
− 𝑦1 2⁄  

𝑑𝑥
𝑑𝑦

=
1
2
𝑦1 2⁄ −

1
2
𝑦−1 2⁄  
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Example 1 (continued) 

𝐿 = � 1 + 𝑔′ 𝑦 2
𝑑

𝑐
𝑑𝑦 

= � 1 +
1
2
𝑦1 2⁄ −

1
2
𝑦−1 2⁄

29

1
𝑑𝑦 

 
 

= � 1 +
1
2
𝑦1 2⁄

2

− 2
1
2
𝑦1 2⁄ 1

2
𝑦−1 2⁄ +

1
2
𝑦−1 2⁄

29

1
𝑑𝑦 

= � 1 +
1
2
𝑦1 2⁄

2

−
1
2

+
1
2
𝑦−1 2⁄

29

1
𝑑𝑦 
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𝑎 𝑏 𝑎 − 𝑏 2 = 𝑎2 − 2𝑎𝑏 + 𝑏2 



Example 1 (continued) 

𝐿 = � 1 +
1
2
𝑦1 2⁄

2

−
1
2

+
1
2
𝑦−1 2⁄

29

1
𝑑𝑦 

= �
1
2
𝑦1 2⁄

2

+
1
2

+
1
2
𝑦−1 2⁄

29

1
𝑑𝑦 

= �
1
2
𝑦1 2⁄

2

+ 2
1
2
𝑦1 2⁄ 1

2
𝑦−1 2⁄ +

1
2
𝑦−1 2⁄

29

1
𝑑𝑦 

 
 

= �
1
2
𝑦1 2⁄ +

1
2
𝑦−1 2⁄

29

1
𝑑𝑦 
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𝑎 𝑏 𝑏 𝑎 

𝑎 + 𝑏 2 = 𝑎2 + 2𝑎𝑏 + 𝑏2 



Example 1 (continued) 

𝐿 = �
1
2
𝑦1 2⁄ +

1
2
𝑦−1 2⁄

29

1
𝑑𝑦 

= �
1
2
𝑦1 2⁄ +

1
2
𝑦−1 2⁄

9

1
𝑑𝑦 

= ⋯ =
32
3
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Example 2 

Find the length of the curve 𝑦 = 𝑥3

3
+ 𝑥2 + 𝑥 + 1

4𝑥+4
  on 

0 ≤ 𝑥 ≤ 2. 
 
Solution: 

𝑦 =
𝑥3

3
+ 𝑥2 + 𝑥 +

1
4𝑥 + 4

 
𝑑𝑦
𝑑𝑥

= 𝑥2 + 2𝑥 + 1 −
4

4𝑥 + 4 2 

= 𝑥 + 1 2 −
1

4 𝑥 + 1 2 
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4
4𝑥 + 4 2  

=
4

4 𝑥 + 1 2

=
4

42 𝑥 + 1 2

=
1

4 𝑥 + 1 2 



Example 2 (continued) 

𝐿 = � 1 + 𝑓′ 𝑥 2
𝑏

𝑎
𝑑𝑥 

= � 1 + 𝑥 + 1 2 −
1

4 𝑥 + 1 2

22

0
𝑑𝑦 

 

= � 1 + 𝑥 + 1 2 2 − 2 𝑥 + 1 2 1
4 𝑥 + 1 2 +

1
4 𝑥 + 1 2

22

0
𝑑𝑥 

 

= � 1 + 𝑥 + 1 2 2 −
1
2 +

1
4 𝑥 + 1 2

22

0
𝑑𝑥 
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Example 2 (continued) 

𝐿 = � 1 + 𝑥 + 1 2 2 −
1
2

+
1

4 𝑥 + 1 2

22

0
𝑑𝑥 

 

= � 𝑥 + 1 2 2 +
1
2 +

1
4 𝑥 + 1 2

22

0
𝑑𝑥 

 

= � 𝑥 + 1 2 2 + 2 𝑥 + 1 2 1
4 𝑥 + 1 2 +

1
4 𝑥 + 1 2

22

0
𝑑𝑥 

 

= � 𝑥 + 1 2 +
1

4 𝑥 + 1 2

22

0
𝑑𝑥 
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Example 2 (continued) 

𝐿 = � 𝑥 + 1 2 +
1

4 𝑥 + 1 2

22

0
𝑑𝑥 

= � 𝑥 + 1 2 +
1

4 𝑥 + 1 2

2

0
𝑑𝑥 

 
𝑢 = 𝑥 + 1 
𝑑𝑢 = 𝑑𝑥 

𝑥 = 2 ⇒ 𝑢 = 3 
𝑥 = 0 ⇒ 𝑢 = 1 

 
 J. Gonzalez-Zugasti, University of 

Massachusetts - Lowell 9 



Example 2 (continued) 

𝐿 = � 𝑥 + 1 2 +
1

4 𝑥 + 1 2

2

0
𝑑𝑥 

= � 𝑢2 +
1

4𝑢2
3

1
𝑑𝑢 

= ⋯ =
53
6
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http://mrhodotnet.blogspot.com/2011/11/function-and-its-inverse-office-supply.html 
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