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Integrals involving 𝑎𝑥2 + 𝑏𝑥 + 𝑐 
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Completing the Square 
Goal: Rewrite 𝑎𝑥2 + 𝑏𝑥 + 𝑐 in the form 𝑎 𝑥 − ℎ 2 + 𝑘 
 

𝑎𝑥2 + 𝑏𝑥 + 𝑐 = 𝑎 𝑥2 +
𝑏
𝑎
𝑥 + 𝑐 

 

= 𝑎 𝑥2 +
𝑏
𝑎
𝑥 +

𝑏
2𝑎

2

+ 𝑐 − 𝑎
𝑏
2𝑎

2

 

 

= 𝑎 𝑥 +
𝑏
2𝑎

2

+ 𝑐 −
𝑏2

4𝑎
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ℎ = −
𝑏
2𝑎 , 𝑘 = 𝑐 −

𝑏2

4𝑎 



Integrals involving 𝑎𝑥2 + 𝑏𝑥 + 𝑐 

𝑎𝑥2 + 𝑏𝑥 + 𝑐 = 𝑎 𝑥 +
𝑏
2𝑎

2

+ 𝑐 −
𝑏2

4𝑎
 

When you integrate, make the substitution 

𝑢 = 𝑥 +
𝑏
2𝑎

 

so that 
𝑎𝑥2 + 𝑏𝑥 + 𝑐 = 𝑎 ∙ 𝑢2 + 𝑑 

where 

𝑑 = 𝑐 −
𝑏2

4𝑎
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Example 1 

Evaluate 

�
1

𝑥2 − 2𝑥 + 5
𝑑𝑥 

 
Solution: 
Completing the square we get: 

𝑥2 − 2𝑥 + 5 = 𝑥2 − 2𝑥 + 1 + 5 − 1 
= 𝑥 − 1 2 + 4 
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Example 1 (continued) 

�
1

𝑥2 − 2𝑥 + 5𝑑𝑥 = �
1

𝑥 − 1 2 + 4 
𝑑𝑥 

𝑢 = 𝑥 − 1 
𝑑𝑢 = 𝑑𝑥 

 

= �
1

𝑢2 + 4𝑑𝑢 

 

= �
1

4 𝑢2
4 + 1

𝑑𝑢 
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𝑑
𝑑𝑥 tan−1 𝑥 = 

1
1 + 𝑥2 



Example 1 (continued) 

�
1

4 𝑢2
4 + 1

𝑑𝑢 =
1
4
�

1
𝑢
2

2
+ 1

𝑑𝑢 

 

=
1
4
∙ 2 tan−1

𝑢
2

+ 𝐶 

 

=
1
2

tan−1
𝑥 − 1

2
+ 𝐶 
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Example 2 

Evaluate 

�
𝑥

𝑥2 − 4𝑥 + 8
𝑑𝑥 

 
Solution: 
Completing the square we get: 

𝑥2 − 4𝑥 + 8 = 𝑥2 − 4𝑥 + 4 + 8 − 4 
= 𝑥 − 2 2 + 4 
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Example 2 (continued) 

�
𝑥

𝑥2 − 4𝑥 + 8
𝑑𝑥 = �

𝑥
𝑥 − 2 2 + 4 

𝑑𝑥 

𝑢 = 𝑥 − 2 ⇒ 𝑢 + 2 = 𝑥 
𝑑𝑢 = 𝑑𝑥 

= �
𝑢 + 2
𝑢2 + 4

𝑑𝑢 

= �
𝑢

𝑢2 + 4
𝑑𝑢 + �

2
𝑢2 + 4

𝑑𝑢 
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Example 2 (continued) 

From Example 1, we know that 

�
1

𝑢2 + 4
𝑑𝑢 =

1
2

tan−1
𝑢
2

+ 𝐶 

Using this we get 

�
𝑢

𝑢2 + 4
𝑑𝑢 + �

2
𝑢2 + 4

𝑑𝑢

= �
𝑢

𝑢2 + 4
𝑑𝑢 + 2 ∙

1
2

tan−1
𝑢
2
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Example 2 (continued) 

�
𝑢

𝑢2 + 4
𝑑𝑢 + 2 ∙

1
2

tan−1
𝑢
2

 

𝑣 = 𝑢2 + 4 

𝑑𝑣 = 2𝑢 𝑑𝑢 ⇒
1
2
𝑑𝑣 = 𝑢 𝑑𝑢 

= �
1
𝑣
∙

1
2
𝑑𝑣 + tan−1

𝑢
2

 

=
1
2
∙ ln 𝑣 + tan−1

𝑢
2

+ 𝐶 
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Example 2 (continued) 

1
2
∙ ln 𝑣 + tan−1

𝑢
2

+ 𝐶 

 

=
1
2
∙ ln 𝑢2 + 4 + tan−1

𝑢
2

+ 𝐶  

 

=
1
2
∙ ln 𝑥 − 2 2 + 4 + tan−1

𝑥 − 2
2

+ 𝐶 
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Example 3 

Evaluate 

�
1

5 − 4𝑥 − 2𝑥2
𝑑𝑥 

 
Solution: 
Completing the square we get: 
−2𝑥2 − 4𝑥 + 5 = −2 𝑥2 + 2𝑥 + 1 + 5 + 2 

= −2 𝑥 + 1 2 + 7 
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Example 3 (continued) 

�
1

5 − 4𝑥 − 2𝑥2
𝑑𝑥 = �

1

−2 𝑥 + 1 2 + 7 
𝑑𝑥 

𝑢 = 𝑥 + 1 
𝑑𝑢 = 𝑑𝑥 

= �
1

−2𝑢2 + 7
𝑑𝑢 = �

1
7 − 2𝑢2

𝑑𝑢 

= �
1

7 1 − 2
7𝑢

2
𝑑𝑢 
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𝑑
𝑑𝑥 sin−1 𝑥 = 

1
1 − 𝑥2

 



Example 3 (continued) 

�
1

7 1 − 2
7𝑢

2
𝑑𝑢 = �

1

7 1 − 2
7 ∙ 𝑢

2
𝑑𝑢 

 

=
1
7
∙

7
2 ∙ sin−1

2
7 ∙ 𝑢 + 𝐶 

 

=
1
2
∙ sin−1

2
7 ∙ 𝑥 + 1 + 𝐶 
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