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Example 1 
(Rational Powers of 𝑥) 

Evaluate 

�
𝑥

1 + 𝑥3 𝑑𝑥 

 
Solution: 
Let 𝑛 be the least common multiple of the 
denominators of the exponents of 𝑥. 

𝑛 = LCM 2,3 = 6 
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Example 1 (continued) 
Now substitute 𝑢 = 𝑥1 𝑛⁄  : 
 

𝑢 = 𝑥1 6⁄ ⇒ 𝑢6 = 𝑥 

𝑑𝑢 =
1
6
𝑥−5 6⁄ 𝑑𝑥 ⇒ 6𝑢5 𝑑𝑢 = 𝑑𝑥 

 

�
𝑥

1 + 𝑥3 𝑑𝑥 = �
𝑢6

1 + 𝑢63 ∙ 6𝑢5 𝑑𝑢 

= �
𝑢3

1 + 𝑢2
∙ 6𝑢5 𝑑𝑢 

= 6�
𝑢8

1 + 𝑢2
𝑑𝑢 
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Example 1 (continued) 
Now, using long division of polynomials we can find: 

𝑢8

1 + 𝑢2 = 𝑢6 − 𝑢4 + 𝑢2 − 1 +
1

1 + 𝑢2
 

Using this we get: 

6�
𝑢8

1 + 𝑢2 𝑑𝑢 = 6� 𝑢6 − 𝑢4 + 𝑢2 − 1 +
1

1 + 𝑢2
𝑑𝑢 

= 6
1
7𝑢

7 −
1
5𝑢

5 +
1
3𝑢

3 − 𝑢 + tan−1 𝑢 + 𝐶 

 

= 6
1
7 𝑥1 6⁄ 7

−
1
5 𝑥1 6⁄ 5

+
1
3 𝑥1 6⁄ 3

− 𝑥1 6⁄ + tan−1 𝑥1 6⁄ + 𝐶 

 

=
6
7 𝑥

7 6⁄ −
6
5 𝑥

5 6⁄ + 2𝑥1 2⁄ − 6𝑥1 6⁄ + 6 tan−1 𝑥1 6⁄ + 𝐶 
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Example 2 

Evaluate 

� 1 + 𝑒𝑥 𝑑𝑥 

 
Solution: 
 

𝑢 = 1 + 𝑒𝑥 ⇒ 𝑢 − 1 = 𝑒𝑥 

𝑑𝑢 = 𝑒𝑥 𝑑𝑥 ⇒
1
𝑒𝑥
𝑑𝑢 =

1
𝑢 − 1

𝑑𝑢 = 𝑑𝑥 
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Example 2 (continued) 

� 1 + 𝑒𝑥 𝑑𝑥 = �
𝑢

𝑢 − 1
𝑑𝑢 

𝑣 = 𝑢1 2⁄ ⇒ 𝑣2 = 𝑢 
2𝑣 𝑑𝑣 = 𝑑𝑢 

= �
𝑣

𝑣2 − 1
∙ 2𝑣 𝑑𝑣 

= �
2𝑣2

𝑣2 − 1
𝑑𝑣 
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Example 2 (continued) 

Now, using long division of polynomials we can 
find: 

2𝑣2

𝑣2 − 1
= 2 1 +

1
𝑣2 − 1

 

Using this we get: 

�
2𝑣2

𝑣2 − 1
𝑑𝑣 = 2� 1 +

1
𝑣2 − 1

𝑑𝑣 
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Example 2 (continued) 

Now, using partial fractions we can find: 
1

𝑣2 − 1
=

1 2⁄
𝑣 − 1

−
1 2⁄
𝑣 + 1

 

Using this we get: 

2� 1 +
1

𝑣2 − 1
𝑑𝑣 = 2� 1 +

1 2⁄
𝑣 − 1

−
1 2⁄
𝑣 + 1

𝑑𝑣 

= 2 𝑣 +
1
2

ln 𝑣 − 1 −
1
2

ln 𝑣 + 1 + 𝐶 

= 2𝑣 + ln
𝑣 − 1
𝑣 + 1

+ 𝐶 
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Example 2 (continued) 

2𝑣 + ln
𝑣 − 1
𝑣 + 1

+ 𝐶 = 2𝑢1 2⁄ + ln
𝑢1 2⁄ − 1
𝑢1 2⁄ + 1

+ 𝐶 

 

= 2 1 + 𝑒𝑥 1 2⁄ + ln
1 + 𝑒𝑥 1 2⁄ − 1
1 + 𝑒𝑥 1 2⁄ + 1

+ 𝐶 

 

= 2 1 + 𝑒𝑥 + ln
1 + 𝑒𝑥 − 1
1 + 𝑒𝑥 + 1

+ 𝐶 

 
J. Gonzalez-Zugasti, University of 

Massachusetts - Lowell 9 



Example 3 
(Rational Expression in sin 𝑥 and cos 𝑥) 
Evaluate 

�
1

1 + sin 𝑥
𝑑𝑥 

 
Solution: 
Make the substitution: 

𝑢 = tan
𝑥
2

, −𝜋 < 𝑥 < 𝜋 
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Example 3 (continued) 

𝑢 = tan
𝑥
2

, −𝜋 < 𝑥 < 𝜋 

cos
𝑥
2

=
1

sec 𝑥
2

=
1

1 + tan2 𝑥
2

=
1

1 + 𝑢2
 

sin
𝑥
2

= tan
𝑥
2

cos
𝑥
2

=
𝑢

1 + 𝑢2
 

This is good, but we need sin 𝑥 and cos 𝑥. 
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Example 3 (continued) 

sin 𝑥 = 2 sin
𝑥
2

cos
𝑥
2

 

= 2
𝑢

1 + 𝑢2
∙

1
1 + 𝑢2

=
2𝑢

1 + 𝑢2
 

 

cos 𝑥 = 1 − 2 sin2
𝑥
2

 

= 1 −
𝑢

1 + 𝑢2

2

 

= 1 −
𝑢2

1 + 𝑢2
=

1 − 𝑢2

1 + 𝑢2
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Example 3 (continued) 

�
1

1 + sin 𝑥
𝑑𝑥 

𝑢 = tan
𝑥
2
⇒ tan−1 𝑢 =

𝑥
2

 
1

1 + 𝑢2
𝑑𝑢 =

1
2
𝑑𝑥 ⇒

2
1 + 𝑢2

𝑑𝑢 = 𝑑𝑥 

 

sin 𝑥 =
2𝑢

1 + 𝑢2
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Example 3 (continued) 

�
1

1 + sin 𝑥 𝑑𝑥 = �
1

1 + 2𝑢
1 + 𝑢2

∙
2

1 + 𝑢2 𝑑𝑢 

= 2�
1

1 + 𝑢2 + 2𝑢 𝑑𝑢 = 2�
1

𝑢2 + 2𝑢 + 1𝑑𝑢 

= 2�
1

𝑢 + 1 2 𝑑𝑢 

= 2 − 𝑢 + 1 −1 + 𝐶 =
−2
𝑢 + 1 + 𝐶 

=
−2

tan 𝑥
2 + 1

+ 𝐶 

 
J. Gonzalez-Zugasti, University of 

Massachusetts - Lowell 14 



J. Gonzalez-Zugasti, University of 
Massachusetts - Lowell 15 

The Reason Why Math Is Awesome 
http://math-fail.com/page/28 
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