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The Binomial Series 

If 𝑚 is a real number then the Maclaurin series for 
1 + 𝑥 𝑚 is called the binomial series. 

 

1 + 𝑚𝑥 +
𝑚 𝑚 − 1

2!
𝑥2 +

𝑚 𝑚 − 1 𝑚 − 2
3!

𝑥3 + ⋯

+
𝑚 𝑚 − 1 𝑚 − 2 ⋯ 𝑚 − 𝑘 − 1

3!
𝑥𝑘 + ⋯ 

 
This converges to 1 + 𝑥 𝑚 for 𝑥 < 1. 
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Notation 

𝑚 is any real number, 𝑘 is any non-negative integer 
 

𝑚
0

= 1 

 
𝑚
1

= 𝑚 

 
𝑚
𝑘

=
𝑚 𝑚 − 1 𝑚 − 2 ⋯ 𝑚− 𝑘 − 1

𝑘!
, 𝑘 ≥ 3 
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The Binomial Series 

If 𝑚 is a real number then  

1 + 𝑥 𝑚 = �
𝑚
𝑘

𝑥𝑘
∞

𝑘=0

 

for 𝑥 < 1. 
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Example 1 
Express 

1
1 + 𝑥

= 1 + 𝑥 −1 2⁄  

as a binomial series. 
 
Solution: 

𝑚 = −
1
2

 
 

1 + 𝑥 −1 2⁄ = �
−1 2⁄
𝑘

𝑥𝑘
∞

𝑘=0
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Example 1 (continued) 

−1 2⁄
0

= 1 

−1 2⁄
1

= −
1
2

 

−1 2⁄
2

=
− 1

2 −1
2 − 1

2!
=

−1
2 − 3

2
2!

= −1 2 1 ∙ 3
22 ∙ 2!

 

−1 2⁄
3

=
− 1

2 −1
2 − 1 −1

2 − 2

3!
=

−1
2 −3

2 −5
2

3!
= −1 3 1 ∙ 3 ∙ 5

23 ∙ 3!
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Example 1 (continued) 

− 1 2⁄
4 =

− 1
2 − 1

2 − 1 − 1
2 − 2 − 1

2 − 3

4! =
− 1

2 − 3
2 − 5

2 − 7
2

4! = −1 4 1 ∙ 3 ∙ 5 ∙ 7
24 ∙ 4!  

 

⋮ 

− 1 2⁄
𝑘 =

− 1
2 − 1

2 − 1 − 1
2 − 2 ⋯ − 1

2 − 𝑘 − 1

𝑘! =
− 1

2 − 3
2 − 5

2 − 7
2 ⋯ − 1

2 − 2𝑘 − 2
2

𝑘!

= −1 𝑘 1 ∙ 3 ∙ 5 ∙ 7⋯ 2𝑘 − 1
2𝑘 ∙ 𝑘!  

J. Gonzalez-Zugasti, University of 
Massachusetts - Lowell 7 



Example 1 (continued) 
Putting this together we get 

1 + 𝑥 −1 2⁄ = �
−1 2⁄
𝑘

𝑥𝑘
∞

𝑘=0

 

= 1 −
1
2
𝑥 +

1 ∙ 3
22 ∙ 2!

𝑥2 −
1 ∙ 3 ∙ 5
23 ∙ 3!

𝑥3 +
1 ∙ 3 ∙ 5 ∙ 7

24 ∙ 4!
𝑥4

+ ⋯+ −1 𝑘 1 ∙ 3 ∙ 5 ∙ 7⋯ 2𝑘 − 1
2𝑘 ∙ 𝑘!

𝑥𝑘 + ⋯ 
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