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Theorem 1 
Suppose 

�𝑢𝑘

∞

𝑘=1

= 𝑢1 + 𝑢2 + 𝑢3 + ⋯+ 𝑢𝑘 + ⋯ 

has positive terms.   
(Then 𝑠1 < 𝑠2 < 𝑠3 < ⋯ < 𝑠𝑘 < ⋯.) 
If there exists an 𝑀 such that  

𝑠𝑛 = 𝑢1 + 𝑢2 + 𝑢3 + ⋯+ 𝑢𝑛 ≤ 𝑀 
for every 𝑛,  
then the series converges  
and the sum 𝑆 satisfies 𝑆 ≤ 𝑀. 
Otherwise, the series diverges. 
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The Integral Test 

Let ∑𝑢𝑘 be a series with positive terms, and let 
𝑓 𝑥  be the function that results when 𝑘 is 
replaced by 𝑥 in the formula for 𝑢𝑘.   
If 𝑓 is decreasing and continuous for 𝑥 ≥ 𝑁, 
then 

�𝑢𝑘

∞

𝑘=𝑁

 and � 𝑓 𝑥
∞

𝑁
𝑑𝑥 

both converge or both diverge. 
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Example 1 

Determine whether  

�
1
𝑘2

∞

𝑘=1

 

converges or diverges. 
 
Solution: 

𝑢𝑘 =
1
𝑘2

  and  𝑓 𝑥 =
1
𝑥2

 

𝑓 𝑥  is obviously decreasing and continuous for 𝑥 ≥ 1. 
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Example 1 (continued) 

� 𝑓 𝑥
∞

1
𝑑𝑥 = �

1
𝑥2

∞

1
𝑑𝑥 

= lim
𝑙→∞

�
1
𝑥2
𝑙

1
𝑑𝑥 

= lim
𝑙→∞

−1
𝑥
�
1

𝑙
 

= lim
𝑙→∞

−1
𝑙
−
−1
1

 

= 1 

Since the integral 
converges, the series 
converges. 
 
Note: 

�
1
𝑘2

∞

𝑘=1

≠ �
1
𝑥2

∞

1
𝑑𝑥 = 1 
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Example 2 

Determine whether the series 

�
𝑘
𝑒𝑘2

∞

𝑘=1

=
1
𝑒

+
2
𝑒4

+
3
𝑒9

+ ⋯+
𝑘
𝑒𝑘2

+ ⋯ 

converges or diverges. 
 
Solution: 

𝑢𝑘 =
𝑘
𝑒𝑘2

and  𝑓 𝑥 =
𝑥
𝑒𝑥2

= 𝑥𝑒−𝑥2 

𝑓 𝑥  is obviously continuous, but is it decreasing? 
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Example 2 (continued) 

Since 

𝑓′ 𝑥 =
𝑑
𝑑𝑥

𝑥𝑒−𝑥2  

= 𝑥𝑒−𝑥2 −2𝑥 + 𝑒−𝑥2  
= −2𝑥2 + 1 𝑒−𝑥2  

and 

−2𝑥2 + 1 𝑒−𝑥2 =
1 − 2𝑥2

𝑒𝑥2
< 0 for 𝑥 ≥ 1 

we know that 𝑓 is decreasing for 𝑥 ≥ 1. 
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Example 2 (continued) 

� 𝑓 𝑥
∞

1
𝑑𝑥 = �

𝑥
𝑒𝑥2

∞

1
𝑑𝑥 

= lim
𝑙→∞

�
𝑥
𝑒𝑥2
𝑙

1
𝑑𝑥 = lim

𝑙→∞
� 𝑥𝑒−𝑥2
𝑙

1
𝑑𝑥 

= lim
𝑙→∞

−
1
2 ∙ 𝑒

−𝑥2 �
1

𝑙

 

= lim
𝑙→∞

−1
2𝑒𝑙2

−
−1

2𝑒12
 

=
1

2𝑒 

Since the integral converges, the series converges. 
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𝑝-series 

 

�
1
𝑘𝑝

∞

𝑘=1

= 1 +
1

2𝑝
+

1
3𝑝

+ ⋯+
1
𝑘𝑝

+ ⋯ 

 
𝑝 > 0 
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Convergence of 𝑝-series 

�
1
𝑘𝑝

∞

𝑘=1

 

 
• Converges if 𝑝 > 1 
• Diverges if 0 < 𝑝 ≤ 1 
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Convergence of 𝑝-series (continued) 

Proof: 
We saw in the Improper Integrals videos that: 

• ∫ 1
𝑥𝑛

∞
𝑎 𝑑𝑥 converges for 𝑛 > 1 and 𝑎 > 0 

• ∫ 1
𝑥𝑛

∞
𝑎 𝑑𝑥 diverges for 𝑛 < 1 and 𝑎 > 0 

• ∫ 1
𝑥

∞
𝑎 𝑑𝑥 diverges for 𝑎 > 0 
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Convergence of 𝑝-series (continued) 

So, by the Integral Test: 

• ∑ 1
𝑘𝑝

∞
𝑘=1 , 𝑝 > 1 converges since ∫ 1

𝑥𝑝
∞
1 𝑑𝑥 

converges  

• ∑ 1
𝑘𝑝

∞
𝑘=1 , 𝑝 < 1 diverges since ∫ 1

𝑥𝑝
∞
1 𝑑𝑥 

diverges 

• ∑ 1
𝑘

∞
𝑘=1  diverges since ∫ 1

𝑥
∞
𝑎 𝑑𝑥 diverges 

thus proving the Convergence of 𝑝-series. 
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Example 3 

1 +
1
23 +

1
33 + ⋯+

1
𝑘3 + ⋯ 

 

Diverges since it is a 𝑝-series with 𝑝 = 1
3

< 1. 
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