
The Ratio and Root Tests 

J. Gonzalez-Zugasti, University of 
Massachusetts - Lowell 1 



The Ratio Test 

Let ∑𝑢𝑘 be a series with positive terms and 
suppose 

lim
𝑘→∞

𝑢𝑘+1
𝑢𝑘

= 𝜌 

a) If 𝜌 < 1, the series converges. 
b) If 𝜌 > 1 or 𝜌 = ∞, the series diverges. 
c) If 𝜌 = 1, the series may converge or diverge. 
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Example 1 

Use the Ratio Test to determine whether 

�
1
𝑘!

∞

𝑘=1

 

converges or diverges. 
 
Solution: 

𝑢𝑘 =
1
𝑘!

   and   𝑢𝑘+1 =
1

𝑘 + 1 !
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Example 1 (continued) 

𝜌 = lim
𝑘→∞

𝑢𝑘+1
𝑢𝑘

 

= lim
𝑘→∞

1
𝑘 + 1 !

1
𝑘!

= lim
𝑘→∞

1
𝑘 + 1 !

∙
𝑘!
1

 

= lim
𝑘→∞

𝑘 ∙ 𝑘 − 1 ∙ 𝑘 − 2 ∙ ⋯ ∙ 3 ∙ 2 ∙ 1
𝑘 + 1 ∙ 𝑘 ∙ 𝑘 − 1 ∙ 𝑘 − 2 ∙ ⋯ ∙ 3 ∙ 2 ∙ 1

 

= lim
𝑘→∞

1
𝑘 + 1

= 0 < 1 

So by the Ratio Test, the series converges. 
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Example 2 

Use the Ratio Test to determine whether 

�
𝑘𝑘

𝑘!

∞

𝑘=1

 

converges or diverges. 
 
Solution: 

𝑢𝑘 =
𝑘𝑘

𝑘!
   and   𝑢𝑘+1 =

𝑘 + 1 𝑘+1

𝑘 + 1 !
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Example 2 (continued) 

𝜌 = lim
𝑘→∞

𝑢𝑘+1
𝑢𝑘

 

= lim
𝑘→∞

𝑘 + 1 𝑘+1

𝑘 + 1 !
𝑘𝑘
𝑘!

= lim
𝑘→∞

𝑘 + 1 𝑘+1

𝑘 + 1 !
∙
𝑘!
𝑘𝑘

 

= lim
𝑘→∞

𝑘 + 1 𝑘+1 ∙ 𝑘!
𝑘𝑘 ∙ 𝑘 + 1 ∙ 𝑘!

 

= lim
𝑘→∞

𝑘 + 1 𝑘+1

𝑘𝑘 ∙ 𝑘 + 1
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Example 2 (continued) 

𝜌 = lim
𝑘→∞

𝑘 + 1 𝑘+1

𝑘𝑘 ∙ 𝑘 + 1
= lim

𝑘→∞

𝑘 + 1 ∙ 𝑘 + 1 𝑘

𝑘𝑘 ∙ 𝑘 + 1
 

= lim
𝑘→∞

𝑘 + 1 𝑘

𝑘𝑘
= lim

𝑘→∞

𝑘 + 1
𝑘

𝑘

 

= lim
𝑘→∞

1 +
1
𝑘

𝑘

= 𝑒 > 1 

So by the Ratio Test, the series diverges. 
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Example 3 

Determine whether 

1 +
1
3

+
1
5

+ ⋯+
1

2𝑘 − 1
+ ⋯ 

converges or diverges. 
 
Solution: 

𝑢𝑘 =
1

2𝑘 − 1
 and   𝑢𝑘+1 =

1
2 𝑘 + 1 − 1
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Example 3 (continued) 

𝜌 = lim
𝑘→∞

𝑢𝑘+1
𝑢𝑘

 

= lim
𝑘→∞

1
2 𝑘 + 1 − 1

1
2𝑘 − 1

= lim
𝑘→∞

1
2 𝑘 + 1 − 1

∙
2𝑘 − 1

1
 

= lim
𝑘→∞

2𝑘 − 1
2𝑘 + 1

= 1 

So the Ratio Test doesn’t tell us if the series converges or 
diverges! 
When this happens, you need to use a different convergence 
test. 
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Example 3 (continued) 
Integral Test: 

�
1

2𝑥 − 1

∞

1
𝑑𝑥 = lim

𝑙→∞
�

1
2𝑥 − 1

𝑙

1
𝑑𝑥 

= lim
𝑙→∞

1
2

ln 2𝑥 − 1 �
1

𝑙
 

= lim
𝑙→∞

1
2

ln 2𝑙 − 1 −
1
2

ln 2 ∙ 1 − 1  

= ∞ 
By the Integral Test, since ∫ 1

2𝑥−1
∞
1 𝑑𝑥 diverges, ∑ 1

2𝑘−1
∞
𝑘=1  also 

diverges. 
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The Root Test 

Let ∑𝑢𝑘 be a series with positive terms and 
suppose 

𝜌 = lim
𝑘→∞

𝑢𝑘𝑘 = lim
𝑘→∞

𝑢𝑘 1 𝑘⁄  

a) If 𝜌 < 1, the series converges. 
b) If 𝜌 > 1 or 𝜌 = ∞, the series diverges. 
c) If 𝜌 = 1, the series may converge or diverge. 
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Example 4 

Use the Root Test to determine whether 

�
4𝑘 − 5
2𝑘 + 1

𝑘∞

𝑘=1

 

converges or diverges. 
 
Solution: 

𝑢𝑘 =
4𝑘 − 5
2𝑘 + 1

𝑘

and   𝑢𝑘𝑘 =
4𝑘 − 5
2𝑘 + 1

𝑘𝑘
=
4𝑘 − 5
2𝑘 + 1
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Example 4 (continued) 

𝜌 = lim
𝑘→∞

𝑢𝑘𝑘  

= lim
𝑘→∞

4𝑘 − 5
2𝑘 + 1

=
4
2

= 2 > 1 

 
So by the Root Test, the series diverges. 
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Example 5 
Use the Root Test to determine whether 

�
1

ln 𝑘 + 1 𝑘

∞

𝑘=1

 

converges or diverges. 
 
Solution: 

𝑢𝑘 =
1

ln 𝑘 + 1 𝑘  and   𝑢𝑘𝑘 =
1

ln 𝑘 + 1 𝑘

𝑘
=

1
ln 𝑘 + 1
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Example 5 (continued) 

𝜌 = lim
𝑘→∞

𝑢𝑘𝑘  

= lim
𝑘→∞

1
ln 𝑘 + 1

= 0 < 1 

 
So by the Root Test, the series converges. 
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