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Power Series

Suppose x is a variable and ¢, & a are constants.
A power series about x = 0 is

(0.0)
k=0
A power series about x = a is
(0.0)
2 cr(x — a)¥
k=0

a = center of the power series
¢, = coefficients of the power series



Examples of Power Series
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Series That Are Not Power Series
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Question

For what values of x does a given power series
converge?



Power Series Convergence Theorem

For a power series Y. cx(x — a)¥, exactly one of the following
IS true:

(a) The series converges only for x = a.
(b) The series converges absolutely for all x.

(c) The series converges absolutely for all x in some finite
open interval (a — R,a + R) and divergesif x < a — R or

x>a+R.

At the pointsx = a — R and x = a + R, the series may
converge (absolutely or conditionally) or diverge.

R = radius of convergence
(a — R,a + R) = interval of convergence



Example 1

Find the interval of convergence and radius of
convergence for

00

zxk=1+x+x2+---+xk+---
k=0



Example 1 (continued)

Solution: Yo x™

Yo x¥ is a geometric series witha = 1 and r = x.

Therefore, the series
- converges absolutely for |x| < 1
- diverges for |x| > 1.

So the
- interval of convergence is (—1,1)

- radius of convergence is R = 1 (half the width of the interval of
convergence).



Example 1 (continued)

Also, note that since Y5y x¥

serieswitha =1 and r = x,

IS @ geometric
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Example 2

Find the interval of convergence and radius of

convergence for
2 3 k

— xk_ x% x X
zﬁ—1+x+§+§+---+ﬁ+---
k=0

Note: 0!l =1



Example 2 (continued)

. X
Solution: Z,ofzgg

Using the Ratio Test for Absolute Convergence:

xk+1
Ukl (k+ 1)!
p = lim = lim
koo up| koo |xK
k!
im P 2 L g <s
T koo |k + D |xk| T kom(k+ 1)




Example 2 (continued)

Therefore the series converges absolutely for
any x.

So the
- interval of convergence is (—o0, )

- radius of convergence is R = oo,



Important Limit

k
Example 2 tells us that )., % converges for all

x, therefore:

am -~ =0



Example 3

Find the interval of convergence and radius of

convergence for
0.0
z k! x¥k
k=0



Example 3 (continued)

Solution: Y 5o k! x*

Ifx =0, then Yo k! x® =Y k! 0% = 0.

If x # 0, then the Ratio Test for Absolute Convergence
gives:

_ 1 [Usal . |(k + 1) xk+?
P= 8% Tue| koo [klxK|

= Ilim (k+1)|x| =



Example 3 (continued)

Therefore the series diverges for x # 0.

So the
- interval of convergence is {0}
- radius of convergenceis R = 0.



Example 4

Find the interval of convergence and radius of
convergence for

S (D
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Example 4 (continued)

(—1)kxk :
; Using the Ratio Test for Absolute Convergence:

Sqution:Z,‘f:O m,

xk+1

3k+1((k +1) + 1)

: |uk+1|
p = lim = lim
k—>oo |uk| k—o0

‘3k(k+ 1)

xk+1

3 1((k+1) + 1)

k—o0

3k(k+1)|

x(k + 1) |x| k+1 x|
3k+2)| " 3 kowmk+2 3
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Example 4 (continued)

There are three cases we need to consider:

Casel:p<1,inw
converges absolute

Case2:p >
Case 3:p =1

L, 1IN W

L, InwW

nich case the series
Y.
nich case the series diverges.

nich case we need to look at

each case individually in order to determine if it
converges (absolutely or conditionally) or if it

diverges.



Example 4 (continued)

| x|

Case l:p = 5 < 1 = |x| < 3, so the series
converges absolutely for |x| < 3

x|

Case 2:p = Pt 1 = |x| > 3, so the series

diverges for

Case 3: p =%

x| > 3

=1=|x|=3=>x=43



Example 4 (continued)

When x = 3, the series becomes

i (D3 D
- —
£ 3%(k + 1) £ (k+1)
which is the conditionally convergent alternating harmonic
series.

When x = —3, the series becomes
o (—DF(=3)k i 3k i 1
k — k —
£ 3%(k+ 1) £t 3%(k+ 1) £t (k+1)

which is the divergent harmonic series.



Example 4 (continued)

Therefore the series

- converges absolutely for x| < 3
- converges conditionally for x = 3
- divergesforx < —3or3 <x

So the
- interval of convergence is (—3, 3]

- radius of convergence is R = 3 (half the width of
the interval of convergence).



Example 5

Find the interval of convergence and radius of
convergence for

i(—l)k
k=0

This is a power series of the form Y. n. o cxx with

(-1)k/2
Ck =, for k even and c¢;, = 0 for k odd.

2 x% x* x

X k
=1 | s
(2k)! TR




Example 5 (continued)

Solution:Y 7 o (—1)* Using the Ratio Test for Absolute Convergence:

( k)"
x2(k+1) ‘
i Pl L [(20 4 D)
,0 k—o0 |uk| k—oco ka ‘
(2k)!
x2+D) 1 1(2k)!
k—co (2(k+1))!|' x 2k
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Example 5 (continued)

| x2k+2 (Zk)'
S [oynp sl M
x2k+2 (Zk)!
= lim :
ko |(2k+2)- 2k + 1) - (2k)! «x?2k
I X
~ koo |2k + 2)(2k + 1)
, 1
= |X

koo (2k + 2)(2k + 1)
x2|-0=0<1




Example 5 (continued)

Therefore the series converges absolutely for
any x.

So the
- interval of convergence is (—o0, )

- radius of convergence is R = oo,



Example 6

Find the interval of convergence and radius of

convergence for
> K
Z X — 5)




Example 6 (continued)

_\k
Solution: Y-, (xkf) ; Using the Ratio Test for Absolute Convergence:
(x _ 5)k+1
— lim [ U1l _ (k + 1)2
p= k—o |uk| B k—oo (x — S)k‘
T kZ
. (X _ 5)k+1 k2
= lim :
koo | (k+ 1)2 (x — 5)k
o [EER ?
Thkow| (k+D2 | koo (k + 1)2

=|x—=5|-1=|x—75|



Example 6 (continued)

Case 1:
p=|x—-5<1
-1<x-5<1
4 <x<6,
so the series converges absolutely for 4 < x < 6.

Case 2:
p=|x—5>1
x—5<—-lorl<x-5
x <4oré6<zx,
so the series diverges for x < 4 or 6 < x.

Case 3:
p=|x—-5]=1
x—5=+41
X =6o0rx =4.



Example 6 (continued)

When x = 6, the series becomes

(0.0]

; (6 ;25)" (1)" Z el

which is a convergent p-series (p = 2)

When x = 4, the series becomes

(4 — 5)" o (—DF
> 7

Since

(— 1)"

=1

— 1
SI)-5
k=1

is a convergent p-series (p = 2), the series converges absolutely at x = 4.




Example 6 (continued)

Therefore the series
- converges absolutely for [4,6]
- divergesforx < 4or6 < x

So the
- interval of convergence is [4,6]

- radius of convergence is R = 1 (half the width
of the interval of convergence).
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