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Theorem 1

If >, a,,x™ converges absolutely for |x| < R,

then ) an(f(x))n converges absolutely for any
continuous function f on |f(x)| < R.



Example 1

Since

00

1 K
=Zx, for |x| <1

1 —x
k=0

Theorem 1 tells us that

00)

)
= ) (4x?)*, for |4x%| < 1
A2
1 —4x £




Example 2

Find the interval of convergence of

I{Z;(ex _ 4)k

and, within this interval, the sum of the series as
a function of x.



Example 2 (continued)

Solution: Y5 ,(e* — 4)¥; Using the Ratio Test for
Absolute Convergence:

— lim | U 41 — lim ‘(ex — 4)k+1‘
P70 ugl koo [(eF — 4]
= I}im le* — 4]
= le* — 4| lim 1
k— o0
= le* — 4

Therefore the series converges absolutely when
p=|le* —4| <1.



Example 2 (continued)

p=le*—-4|<1
—-1<e*—-4<1
3<e*<5
In3<x<In5

Let’s check what happens to the series at the
endpoint of this interval.



Example 2 (continued)

At x = In 3, the series becomes

Z(eln3 _ 4)k _
k=0

which diverges.
At x = In 5, the series becomes

i(e1r15 —4)" = i(s — 4)k = i 1
k=0 k=0 k=0

which diverges.

0.0)

> G-k=) (-1

00
k=0 k=0




Example 2 (continued)

The series Y. o(e* — 4)% is a convergent
geometric series (a = 1,r = e* — 4) when
In3<x<In5

and the sum is
a 1 1

1—7 1—(e*—4) 5—e*




Power Series as Functions

If Y5 cx(x — a)® converges for |x — a| < R
(thatis, a — R < x < a + R), then define

00)

fxX)= ) cg(x—a)¥,a—R<x<a+R
kZ:o .

We can find f'(x) and [ f(x) dx as follows:



Term by Term
Differentiation and Integration

a) f'(x) = Zito o= (cix — a)*)

= e ke (x — a)Ft

(b) [ f(x)dx = X3 [ cr(x — ) dx
=% okk (x —a)*1+C

Both have radius of convergence R and interval of
convergence |x — a|l < R.



Series Multiplication

If >, a,x™ and ), b,,x™ converge absolutely for

|x] < R and
n
= z Ay bn_i
k=0

(Z anxn> (z b, x™ ) Z Cp X"

which also converges for |x| < R.

then



Example 3

The series

er=ltxt gttt
converges to e* for all x.
(a) Find the series for % (e?).
(b) Find the series for [ e* dx.
(c) Find the series for e™*.

(d) Multiply the series for e and e* to find
e *e”.



Example 3 (continued)

2 3 4 5
Solution (a):e* =1+ x + J; +J; +fy +);, + = Dreo
4y i d (x*
dx ¢ dx \ k!
k=0
2, k-1
B Z S
k=0
2 k-1
B 2 (k- 1)!

xk
k!



Example 3 (continued)

Solution (b): e* = ¥'%0_ = _ x% x3 x* x®
¢ BT TR
® k + C
jexdx=2jx—dx x?  xd
k! =—1+1+x+—+
k=0 21 " 31
VRN
i s tatette
= +C N
X
£ (k + 1) - k! =_1+ZF+C
k=0
. = 5k
= +C =Z—+C= e
k+1)! k!



Example 3 (continued)

£k
Solution (c): e* = Yo — ]




Example 3 (continued)

k
Solution (d): e* = Y= og:e — Zlio=0(_1)k%

()5

(-1)*
k!

1

where a; = o and b, = and

_\'n
Cn = k=0akbn—k-



Example 3 (continued)

n n 1 (_1)n—k n (_1)n—k
Cn=zakbn—k= k!'(n_k)!zzm(n—k)!
k=0 k=0 k=0

~ (_1)0—0 _
T or0=0)

G N C O e _
Cl_0!(1—0)!+1!(1—1)!__Hl_0

G O G O Gt ) A SN O
“=oez-nTne-D 22 2 ‘t27°

etc.
¢, = 0, n+0



Example 3 (continued)

=1-x°+0-x'+0-x*+0-x3+ -

=1



Advice

Read the “Power Series” section in your
textbook (including its exercises) —

it will provide you with some excellent examples
of how to identify a power series as a function
by looking at either the derivative, the
antiderivative of the series, or the product to
two known series.
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