MATH 4860/5880 Fall 2026

Homework 1 Solution

1. (a) If Uy =2Y —1, then

Fuy(u1) = P(U) <) = P2V —1 <) = P (Y <t 1) - Fr(y) dy

/{Y<(u1+1)/2}
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so that
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(b) If Uy =1 —2Y, then

1 _
Fu,(ug) = P(Us < ug) = P(1 —2Y < ug) = P (Y > “2> - / Frly) dy
(V> (1-us)/2)
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so that

(c) If U3 =Y? with 0 < Y < 1, then P(Us < u3) = P(Y? <u3) = P(Y < ,/u3), and hence

Vo
Foy(us) = P(Us < us) = PV < ) = PV < Vi) = [ 20 =) dy = 1= (1= vim?
so that

(1) = iy (09) = 711 V)] = 2(1- V) = = -

2. (a) fU; =2Y —1=h(Y), then Y = (U; +1)/2 = h~1(U;) and ddTyl = 1/2. Hence,

1, O<uz<l1

fu, () = fy (y) ‘CZZ' =2(1-y) ‘;‘ = <1 _w +1>

= , —l<u <1

(b) If Uy =1—2Y = h(Y), then Y = (1 — Uy)/2 = h=*(Uy) and 2 = —1/2. Hence,

dus -

fUQ(U):fY(y>'CzZ‘ :2(1—y)‘—;’ :2<1— 1_u2>;: 14;@7 —l<uy<1
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= h(Y), note that the pdf method is applicable since Y > 0. Then we get
Y = Us = h™'(Us) and 4 =1/(2,/ug). Hence,
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3. If Y is uniformly distributed over (-1, 1), then fy(y) =1/2, -1 <y < 1.

= 2(1 — iig)

O<uz<1

foulu) = (o) | 22| = 20 —y>\

(a) Since P(|Y]| > 1/2) = P(Y < —1/2) + P(Y > 1/2) and fy(y) = 1/2, it follows easily
that 1
P(Y|>1/2) = 3

(b) We cannot use the pdf method here (why?), so that by setting U = |Y'|, we first get

Fy(u) = PU<u)=P([Y|<u)=P(—u<Y <u)
“1 vl v 1 u 1
(Y <u) = P(Y < —u) /12y/12y22+2+2u
so that
f()*iF()*i =1, O<u<l
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4. 'Y is an exponential random variable with parameter § = 1, then fy(y) = e ¥, y > 0. Let
U =InY. By cdf method, we have that

Fy(u) = P(U<u)=PnY <u)=PY <e*) = Fy(e")

Now, recall that the cdf of Y ~ Exponential(1) is Fy(y) =1 — e~ Y, and so

u

FU(U) = Fy(e“) =1—-e°

and thus p p

fulu) = @FU(U) = %(1 —e ) =", —oo<u<oo
Since U = InY is monotone (as a function of Y'), we may use the pdf method, with
U=h(Y)=InY sothat Y = h"1(U) = eV and Z—Z = e", and hence

d u u
fu(u) = fy(y) ‘dz =e “le=e€", —co<u<oo
5. If ¢ > 0 is a constant, then U = ¢Y = h(Y') is an increasing function of Y, and we may use
the pdf method, with Y = U/c = h=}(U) and % = 1/c. Hence,
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du
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so that U ~ Gamma(«, ¢f3).
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6. Recall that fy(y) = \/%e_?ﬂﬂ, —00 < Y < 00, and since the pdf method cannot be used here
(why?), by using the cdf method, we get (see pages 247-248)

_ v = L w2 L g
R 1 —u/2 _ 1 1/2-1 —u/2
= et T aerajpant Crapeet ¢ vl
so that U ~ Gamma(1/2,2) = x?(1).
7. Since U = eV, it follows that Y = —InU and % = —1/u. So,
B dy| e Y 1) u 1 1
fU(U) —fY(y) @ - (1+67y)2 U - (1+u)2u - (1+u)2
where 0 < u < o0.
8. fU=1-Y,thenY =1—U and % = —1. Hence,
_ dy| _ T(a+B) oqy o1y 4 T@+B8) o st 461
_ F(6+a> B—=1¢1 _ ,Na—1
_F(ﬁ)F(a)u (1-w)*". O0<u<x<l
so that U ~ Beta(f, «), and that
B _ Ba _ af _
E(U) = 1o and Var(U) = GrofBiot]) @it bsD = Var(Y)

(Alternatively, we see that F(U) =FE(1-Y)=1—-EY)=1—a/(a+ ) =B/(8+ a) and
that Var(U) = Var(1 —Y) = Var(Y)).



