MATH 4860/5880 Fall 2026

Homework 2 Solution

1. The cdf of U = Y7 — Y5 is given by
Fy(u)=P(U <u)=PY1 -Ys < u)= // fyive (Y1, y2) dyrdys
{Y1-Y2<u

o ruty2
= / / e ' dydyy (draw a picture of region)
0 Y2

=1—-e"

where 0 <yo <y < o0 = 0<y; —y2 <0 = 0 < u < oo. Then,

d d
fo(u) = %Fy(u) = %(1 —e ) =¢e" u>0
Here, we recognize that this is the pdf of Exponential(1), and hence U ~ Exponential(1).
(Note also that Fyy(u) =1—e ", u > 0 is the cdf of Exponential(1), as well).

2. By independence of Y7 and Y3, we have that

vivaWisy2) = fri(w1) fra(y2) = 6y1(1 —y1) - 3y2 = 18y1 (1 —y1)ys, 0<y1 <1, 0<ya<1

To obtain the cdf of U = Y7Y5, we must consider the region Y1Y> <u,0< Y] <1,0< Yy < 1.
Since the resulting region is a unit square minus the Y;Ys = u curve at the top right corner,
it is easier to consider the complement (why?), i.e.,

FU(U) = P(U S u) = P(Y1Y2 S u) =1- P(Y1Y2 > u) =1- // fY1,Y2(y17y2) dyldyg
{Y1Y2>u}

1 rl
=1- / / 18y1(1 — y1)ya dyrdys = u® — 8u® + 6ulnu, 0<u<1
u u/y2

Thus, the pdf of U is

d d 1
fuu) = —Fy(u) = — (9u® — 8u3 + 6u® Inw) = 18u — 24u” + 18u? Inu + 6u—
du du u

=18u — 18u® + 18u*Inu = 18u(1 —u —ulnu), 0<u<1

3. Define Y; = {lifetime of component i}, i = 1,2, where Y7 and Y> are independent. Then
Y7 ~ Exponential(1) and Y ~ Exponential(1), so that fy,(y1) = e” ¥ and fy,(y2) = e 2,
with y; > 0 and y2 > 0, and thus

Paye Wi y2) = P (1) fra (o) = e Ve ™ = e WUy >0, yo > 0.

Now,
Y1 +Y

2

U = {average lifetime of the two components} =



so that using the cdf method

Fy(u)=PU <u)=P ( =PY1+Y2 <2u)

2u 2u—1y2
= // Iyaye (Y1, y2) dyidys —/ / e~ W1Hv2) dy) dyy
Y1+Yo<2u 0 0

=1—e 2 —2ue 2

Y1-2FY2SU>

where u > 0, and hence the pdf is

fo(uw) = %FU(U) = %(1 —e M ue ) = due™ ™, uw>0

. Let Uy = (Y1 +Y32)/2, and take Uy = Ya. Then Yo = Us and Y; = 2U; — Uy, so that

Oyr Oyr

2 -1
_ |0 0 _ _
J= 35% 31?35 _‘0 1'_2
oul Ouso

Then
foy s (U, u2) = fyy v, (1, y2)|J| = e~ WiF92) |2 = 2¢7 2w

where 0 < y; =2u; —ugs <ococand 0 < yg =uz < 0o = 0 < ug < 2u; < co. Thus,

2uq
fu,(u) = /fU1,U2 (uy,uz) dug = / 2072 dyg = (2u1)2e_2“1 = 4y e 2™
0
for 0 < w; < 0o, matching the pdf of Problem 3.
. Since Uy = Y1Ys and Uz = Y1 /Y, we have that
Ui/Uy =Y1Ya/(Y1/Ya) = Y5 = Yo=/U1/Us

U2:Y1\/U1/U2 — Yiz\/UlUQ

so that
1/2 1/2
Sl e 13(w)" 3(%) :_1<w)”_1(w 1 )”2:_11
g% g%i l( 1 )1/2 _l(ﬂ>1/2 4 \uy u3 4 \ ug uguz 2 ugy
2 \ uiuz 2 u%
Then
1 11 1 1 1
fo o (ur,u2) = fvrivo(y, )| = 5= |5 —|= 75— =
10 ) 1y )] y%yg 2 usy (ugug)(uy /uz) 2us 2u%u2
Now
1<YVT=U0, —= —<U; or —<U;
1 2
U
1<Y2:71 = Uy <U;
Us
so that 1
— <wug <up
U1



6. First, fy;(y1) = 1, 0 < y1 < 1, and fy,(y2) = 1, 0 < y2 < 1, and since Y; and Y, are
independent, we have that fy, y,(y1,y2) = 1. If Uy =Y + Y5 and Uy = Y] /Y5, then

U
U=Y1+Yo=0Yo+Y, = (U2+1)Y, = Y2=U2j_1
Y1 Y1 U1U2
T Y, Ui /(U + 1) YT U+
and hence
o o
o G| |wmr TGz (+ D (w41 (w+1)?
Therefore,
(51 Ul
for st us) = )] = 1+ =
and ULU U
1Us 1
0<Y = <1l, 0<Y,= <1
T U+ 2T Ust1
implies

0<U1UQ<U2+1, O<u <wug+1

7. If Y1 and Y5 are independent and identically distributed exponential random variables with
B =1, then fy,(y1) =e ¥ and fy,(y2) = e ¥2, with y; > 0 and y, > 0, so that

My, (y1,y2) = e Ve ¥

Suppose that Uy = Y7, Uy = Y7 /Y5. Then Y7 = U; and Ys = Uy /Uy, so that

Oy1 9y

J= g’ul (?duz:’l 0 2:_%
9y2  0Oy2 _
oul Ous 1/U2 ul/u2 Uus

Then
- Uy ur _ +1
fU1,U2(u1>u2>:thYz(ylayZN‘]’ =e e e _? - ?6 e
2 2

where u; > 0 and ug > 0.

8. If Y7 and Y3 are independent exponential random variables, each having parameter 5 = 1/,
then
friva (Y1, g9) = Ae MW 2 = N2 AWt gy >0,y > 0

Suppose that U; = Y; + Y, and Us = e¥'. Then Y; = InUs and Yy = U; — InUs, and

oy 0
J = [qu ‘352:‘0 Vug | _ 1
T S T
Thus,
2 —A(y1+y2) 1 z? —Auy
fur,us (U1, u2) = fvy vs (Y1, y2)|[J| = Ae vl bt

with ug > 1 and w1 > Inuy — 1 < ug < e¥!.



9. Since Uy = Y7 + Y5 and Uy = Yy, we have that Y7 = Uy — Uy and Yy = Us, so that

Oyr  Oy1 1 —1

J= Ou;  Qua | — -1
9y2 Oy 0 1
81L1 6u2

Then
fU1,U2(u1au2) = fY1,Y2(y1>y2)|J| = le,Yz(Ul - u27u2)|1’ = fY1,Y2(u1 - u27u2)

for —oo < ug < up < co. To obtain the marginal density of Uy, we take

fo,(w) = /fY1,Y2 (w1 — u2, u2) dug

but since Y7 and Y5 are independent, fy, y, (u1 — u2,u2) = fy; (w1 — u2) fy, (u2), and so

for (ur) = /le(Ul — u2) fy, (u2) duz

10. The pdfs of Y7, Y5, and Y3 are given by

le (yl) = e_y17 ng(?JZ) = e_y27 fY3(y3) =e ¥ y Y1 > 07 Y2 > 07 Y3 > 0
and by independence, the joint pdf of (Y7, Y2, Y3) is
P veys (U1 ¥2,u3) = Fa (1) fra (42) fy (y3) = e Ve ¥ = ¢~ Wrtuztus)

for y1 > 0, y2 > 0, y3 > 0. Now, since U = Y71 + Y5 + Y3,

Fy(u)=PU <u)=PY1 + Yo+ Y5 <u) // Iviya,vs (Y1, Y2, y3) dyrdyadys

Y1+Yo+Ysz<u
U—=Y2-Y3
/ / / —(y1+y2+ys3) dyr dyadys = / / _(y2+y3 — e ") dyadys
_/(_y3—e_“ (u—ys)e™™)dys = /(6’ B “t+yse™) dys
0 0
9 2
=1l—e " —ue " —ufe "+ %e*“ =1l—-e"—ue"— %efu

for 0 < u < oo (since u = y; + y2 + y3 > 0), so that the pdf of U = Y] + Y5 + Y3 is given by

2
fu(u) = %FU(U) _ 4 (1 —e ' —ue " — u2€_“>

d du
u?
=e YH4ue " —e  —ue "+ ?e*“
= u—ze_u
2
= #u?’*le*“/l u >0
r(3)13 ’

which is the pdf of Gamma(3,1), and thus Y7 + Y2 + Y3 ~ Gamma(3, 1).



11. Take Uy = Y14+ Yo+Y3, and let Uy = Yo+ Y3 and Us = Y3, so that Y| = Uy —Us, Yo = Uy — Us,

12.

Y3 = Us. The Jacobian is then

Oy1  Oy1 Oy1
8u1 811,2 8U3

1
J=|%2 v Owl_|og 1 _—1l=1
0

8u1 aug 8u3
9ys  Oys  Oys
8u1 B’U,Q aug

so that
Fon s (U1, U2, u3) = fya vavs (1, Y2, y3)|J| = e~ Wrtv2tus)|p) = ¢

for 0 < usz < ug < uj < oo (fromus =y3 < yo+ys = ug and ug < Y2 +y3 < y1+y2+ys = u1).
Hence,

ur pul ul  puo
fun (ur) = // Ju1,02,U5 (U1, u2, u3) dugduz = / / e " dugdug = / / e dugdus
0 Jus o Jo
2

“ —u1 ui —u1
= Use dug = ?e , up >0
0

which matches the pdf fr(u) in Problem 10 (i.e., Gamma(3,1)), wherein we conclude that
Y1 + Y2 + Y3 ~ Gamma(3,1).

If Uy =Y1+ Y2, Uy =Y, +Y3, U3 = Y + Y3, then

Ui +U; —Us; Ui — Uy +Us Ui +Us +Us
Yl =, Y2 - Q= Y3 =
2 2 2
and
oyr Oy Oy 1 1 1
ou ou ou, b) 2 3
Jo|ow om owl_ |1 1 *__1
| ou du Oug |~ | 2 2 2 |
oys oy oys| |1 17 1 2
Oouy  Ouz  Ous 2 2 2
Then

(u1+uz+uz)/2

_ 1 1 _
F01 0005 (U1, U2, u3) = fyy v vs (U1, Yo, y3)|J| = e~ (@17 92703) —2‘ = 5€



