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Homework 3 Solution

1. We have that

MY (t) = E(etY ) =

∫ ∞
0

etyfY (y) dy

=

∫ ∞
0

etyye−y dy =

∫ ∞
0

ye−(1−t)y dy

=

∫ ∞
0

y2−1e−(1−t)y dy =
Γ(2)

(1 − t)2

∫ ∞
0

(1 − t)2

Γ(2)
y2−1e−(1−t)y dy

=
Γ(2)

(1 − t)2

∫ ∞
0

1

Γ(2)[1/(1 − t)]2
y2−1e−y/[1/(1−t)] dy

=
Γ(2)

(1 − t)2
· 1

=
1

(1 − t)2
= (1 − t)−2

as desired. We realize that Y ∼ Gamma(2, 1).

2. Here,

MY (t) = E(etY )

=

∫ 0

−1
ety(1 + y) dy +

∫ 1

0
ety(1 − y) dy

=

∫ 0

−1
ety dy +

∫ 0

−1
yety dy +

∫ 1

0
ety dy −

∫ 1

0
yety dy

=

∫ 1

−1
ety dy +

∫ 0

−1
yety dy −

∫ 1

0
yety dy

=
1

t
ety
∣∣∣1
−1

+
x

t
ety
∣∣∣0
−1

−
∫ 0

−1

1

t
ety dy − x

t
ety
∣∣∣1
0

+

∫ 1

0

1

t
ety dy

=
1

t
et − 1

t
e−t +

1

t
e−t − 1

t2
+

1

t2
e−t − 1

t
et +

1

t2
et − 1

t2

=
1

t2
(et + e−t − 2)

3. Since

M ′Y (t) =
d

dt
MY (t) =

d

dt
et

2/2 = tet
2/2

M ′′Y (t) =
d

dt
M ′Y (t) =

d

dt
tet

2/2 = t2et
2/2 + et

2/2 = (t2 + 1)et
2/2

M
(3)
Y (t) =

d

dt
M ′′Y (t) =

d

dt
(t2 + 1)et

2/2 = (t2 + 1)tet
2/2 + 2tet

2/2
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we have that

E(Y 3) = M
(3)
Y (0) =

d3

dt3
MY (t)

∣∣∣
t=0

= (t2 + 1)tet
2/2 + 2tet

2/2
∣∣∣
t=0

= 0

(It follows that E(Y 3) = 0 for Y ∼ N(0, 1)).

4. If Y ∼ Binomial(n, p), then MY (t) = [(1 − p) + pet]n. If we let U = n− Y , it follows that

MU (t) = Mn−Y (t) = entMY (−t) = ent[(1−p)+pe−t]n = [et((1−p)+pe−t)]n = [p+(1−p)et]n

which is the mgf of Binomial(n, 1 − p). Hence, we conclude that U ∼ Binomial(n, 1 − p).

5. If Y ∼ Gamma(n/2,m), then the mgf of Y is given by MY (t) = (1−mt)−n/2. Thus, the mgf
of W = 2Y/m will then be

MW (t) = M2Y/m(t) = E(et(2Y/m)) = E(e(2t/m)Y ) = MY (2t/m) = (1 −m(2t/m))−n/2

= (1 − 2t)−n/2

which is the mgf of Gamma(n/2, 2) or χ2(n). Hence, W = 2Y/m ∼ χ2(n).

6. We recognize

MY (t) =

(
1

4
+

3

4
et
)5

as the mgf of Y ∼ Binomial(5,3/4). Hence

P (Y ≤ 2) =
2∑
y=0

(
5

y

)(
3

4

)y (1

4

)5−y

= (1/4)5 + 5(3/4)(1/4)4 + 10(3/4)2(1/4)3

= 0.104

7. If Y1 ∼ Poisson(λ1) and Y2 ∼ Poisson(λ2) are independent, then the mgfs of Y1 and Y2 are

MY1(t) = exp[λ1(e
t − 1)] and MY2(t) = exp[λ2(e

t − 1)]

respectively. Since Y1 and Y2 are independent, the mfg of U = Y1 + Y2 is given by

MU (t) = MY1+Y2(t) = MY1(t)MY2(t) = exp[λ1(e
t − 1)] exp[λ2(e

t − 1)]

= exp[λ1(e
t − 1) + λ2(e

t − 1)] = exp[(λ1 + λ2)(e
t − 1)]

which is the mgf of Poisson(λ1 + λ2). Hence, U = Y1 + Y2 ∼ Poisson(λ1 + λ2).

8. Since

MY1(t) =

(
3

4
et + 1 − 3

4

)5

=

(
1

4
+

3

4
et
)5

and
MY2(t) = exp[2(et − 1)] = e2(e

t−1)

and since MY1+Y2(t) = MY1(t)MY2(t) if Y1 and Y2 are independent, the joint mgf of Y1 and
Y2 is

MY1+Y2(t) = MY1(t)MY2(t) =

(
1

4
+

3

4
et
)5

e2(e
t−1)
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9. From Example 6.11, we see that Y 2
1 ∼ χ2(1) and Y 2

2 ∼ χ2(1), with MY 2
1

(t) = (1−2t)−1/2 and

MY 2
2

(t) = (1 − 2t)−1/2. Since Y1 and Y2 are independent, then Y 2
1 and Y 2

2 are independent,

so that the mfg of U = Y 2
1 + Y 2

2 can be computed by

MU (t) = MY 2
1 +Y 2

2
(t) = MY 2

1
(t)MY 2

2
(t) = (1 − 2t)−1/2(1 − 2t)−1/2

= (1 − 2t)−1 = (1 − 2t)−2/2

which is the mgf of Exponential(2) = Gamma(1, 2) = χ2(2). Hence, U = Y 2
1 + Y 2

2 ∼ χ2(2).

10. (a)

MY (t) = E(etY ) =
∑
y

etyP (Y = y) =
1∑
y=0

etypy(1 − p)1−y = 1 − p+ etp

(b) Since we can write MY (t) = 1 − p+ etp = etp+ (1 − p), we obtain

MY1+···+Yn(t) = MY1(t) × · · · ×MYn(t) = [etp+ (1 − p)] × · · · × [etp+ (1 − p)]

= [etp+ (1 − p)]n

which is the mgf of Binomial(n, p). Hence, Y1 + · · · + Yn ∼ Binomial(n, p).

11. Since

MY (t) = exp

(
µt+

σ2t2

2

)
we obtain

MY (t) = E(etY ) = E(et(Y1+···+Yn)/n) = E(e(t/n)Y1+···+(t/n)Yn = E(e(t/n)Y1) × · · · × E(e(t/n)Yn)

= MY1(t/n) × · · · ×MYn(t/n) = [MY1(t/n)]n (since Y1, . . . , Yn are iid)

=

[
exp

(
µ(t/n) +

σ2(t/n)2

2

)]n
=

[
exp

(
µt

n
+
σ2t2

2n2

)]n
= exp

(
µt+

σ2t2

2n

)
= exp

(
µt+

(σ2/n)t2

2

)
which is the mgf of N(µ, σ2/n). Hence, Y ∼ N(µ, σ2/n).
(Alternatively, you can also use Theorem 6.3 with µi = µ, σ2i = σ2, ai = 1/n).

12. (5880*) We have that

MY1(t) = (1 − βt)−α1 , MY2(t) = (1 − βt)−α2 , MY3(t) = (1 − βt)−α3

Hence,

MU (t) = Mc1Y1+c2Y 2+c3Y3(t) = MY1(c1t)MY2(c2t)MY3(c3t)

= (1 − βc1t)
−α1(1 − βc2t)

−α2(1 − βc3t)
−α3

Now, if we want MU (t) to have the mgf of a gamma distribution, then we must have that
c = c1 = c2 = c3, so that

MU (t) = (1 − βc1t)
−α1(1 − βc2t)

−α2(1 − βc3t)
−α3 = (1 − βct)−α1(1 − βct)−α2(1 − βct)−α3

= (1 − cβt)−(α1+α2+α3)

which is the mgf of Gamma(α1 + α2 + α3, cβ), so that U ∼ Gamma(α1 + α2 + α3, cβ).
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