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1. We have that
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as desired. We realize that Y ~ Gamma(2,1).

2. Here,
My ()
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we have that

d3 2 2
= My(t) =@E+Dte"2 22 =0
dt3 v(t) t=0 (87 + L)te” /" + 2te t=0

(It follows that E(Y?) =0 for Y ~ N(0,1)).

B(Y®) = M (0)

. If Y ~ Binomial(n, p), then My (t) = [(1 — p) + pe']™. If we let U = n — Y, it follows that
My (t) = Moy (t) = e" My (=) = " [(1=p)+pe”"]" = [e"(1=p)+pe )" = [p+(1-p)e"
which is the mgf of Binomial(n,1 — p). Hence, we conclude that U ~ Binomial(n,1 — p).

. If Y ~ Gamma(n/2,m), then the mgf of Y is given by My (t) = (1 —mt)~™2. Thus, the mgf
of W = 2Y/m will then be

My (1) = My () = E(e"®/™) = B(/™Y) = My (2t/m) = (1 = m(2t/m))""/?
=(1—2t)"?
which is the mgf of Gamma(n/2,2) or x?(n). Hence, W = 2Y/m ~ x?(n).
. We recognize
My (t) = L3y ’
W= a Tl
as the mgf of Y ~ Binomial(5,3/4). Hence

e - £ ()

y=0
= (1/4)° +5(3/4)(1/4)* +10(3/4)*(1/4)
= 0.104
. If Y7 ~ Poisson(A;) and Y2 ~ Poisson(\2) are independent, then the mgfs of Y7 and Y5 are
My, (t) = exp[)\l(et —1)] and My,(t) = exp[)\g(et —1)]
respectively. Since Y; and Ys are independent, the mfg of U = Y] + Y5 is given by
My (t) = My, 4y, (t) = My, (1) My, (t) = exp[Ai (e’ — 1)] exp[Aag(e’ — 1)]

= exp[)\l(et -1+ )\2(6t —1)] = exp[(A\ + )\2)(€t —1)]

which is the mgf of Poisson(A; + A2). Hence, U = Y] + Ya ~ Poisson(A; + A2).

3 3\° 1 3 \°
MYl(t):(4€t+1—4) :<4+46t)

My, (t) = exp[2(e! —1)] = 2"~ D

and since My, +v,(t) = My, (t)My,(t) if Y7 and Y3 are independent, the joint mgf of Y; and
Y2 is

. Since

and

1 3,\°
My, 1y, () = My, (t) My, (t) = (4 n 4€t> 2(e'=1)
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From Example 6.11, we see that Y? ~ x*(1) and Y5' ~ x*(1), with My (t) = (1 - 2t)~1/2 and
My2(t) = (1 - 2t)~1/2. Since Y; and Y; are independent, then Y and Y;? are independent,
so that the mfg of U = Y2 + Y can be computed by

My (t) = Mya, 2 (8) = Mya () Myz () = (1 — 26)"/2(1 — 20)71/2
= (1—2t)"" = (1 —2t)72/?
which is the mgf of Exponential(2) = Gamma(1,2) = x?(2). Hence, U = Y2 + Y ~ x%(2).

(a)
1
My (t) = E(eY) = Z eWP(Y etypy iV =1—p+ep
y
(b) Since we can write My (t) =1 —p+elp = etp (1 p), we obtain
Myye sy (£) = My, (8) x -+ x My, (1) = [elp+ (1= p)] %+~ x [e'p+ (1~ p)]
=le'p+ (1 -p)"
which is the mgf of Binomial(n, p). Hence, Y7 + - - - + Y}, ~ Binomial(n, p).
Since
ot?
we obtain

My(t) _ E(et?) _ E(et(Y1+...+Yn)/n) _ E(e(t/n)Y1+...+(t/n)Yn _ E(e(t/”)yl) N E(e(t/")Y")
= My, (t/n) x --- x My, (t/n) = [My,(t/n)]" (since Yi,...,Y, are iid)

_ [exp <,u(t/n) + 02(752/")2”” - [exp <“t n ;5)]“ — exp <ut + U;f)

which is the mgf of N(u,02/n). Hence, Y ~ N(u,0?/n).
(Alternatively, you can also use Theorem 6.3 with p; = u, 0 = 02, a; = 1/n).
(5880*) We have that
My, (t) = (1 - Bt)_a1> MY2(t) = (1 - ﬁt)_(ma My, (t) = (1 - Bt)_ag
Hence,
MU(t) = Me,vi+eY 2453 (t) = My, (Clt)MYz (CQt)MY3 (C3t)
= (1 — ,Bclt)_al(l — BCQt)_OQ(l — ﬁCgt)_a?’

Now, if we want My (t) to have the mgf of a gamma distribution, then we must have that
c=c1 = ¢y = c3, so that

My (t) = (1 = Bept) (1 — Beat) ™2 (1 — Best) ™ = (1 — Bet) ™ (1 — Bet) ™2 (1 — Pet) ™3
(1 _ cﬂt) (a1+oaz+as)

which is the mgf of Gamma(a; + ag + a3, ¢f3), so that U ~ Gamma(a + o + as, cff).



