MATH 4860/5880

Homework 4 Solution

1. We can easily see that

YNN(IUXagg(/m) and ?NN(MY’O‘}Q//’I%)

E(X =Y)=pux —py

Var(X —Y) = Var(X) + Var(Y) = (:7% + 05/
using the independence between X; and Y;.
2. Since U = (n — 1)8?/0? ~ x*(n — 1), we have that
My (1) = (1 —26) (/2
Then
E <(" _021)52> =E(U) = %MU(t) 0= L o) (1~ gp-tn2-1

and therefore )
E(S2) — (n B ) — 0_2

3. The mgf of S? is given by

Maa(t) = B = B (e (V)5 12N ) < (e (0

Fall 2026

=(n-1)

)

where U = (n — 1)8?/0% ~ x%*(n — 1) and My(t) = (1 — 2t)~(®=1/2 as in Problem 2. Then

n — 0'2
B(sY) —ap = 52 (n2— i

giving us yet another proof of E(S?) = o?).

Mg2(t) = FE (exp ((nta—21)U>) — My ((ntajl)> _ (1 B (n2t_021)>(n1)/2

and hence S? has a gamma distribution with o = (n —1)/2 and 8 = 202/(n — 1)
(Note here again that, by a property of gamma distribution, we have that



4. First

But since

Y Wi-Y)=> Y- ZY ZY—n
=1 1=1

it follows immediately that

i=1 i=1
(This proves that > (Vi —p)? =Y 0 (Vi = Y)? +n(Y —u)? +0).
. Note first that (see Problem 4)

n n

0= (Y;-Y)=M-Y)+) (Yi-Y)

i=1 i=2
so that

V1 -Y)*= Zn;m -Y)
6. Using the hint, -

2n(n—1) ;Z: A m;;ww—w

S Z”zl@/ N - ,ijil(yj vy
2n(n2 ) zzngjzn;(yz ~Y)(Y; -Y)

B 2n(n1— 1) gnm - 2n(n1— ) ; n(Y; —=Y)*+0
- 2n(nn— D g(m —Y)*+ %(n"_ 5 ;(m ~Y)?
- 2n(721n— 1) Zn;(y ~Y=q . 5 an(YZ ~Y)?
— g2



7. If Y has a t-distribution with n d.f., then it must have the form
X1
VXa/n

where X; ~ N(0,1) and X5 ~ x?(n) are independent. Now, by squaring, Y2 = X2/(X5/n)
where X7 ~ x?(1) and is independent of X5 ~ x2(n). Therefore,

N Xg/n N Xg/n

F(1,n)

8. IfY ~ F(m,n), then Y must have the form

B X1/m
- XQ/TL

Y

where X1 ~ x?(n) and X5 ~ x?(n) are independent. It follows that

1 o XQ/TL
Y  Xi/m

F(n,m)

9. If Y has an exponential distribution with mean 6, then the pdf of Y is

1
fy(y) = ge_y/a, y>0 6>0

If U=2Y/6, then Y = 0U/2 and dy/du = 6/2. Hence,

_ Ayl _ 1 ye|0) 1 —upe
fulw) = 1) |2 = g 3| = 3 w0
Since the pdf of x2(r) is
1
— r/2—1_—xz/2
Ix@) = s gert e

then the pdf of x%(2) is fx(x) = 1/2e~*/2 which coincides with the pdf f7(u), and hence U has
a x? distribution with 2 df. Now, if X; and X, are independent exponential distributions with
mean 6, then let Uy = 2X;/60 and Us = 2X3/6. It follows that U; and U, are independent,
and each has a x? distribution with 2 df, so that (U1/2)/(Us2/2) ~ F(2,2). Finally, we see

that
Ui/2 _ (2X1/0)/2 _ X1
Us/2  (2X2/60)/2  X» F(2.2)

10. Since E(S?) = o2, it follows by Chebyshev inequality that

E[|S* — E(S?)]*]  Var(S?)
€2 e

P(S% — 0% > ¢) = P(|S2 — E(S?)| > €) < =0

as m — 00, since we assumed that Var(S?) — 0 and that € > 0. Thus, S2 — ¢2 in probability.



11. (a) Note first that P(X; = x) = p®(1 — p)!=%, 2 = 0, 1. For any integer k, we have that

= Zka(Xi =zx)= Zl:xkpx(l —pl*=p
« 2=0
(b) Since
=E (i;)@) = :ZZE(XZ?)
and E(X?) = p from part (a), it follows that
ZE X}) = ZP p

(You can also solve this problem by using the fact that E(X?) = Var(X;) + [E(X;)]?
=p(l—p)+p*=p).

(c) First, Var(X?) = E(X}) — [E(X?)]?, and we know that E(X}) = p and E(X?) = p from

part (a). Thus,
Var(X7) = B(X]) - [E(XD)? =p—p* = p(1 - p)

Now, use the fact that Xy,..., X, are iid,

Var(Y,,) = Var < ZX2> 2 ZVar (X2 = Z (1-p) = p(ln—p)

Therefore,

and thus for any € > 0,

B||Yn — B(Ya)[?] _ Var(Yy)

P(lY, —p|>¢€) = P(|Y, — E(Y,)| > ¢€) < 2 2

—0

€ €

as n — oo, and therefore, ¥, — p in probability.
12. (a) fU = (Y — \)/V\, then
My(t) = E[eV] = E[elYV/VN) = Bt/ VY etV = e VA B[t/ VY]
= VA (t/VN) = eV exp(Ae/YA — \) = exp(—tvV/A) exp(Ael/ VA — )
= exp(Ae/YA — VX — )
(b) First, using the hint,
2

3
VX St t
+ﬁ+2)\+3'>\3/2



13.

14.

15.

so that
My(t) = exp(he/Y> —tv/X =)

= AfieLef O
P NS NEDYE

t2 t3
= eXp(|:>\+t\/X+2+M+"':| t\/X)\)

12 t3
- eXp<2+3!ﬁ+'”>

]

Now, as A — o0,
2
My (t) — exp <2>

35’5 + --- terms to go zero, proving the result.

because all the

This problem can be solved in many ways, but it is easiest (or most instructive) to solve

P(min(Y7,Y2,Y3,Y,,Y5) >a) = P(Y1>a,Y2>a,Y3>a,Ys>a, Y5 >a)
= P(Yy>a)P(Yy>a)P(Ys>a)P(Yy > a)P(Ys > a)
= [POG > @) = [P

First, the cdf of Y is given by

v Yy
B = [ = [ Oa=1-cw0 s
0 6
so that
Py () = nll = Fy ()] fy (y) = nfl — (1 — e @) 1em 0 — ple=G=0]m — pe=n(y=0)

for y > 6.

(This problem can also be solved by a technique similar to the previous problem).

First, the pdf of Y is fy(y) = 1/60 and the cdf of Y is Fy (y) = y/6, for 0 < y < 6, so that

Pr0) = G Y = Fr Py o)

= o 1)7(!n— B! [%}H - %}H @) » O<y<é

Now, if # = 1, then

FrooW) = = 1)?(!n - k)!yk_l(1 —y = r(k)i((zt ?Jr 1)3/113_1(1 —y
I'(n+1)

k—1 n—k+1-—1
= 1-— O<y<l1
Trn—krn? 7Y ’ Y

and this is a pdf of beta distribution with a = k and 8 = n—k+1, i.e., Y3 ~ Beta(k, n—k+1).
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16. (5880%) If Y1,Y5,..., Y, ~ iid N(u,o?
given by

le,...,Yn(y17"'ayn) le(yl)"'le(y ):

€

ﬁ

1 n/2 . n
= <27rcr2> exp 722

(a) IfUl :?, UQZYQ—?7 UgZYE;—?,..
are given by (work from the bottom)

Yo = U2+?=U2+U1

Y; = U3+?=U3+U1

Y, = U,+Y=U,+U;

It follows that the Jacobian is

dyi dyi dy . dyn

duy duso dus du
dyy dyz dy | dyz

duy dus  dus du
g | g dw dwo . dw
= | dui dus dug dun
dyn  dyn  dyn . dyn
duq duo dus dunp

(b) Noting from part (a) and from Problem 5 that (Y; —Y)?

and (Y; —Y)=U, fori=2,3,...

1 n/2 _ n
fUl,‘..,Un(ulv cee 7un) = le,..‘,Yn(yh ey yn)|']| = (27T(72> €Xp 27 Z

1

= n 2_022

2mo?

1

I
S

2mo?

(5201)
(32) oo
() o
()
(52)

=1

Il

S
DO
o

1
o

Il

S
B
o

1
o

= n

DN
[\

Li=2

n:Ul_

_ (y1—m)?
202 NEEE

-

Uy—Us— -
-1 -1
1 0
0 1
0 0

(- u))]

n
+ Z(ui)2
=2
2
+ Z u?
=2

% > (i - 9)* - 2022@—@2]

), then first note that the joint pdf of (Y7, ...

—U,

= [CL.i-7)° =

,n and Y = Uy, we arrive at

) (T 1) ]

n
59211 = 1)’

—n

€xp [W(ul - M)Q]

,Yy) is

., U, =Y, —Y, then the inverse transformations

] ]



Since we can write fy, v, (u1,...,un) = g(uz,us,...,up)h(ur), it follows that any
function of U3 =Y and any function of (Us, Us,...,U,) are independent.

(c) By inspection in part (b), notice that >, (y; — 7)? = ([Z?:2 w4+, uf), so that

2 n
+) U7
=2

Hence, S? is a function of (Us, Us, ..., U,), which is independent of U; = Y, by part (b).
17. (5880%)
(a) If Uy =Y1/+/Ya/r and Uy = Ys, then Yo = Uy and Y; = Uy/Us/r, so that

n

FLRE o (7 S

n—1 n—1

=1

U;
=2

dyp  di up
A S Vug/T
_ duy duso _ 2\/usr _ ./
J = dy2  dya | T 0 11 UQ/T
duq dus

as desired.

(b) The joint pdf of (U, Us) is obtained by multiplying a product of normal and x? pdfs
with J, as

fUl,UQ(uhuQ) = fY1,Y2(y1,y2)|J|:le(yl)fYQ(yQNJ‘
1 2 1 -1
_ —y7/2 2 e u2/2 )
Vo T2 ¢ ualr
1

1 r_
= 27Te_“%u2/7"/2r(r)2; u;g To—u2/2, fua/T
v 2

1 1 2 _
_ _ /TLQUzQ e uluz/r/Ze uz /2

1 Tl [4ud/n)ug
= —u2 e 2

N

for —oo < w1 < 0o and ug > 0.
(c) Using the hint,

o0 1 rHl @3 /m)ug
Joi (1) = /fU1,U2(U1aU2)dU2=/ sy pe SN 2 Uz
o T(§)272 /mr
1 s [1+(ud /r)]u
(522 y/arJo
1 r+1 P ER
= 1 r P)
[(5)272 /ar 2 [1+ (ui/r)]
r+1
" e (L) e
X U e 2 dusg
o I(=h) 2 2

=1 (integrates to 1 by noting the gamma pdf)
(%) 1
WA 1+ (u2fr)] 7

—o0 < up < 00
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This is the pdf of the t-distribution with r d.f.
18. (5880%)

(a) Suppose that

where Y7 ~ x%(m) and Y3 ~ x?(n) are independent, and ¥; > 0 and Y, > 0. If we let
Us =Y5, then Yo = Uy and Y; = U Us, so that

Oyr Oyr
J= (gul gu2 — uz U = Uy.
‘ g ow 0 1
(b) Since
1 m/2-1__y, /2 1 n/2—1 _y, /2
- - d - - y2/
M) =5, /2)2m/2y1 e and  fy, (y2) Tnj222%?  ©
it follows that
foo v, (u,u2) = fviva (Wi, v2)[J| = fvi (W1) fra (y2)|J|
1 m/2—=1__y, /2 1 n/2-1 /2
- - - J
T2zt ¢ Tz 1
1 1
_ m/2—1_—(uiu2)/2 n/2—1_—uz/2
T(my2yan ) e [(n/2)27/? com
_ 1 um/2 1u(m+n)/2 1 —(1+u1)u2/2
[(m/2)[(n/2)2(m+n)/2 "1 2
with u; > 0 and uy > 0.
(¢) The marginal of U; is obtained by
foo(ur) = /fUl,Ug(u17u2)dU2
~ 1 p/2—1, (m+n)/2—1 _(14us)uz/2
= d
/o (m/2)T(n/2)20mmz " ‘ "
1 m/2 l/oo (m+n)/2=1_ —(14uy)uz/2
— ur)uz/2 g
L(m/2)T(nj2)20m e fy ‘ "
_ 1 mjz-1_ T ("3")

D(m/2)0(n /220002 G2

o (1+u1)(m+n)/
X/ N2 /) (m+n)/2_1€*(1+u1)u2/2 d’U,Q
0

(e

=1

- ! g1 L)
C(m/2) T (/2200 0" (L O 2
( m+4n ) u;n/z 1

F3) T (3) (L u) e
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Finally, let
Yi/m nY; n
= = — = —Ul
Yo/m  mYe m
then Uy = (%) W so that % = 2 Hence,

"

w

fivlw) = o, () |50
Loy W
T r@r(E e weee”
o (e m
F(3)T(5) (14 (2)w)™H02 n
_ () (m)"WQ w27
L)) N/ (14 () w) ™2

for w > 0. This is the pdf of F(m,n), as was to be seen.
19. (5880%*) First, note that the cdf of X(,,) can be computed by

P(X(n) <z) = PXi<ux,....Xp,<2)=P(X;<2)-P(X, <x)=[P(X; <2)"

= (g)n, O<ax<b

If Y, = n(0 — X)),

PYa<y) = P00 —Xu) <y/n)=PO—-Xwn <y/n)
= P(Xpy>20—-y/n)=1-P(X,) <0—y/n)

- 1—-<6_;/”>n:1-—(1—5’)”—>1—e‘w9

n

which we recognize as the cdf of Exponential(§) (i.e., if Y ~ Exponential(f), then we have
that P(Y, < y) = 1 —e¥? = Fy(y) = P(Y < y) as n — o). Hence Y, converges in
distribution to Y ~ Exponential(6).

20. (5880%)
(a) Assuming that p =0,

U :qu:Z?zle‘—nu:ZLYi
" o/n Vno Vno

Then, since Y7,...,Y,, are iid,

E

My, (t) = B[] = Elexp(tUy)] = B {eXp (tm:lm)]

— Bl (Srivoon)] < 2o (o) o ()]
- (e )] - (o )

9




(b) If each Y; has pdf fy(y), we have that

() = £l ()] - o)

2,2
= /[1+\/t‘110+2ﬁny02 +---]fy(y)dy

(using the fact that e* =1+ a+a?/2! + )

/fY dy+/f fr(y /QZQfY()dZ/Jr"'

= dy +—— d 2 dy—+---
/fy(y) y+\/ﬁa/yfy(y) 2%2 v~ fy (y) dy +
| S — | S —
=1 =B(Y;)=p=0 —B(Y?)=0?
(why?)
2
= 2 DY
= 14+0+ Ty +
2
- 14
ot
(c) Assuming that the “ --” terms are small, we can reduce the part (b) to

M f =1+ r
"\ Vno) 2n
Thus,

= (e o ) o () = (5

by a result in calculus ((1+ a/n)" — €* as n — 0o). Now, e/*/2 is the mgf of N(0,1),
and if Z ~ N(0,1), then we can let Mz (t) = e’/2, so that we can conclude that

My, (t) — Mz(t)

or equivalently,
U, —> 7

in distribution.
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