MATH 4860/5880 Fall 2026

Homework 5 Solution
1. Using the hint,
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= Var(f) + [Bias(6)]?

2. (a) Since 04 = min{Y1, Y2, Y3} = ¥{y), and the cdf of YV is Fy (y) =1 — e ¥/% 4y >0, we have
for the kth order statistic

P ) = Gyl O = el )
and so ) 1 )
fy(l)(y) = @[1 — G_y/0]0[1 — (]_ — e_y/e)]Qge—y/H _ 56_331/9

for y > 0 (note that it is the pdf of Exponential(6/3)). Thus, E(f,) = E(Yy)) =0/3 #90.
(b) The unbiased estimators are
Y1+Y b — Y1 +2Y,
2 0T 3
Since Y1, Ya, Y3 are iid, and Var(Y;) = 62, we have that

0, =Y1, 0=

Var(;) = Var(Y;) = 62

R Y, + Y- 1 1 2
Var(HQ) — Var < 1 ; 2> = fVaI‘(Yl) + 7V&I'(Y2) = 6—

2

Var(f3) = Var <Y1 EQY2> ?Var(Yl) + 22 Var(Yg) 53
. 2
Var(f5) = Var(Y) = Var?E ):93

Therefore, 05 has the smallest variance.
3. (a) We have
E(03) = E(afy + (1 — a)f2) = aE(61) + (1 — a)E(f2) = af + (1 — a)0 = 0
(b) If 0, and 0, are independent, then

Var(fs) = Var(af; 4 (1 —a)fy) = Var(afy) + Var((1—a)fy) = a®Var(6;) + (1 —a)?Var(f)



(¢) To find the value of a that minimizes Var(f3), we take

d - d A . d
%Var(ﬁg) = %[az\/ar(ﬁl) + (1 — a)*Var(6y)] = %[GZU% + (1 — a)?03]

= 2a0? —2(1 — a)o? = 2a(0} + 03) — 205 =0

so that

2
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a = —w/——mm—=
2 2
o1+ 05

To check that it is indeed a minimizing value, we see that
d—2Var(é3) = i[Qa(af +02) —203] = 2(63 + 03) > 0
da? da

since 07 > 0 and o3 > 0.

4. (a) The cdf of Y is given by

Yot ? £\
F = = dt=|-=

b) Since = max{Y1,Ys,...,Y,} =Y, we have that
(n)

)

0

o Y
fY(m(y) =n[Fy(y)]"  fry) =n (5) ga = ot

for 0 <y < 0. Thus,

. 0 yanfl 0 Yo
E0) = E(Y(n))z/yfm)(y)dyz/o yan=go dy:/o anom W

0
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and hence 0 is a biased estimator for 6.
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5. Consider 6 = Y1) = min{Y1, Ys,..., Y, }. Since

(c) Tt is easy see that

is an unbiased estimator of 6.

1 Y1 y
fr() =~ and Fy<y>:/ Y=Y o0<y<s
0 0 0 0
we see that
il nelp oy (q_ Y\"TEL _mo gyl
Fro@ =l =Bl @) =n(1-7) 5=50-7) .+ o<y<o
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and using integration by parts, we obtain

~ 0 n—1 0
E(0) = E(Y()) =/yfm)(y)dy=/0 y% (1— %) dy=——

Now, again using integration by parts (twice),
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From E(f) =

E(Y(1)) = 0/(n + 1) above, we conclude that an unbiased estimator for  is
given by (n+ 1)0 =

(n+1)Yy).

6. (a) Similar to previous problem, we have that
_ n—1 — —yfoyn—1L 0 _ T —nyjo _ N —(m/0)y
Py @) = nl1 = Fe @)™ r(9) = nft = (1 — e WO eml0 = Demnio - T

for y > 0, so that Y{;) ~ Exponential(6/n). Thus, E(Y(})) = 6/n, and if 6, = nY(y), then
- 0

E(01) = E(nYy)) = n- 0
Now, again using that Y{;) ~ Exponential(/n),
a 62
Var(fh) = Var(nY(;)) = n Var(Y; 1) = n2ﬁ =

and since 0; is unbiased for 0, we conclude that
MSE(6;) = Var(f;) = 62
(b) Since we recognize that Y7,Ys,...,Y,, are iid Exponential(#), we have that
E(0))=E(Y)=E(Y;) =0
so that ég is unbiased for 0 as well.
(¢) We have also seen that Var(d;) = Var(nY(y)) = 6*. For 0y =Y, we have that
2

Var(fy) = Var(Y) = %

Consequently,
Ao Var (0 6%/n 1
eff (61, 6,) = (62) _ é -
Var(@l) 0 n




7. (a) If X ~ x2(v), then E(X) = v and Var(X) = 2v. Now, since (n — 1)S?/0? ~ x%(n — 1)
and Y1 — Yo ~ N(0,20%) = (Y1 — Y2)2/(202) ~ x?(1), it follows that

Var <(n—1)52> =2(n—1) = Var(6}) = Var(S?) = n 1 7 =

o2

and

Y —Y5)? Y — Y5)?
Var <( 12 22) ):2 = Var(63) = Var <( ! 5 2) ):204
g

(b) The efficiency of 0, relative to s is given by

B Var(62) _ 204 —(n—1)

T 52 52)
(01,02 = Vr6?) = 209/t —1)

8. (a) Since E(Y) = np and

. Y +1 EY)+1 np+1
E(ps) = E _ BN+
n-+ 2 n-+ 2 n-+ 2
the bias of po is given by
o . np+1 1—2p
B S :E — = — =
ias(p2) = E(p2) —p w2 P= e

(b) Note that Var(Y) = np(1l — p). Since p; = Y/n is unbiased,

MSE(p:) = Var(p;) = Var <};) = %Tlp(l —p) = p(ln— p)

For po = (Y 4+ 1)/(n + 2), we first see that

Y+1> 1 np(1 —p)

nr2) " mror ) =y

Var(py) = Var (

and therefore

N e mp(l=p)  (1=2p\* mp(l—p)+(1-2p)
MSE(po) = Var(po) + [Bias(p2)]* = (n+2)2 < nt2 > = (n+2)2

9. (a) First,

R nh? n6?
Var(01) = Var((n+ 1Y) = (n+ )Var(Yy) = (0 4+ 1) ey = )

For Var(fs), recall Example 9.1 that
R n+1 62
= Y = —
Var(fy) = Var <( - > (n)> T )

s 4y Var(fy)  6*/[n(n+2)] 1
eff (61,02) = Var(dy) 062 /(n+2)  n?

and therefore,
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(b) Since 6y is unbiased and

Var(fy) — Var <(nzl> Y(")> - ”(”012)

(see Example 9.1), we see that

R 92
lim Var(f) = lim —— =0

n—00 n—00 n(n + 2)

Thus, it follows from Theorem 9.1 that 65 is a consistent estimator for 6. Now, since

n ~
Y.y = 0
() (n+1) 2

and n/(n+1) = 1 and 6 2 0 as n — oo, we have that
n

—_ " g Pq.p=
Yoy = ryyte 210 =0

by Theorem 9.2, and so that Y, is a consistent estimator for §. To show that Y, is
asymptotically unbiased estimator for 6, note that

n
n —+

BiaS(Y(n)) ZE(}/(n))—QZ ( 1)9—9—>0

as n — 0o, proving the result. (Note that the last two results can be solved in many
different ways).

10. If Y ~ Binomial(n,p), then E(Y) = np and Var(Y) = np(1 — p), so that Y/n is unbiased

11.

for p, and since Var(Y/n) = p(1 — p)/n — 0 as n — oo, then Y/n is consistent for p as well.
Now, write

Y+1 Y n I X—i— 1
n+2 n+2 n+2 n+2n n+2
Since Y/n & p, with n/(n+2) — 1 and 1/(n+2) — 0 as n — oo, it follows that
Yel_onm Y, o1
n+2 n+2n n+2

p:

p= LH1-p+0=p

by Theorem 9.2. Hence, p a consistent estimator for p. From
Y+1 n Y 1 n 1
E(D) = E — E(= -
() <n+2> n+2 <n>+n+2 n+2p+n+2

it is easy to see that E(p) — p as n — oo, so that p an asymptotically unbiased estimator for
p as well. (Again, this problem can be solved in many different ways)

By weak law of large numbers (WLLN), the conditions given in the problem ensure that
X5 pp and Y 2, 142

as n — 00, and by Theorem 9.2,
X-Y5H H1 — H2

as n — oo. Hence, X —Y is a consistent estimator of y; — jus.



12. If Y1, Y5, ..., Y, are iid Gamma(a, 3), then E(Y;) = af and Var(Y;) = a8? < co. Now, since
E(Y)=E(;) = aB and Var(Y) = a3?/n — 0 as n — oo, it follows by Theorem 9.1 that Y
is a consistent estimator of af.

13. (5880%*) If X ~ x2(v), then E(X) = v and Var(X) = 2v. Now, since (n—1)5?/0? ~ x*(n—1),

it follows that )
Var ((n—l)S) =2(n—1)

o2

which implies
2(n —1)0* 204
Var(S?) = =
= T T T

so that

MSE(S?) = Var(S?) + [Bias(S?)]? = Var(S?) 4+ 0 = T

Now, note that

&221 (Y;—?)Qzl(n_l)i(Yi—Y)Qz(n_l)SQ

i=1 " (n B 1) i=1 n
so that )
n n n
and that
Var(62) = Va (n—US2__m-lywﬂw%_(n—D22di__%n—D&
o) = VA n - n? - on?2 (n-1) n?
Hence,
) ) s A2\12 Q(n—1)04 ) 212
MSE(é;) = Var(a;,) + [Bias(6;,)]” = 7 + [E(6;) — o7
_ 2(n — 1)t n (n —1)0? 2 2 _ 2(n — 1)t +14
n2 n n2 n?
(2n — 1)o*
-

(You can check that MSE(62) < MSE(S?), which implies that being unbiased is not always
better!).

14. (5880%)
(a) If U = Y2, then Y = VU (since Y > 0) and % = 1u1/2, 5o that

1/2 1
}u71/2 _ <2U >eu/91u1/2 _ aefu/e

0 2

fo(u) = fy () 'Zz = <2y) e /! ; ;

for u > 0 (note that U ~ Exponential(f)).

(b) Since W, = 13" | Y2 =1%"" U, where U; ~ Exponential(§) are iid with E(U;) = 6,
it follows from WLLN that W,, is a consistent estimator for 6.



