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Chapter 2 Solution

2.8 (a) Since E(Y |X = x) = β0 + β1x, then α = β0 + β1x̄ = E(Y |X = x̄).

(b) Since RSS(α, β1) =
∑

(yi − α− β1(xi − x̄))2, we have that

∂

∂α
RSS(α, β1) = −2

∑
(yi − α− β1(xi − x̄)) = 0

∂

∂β1
RSS(α, β1) = −2

∑
(yi − α− β1(xi − x̄))(xi − x̄) = 0

where ∑
(yi − α− β1(xi − x̄)) =

∑
yi − nα− β1

∑
(xi − x̄) =

∑
yi − nα = 0

=⇒ α̂ = ȳ

and∑
(yi − α− β1(xi − x̄))(xi − x̄) =

∑
(yi(xi − x̄)− α(xi − x̄)− β1(xi − x̄)2) = 0

so that upon replacing α by α̂ = ȳ, we obtain∑
(yi(xi − x̄)− α̂(xi − x̄)− β1(xi − x̄)2) =

∑
(yi(xi − x̄)− ȳ(xi − x̄)− β1(xi − x̄)2) = 0

=⇒
∑

(xi − x̄)(yi − ȳ)− β1
∑

(xi − x̄)2 = 0

=⇒
∑

(xi − x̄)(yi − ȳ) = β1
∑

(xi − x̄)2

=⇒ β̂1 =

∑
(xi − x̄)(yi − ȳ)∑

(xi − x̄)2
=
SXY

SXX

(c) Since Var(yi) = σ2, we have that

Var(α̂) = Var(ȳ) =
σ2

n

For β1, it is the same as OLS,

Var(β̂1) =
σ2

SXX

Now, the covariance between them is Cov(α̂, β̂1) = Cov(ȳ, β̂1), which is found to be 0
(see Appendix), or we can derive (with β̂1 =

∑
ciyi where ci = (xi − x̄)/SXX and∑

ci = 0)

Cov(ȳ, β̂1) = Cov

(
1

n

∑
yi,
∑

ciyi

)
=

1

n

∑
ciCov(yi, yi)

=
1

n

∑
ciVar(yi) =

σ2

n

∑
ci = 0

1



2.12 We have

rxy =
sxy

SDxSDy
=

SXY/(n− 1)√
SXX/(n− 1)

√
SY Y/(n− 1)

=
SXY√

SXX
√
SY Y

and√
1− r2xy =

√
1− SXY 2

SXX · SY Y
=

√
SXX · SY Y − SXY 2

SXX · SY Y
=

√
SXX · SY Y − SXY 2

√
SXX

√
SY Y

so that (working backwards)

√
n− 2

rxy√
1− r2xy

=
√
n− 2

SXY /(
√
SXX

√
SY Y )√

(SXX · SY Y − SXY 2)/(
√
SXX

√
SY Y )

=
√
n− 2

SXY√
(SXX · SY Y − SXY 2)

=
√
n− 2

SXY√
RSS · SXX

(
since RSS = SY Y − SXY 2

SXX

)
whereas

β̂1

se(β̂1)
=
SXY/SXX

σ̂/
√
SXX

=
SXY/

√
SXX√

RSS/(n− 2)
=
√
n− 2

SXY√
RSS · SXX

from which we conclude that

t =
β̂1

se(β̂1)
=
√
n− 2

rxy√
1− r2xy

2.18 Here, we have that

RSS =
∑

ê2i =
∑

(yi − ŷi)2 =
∑

(yi − β̂0 − β̂1xi)2 =
∑

(yi − ȳ + β̂1x̄− β̂1xi)2

=
∑

((yi − ȳ) + β̂1(xi − x̄))2 =
∑

[(yi − ȳ)2 + β̂21(xi − x̄)2 − 2(yi − ȳ)β̂1(xi − x̄)]

=
∑

(yi − ȳ)2 + β̂21
∑

(xi − x̄)2 − 2β̂1
∑

(yi − ȳ)(xi − x̄)

= SY Y + β̂21SXX − 2β̂1SXY = SY Y +

(
SXY

SXX

)2

SXX − 2

(
SXY

SXX

)
SXY

= SY Y +
(SXY )2

SXX
− 2

(SXY )2

SXX

= SY Y − (SXY )2

SXX
= SY Y − β̂21SXX
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