Math 629, Spring 2019 — Homework 7.
Due Monday, March 25.

(Problems with an asterisk (*) are optional.)

1. Suppose that f € L'(RY) and Aq,..., Ay > 0. Define

g(z) = f(Aflazl, . )\glxd)
Show that ¢ € L'(R?) and that

[a=(IT [ 1

2. Let f,g € LYR%). The convolution of f and g is the function f * g

defined by
(o)) = [ fa—y)

(a) Show that (f * g)(z) is well-defined for a.e. x € R?. That is, show that
for a.e. x € R? the function y — f(x — y)g(y) is integrable (in particular,
show that it is measurable).

(b) Verify that the following properties hold for every f,g,h € L'(R9):

frg=gxf, (fxg)xh=fx(gxh),
1+ gl < I Fl1allglh
(c) Show that there does not exist a function § € L!(RY) such that
fx6=fforall fe L'(R?

(d*) Let E1, E» C R? be measurable and m(Ey) > 0, m(Ez) > 0. Show that
E) + E; contains an open ball. Hint: Consider the function 1g, * 15,.

3. Let f € LY(R?). Define the Fourier transform of f by

~

©= | f@e™de (€ eRY

(Here z- & = ZZ 1 zi&;.) Observe that ]?(5) is well-defined, since |e 27| =
1 for every x § € R?, so z +— f(x)e”?™< is integrable for r every ¢ € R%

(a) Show that f : ]Rd — C is a continuous function and || f]jes < ||f]|1-

(b) Show that for every f,g € L'(R?) we have

~

Frg=73

(Turn the page.)



3 (continued). (c) Define translation of f by T,f(z) = f(xz —y) for
y € R%, modulation of f by Mcf(x) = 2™ f(z) for € € R? and dilation
of f by Dif(x) = 5%f(5a:) for 6§ > 0 and p € [1,00]. Prove the following
properties:

Tyf = M—yfa Méf = Tgf, Dgf = Df;—lf
11 _

(Here  + > =1.) 2
(d) Let g(x) = e~™*I°. Prove that g € L'(R%) and § = g.
Hint: First prove it for d = 1 and then use Fubini.

4. Let f € LP(R?) for p € [1,00). Show that

151, = ([~ v tmiir > anax)

5%. Let f: R — R be a convex function and g € L'(R?) real-valued. Let
E C R? measurable with m(E) = 1. Prove that

f([Eg>§/Efog

Honors problem 4. Let £ C R% be a measurable set with m(E) =
1. Suppose that (fi)ren is a sequence of integrable real-valued functions
supported on E such that for all &,/ € N and A\, \' € R we have

(1) m({fr > A}) = m({fe > A})
(2) m({fr > A, fo > XN}) =m({fi > AP)m({fe > X'})
(3) [fe=0
(4) [[fell2 =1
For n € N define the function

Show that for every e > 0 we have
lim m({|A4,| >¢}) =0.
n—oo

Hint: First show that [ fife = 0 for every k,¢ € N. Then compute ||A4,]|2
and use Chebyshev’s inequality (see Homework sheet 5).



