Math 522, Fall 2019 — Analysis IT (Roos)
Homework assignment 10. Due Wednesday, November 27.

(Problems with an asterisk (*) are optional.)

1. Let f,g: R™ — R be smooth functions (that is, all partial derivatives
exist to arbitrary orders and are continuous). Show that for all multiindices
a € N7,

O(f - g)(w) = @) f(w)0" Py (x)
ﬁGN;B<o¢ <6>

for all € R", where (§) = 5raay = Girepita: -1 )t-tan B

2. Let E C R" beopen, f: E — R and z € E. Assume that for y in a
neighborhood of 0 we have

flat+y)=> cay®™+o(lyll")

|| <K
as y — 0 and
fet+y) = Cay™+o(|yll")
lal <k
as y — 0. Show that ¢, = ¢, for all |a] < k.

3. Let F be a smooth function on R? and suppose that the initial value
problem y' = F(t,y), y(to) = yo has a unique solution y on the interval
I = [to,to + a] with y smooth on I. Let h > 0 be sufficiently small and
define t;, = tg + kh for integers 0 < k < a/h.

Define a function yy recursively by setting yp,(tg) = yo and

Yn(t) = yn(te) + (¢ — t) F'(tk, yn(te))
for t € (tg,tg+1] for integers 0 < k < a/h.
(i) From the proof of Peano’s theorem that we saw in class it follows that
yp, — y uniformly on I as h — 0. Prove the following stronger statement:
there exists a constant C' > 0 such that for all ¢ € I and h > 0 sufficiently
small,

[y(t) — yu()] < Ch.

Hint: The left hand side is zero if ¢ = t3. Use Taylor expansion to study
how the error changes as ¢ increases from tg to tx41.
(ii) Let F(t,y) = Ay with A € R a parameter. Explicitly determine y,yp
and a value for C in (i).
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4*. Let us improve the approximation from Problem 3. In the context
of Problem 3, define a piecewise linear function y; recursively by setting

Yy (to) = yo and
Yn(t) = yp(tr) + (t — t) Gt yp (), ),
for t € (tg,tg+1] for integers 0 < k < a/h, where
G(t,y,h) = 5(F(t,y) + F(t + h,y + hF(t,y))).

Prove that there exists a constant C' > 0 such that for all t € [ and h > 0
sufficiently small,
ly(t) =y (1) < CR*.
5%. Let f € C?(R") and suppose that the Hessian of f is positive definite
at every point. Show that Vf : R” — R” is an injective map.



